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Abstract Motivated by the recent result obtained by Takahashi and Zembayashi in 2008, we
prove a strong convergence theorem for finding a common element of the set of solutions of
a generalized equilibrium problem and the set of fixed points of a hemi-relatively nonexpansive
mapping in a Banach space by using the shrinking projection method. The main results obtained
in this paper extend some recent results.
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1. Introduction

Let C be a nonempty closed convex subset of a real Banach space E, and T a mapping from
C into itself. We denote by F(T') the set of fixed points of T'. Let f be an equilibrium bifunction
from C x C into R, and A : C — E* a nonlinear mapping. Now we consider the following

generalized equilibrium problem: find z € C' such that
fz,y) +{Az,y—2) >0, VYyeC. (1.1)
The set of solutions of (1.1) is denoted by EP, i.e.,
EP={zeC: f(z,y)+(Az,y—2) =20, VyeC}.

In the case of f = 0, EP is denoted by VI(C, A). In the case of A = 0, EP is denoted by
EP(f), Takahashi-Zembayashi [1] in 2008 proved a strong convergence theorem for finding a
common element of EP(f) and the set of fixed points of a relatively nonexpansive mapping in
the framework of uniformly smooth and uniformly convex Banach spaces by using the shrinking
projection method. Now, in this paper, we imitatively prove a strong convergence theorem for

finding a common element of the set of solutions of an equilibrium problem (1.1) and the set
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of fixed points of a hemi-relatively nonexpansive mapping in the same framework by using the

similar shrinking projection method.

2. Preliminaries

Let E be a real Banach space with dual E*. We denote by J the normalized duality mapping
from E to 2€" defined by

Juv={f € B :(x,f) = |lz* = | fI*},

where (-,-) denotes the generalized duality pairing. It is well known that if E* is uniformly
convex, then J is uniformly continuous on bounded subsets of E. In this case, J is singe valued
and also one to one.

Now in the framework of smooth Banach spaces, we consider the function defined by
$(z,y) = [[z]|* = 2(z, Jy) + ||y||* for z,y € E.
Following Alber [2], the generalized projection Il from E onto C' is defined by
IIo(z) = argmin @(y,z), Va € E.
yeC

The generalized projection Il¢ : F — C is a map that assigns to an arbitrary point x € E
the minimum point of the function ¢(y,z), that is, Ilcxz = Z, where Z is the solution to the

minimization problem

¢(Z,r) = min ¢(y, x).

yeC
Existence and uniqueness of the operator Il follow from the properties of the functional ¢(y, )
and strict monotonicity of the mapping J (see [2,6,10]). The generalized projection Il from F

onto C is well defined, single valued and satisfies

(lll = ly)* < oy, @) < (l=ll + lyl)?, Va,y € E. (2.1)

If E is a Hilbert space, then ¢(y,x) = ||y — z||* and Il¢ is the metric projection of H onto C.

T is called hemi-relatively nonexpansive if ¢(p, Tx) < ¢(p,x) for all z € C and p € F(T). A
point p € C is said to be an asymptotic fixed point of T" if there exists {z,,} in C' which converges
weakly to p and lim,, .« ||zn, — Tz, || = 0. We denote the set of all asymptotic fixed points of T'
by E'(T). Following Matsushita-Takahashi [3], a mapping 7" is said to be relatively nonexpansive
if the following conditions are satisfied:

(1) F(T) is nonempty;

(2) ¢(p,Tx) < d(p,x), for all p e F(T), x € C;

(3) F(T)=F(T).

It is obvious that the class of hemi-relatively nonexpansive mappings contains the class of
relatively nonexpansive mappings.

For solving the equilibrium problem for bifunction f : C' x C' — R, let us assume that f
satisfies the following conditions:

(A1) f(z,z) =0for all z € C;
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(Ag) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(Az) for each z,y,z € C,

Jm f(tz+ (1= Hz,y) < f(@,y);

(Ay) foreach z € C, y — f(x,y) is a convex and lower semicontinuous.

Lemma 2.1 Let E be a strictly convex and smooth real Banach space, C' a closed convex subset
of E. Let T be a hemi-relatively nonexpansive mapping from C' into itself. Then F(T) is closed

and convex..

Proof We firstly prove that F(T) is closed.
Indeed, if {z,} C F(T) with z,, — x, then we have ¢(z,, Tx) < ¢(rn,x). Hence,
b, Tx) = lim ¢(an, Tx) < lim $(an, ) = (ar,2) = 0.

This implies ¢(z, Tz) = 0, and hence z € F(T).
Finally, we show that F/(T') is convex.
Indeed, for any z,y € F(T), taking z =tz + (1 — t)y for t € [0,1], we have

¢z, Tz) = ||2]|* = 2, J (T2)) + | T2||?

= [[2l” — 2(te + (1 — t)y, J(T2)) + | T2

= |[2l* — 266w, J(T2)) — 2(1 = t){y, J(T2)) + | 72|

= |2 + té(@, T2) + (1 = )o(y, Tz) — tl|=]* — (1 = 1)ly|>

<lzl? + to(x, 2) + (1 = )oly, 2) = tha]|* = 1 = )|yl

= [l2l* = 2(te + (1 = t)y, J2) + [|2l|* = ¢(=, 2) = 0.
This implies z € F(T).
Lemma 2.2 ([4]) Let C be a closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space E, and let f be a bifunction from C x C to R satistying (A1)—(A4). Let
r >0 and x € E. Then there exists z € C such that

1
fz,y)+={y—2,Jz—Jz) >0, VyeC.
r

Lemma 2.3 ([5]) Let C be a closed convex subset of a uniformly smooth, strictly convex and
reflexive Banach space E, and let f be a bifunction from C x C to R satisfying (A;)—(A4). For
r >0 and x € E, define a mapping T, : E — 2 as follows:

TT(:C)z{ZEC:f(z,y)—i—%(y—z,Jz—J:v) >0, VyeC}

for all x € E. Then the following holds:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, that is, for all z,y € E,

(Trx — Ty, JTyx — JTry) < (Trx — Try, Jx — Jy);

(3) F(T;) = F(T;) = EP(f);
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(4) EP(f) is closed and convex.

Lemma 2.4 ([5]) Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E and let f be a bifunction from C x C to R satistying (A1)—(A4). Then for r > 0,
x € E, and q € F(T,),

(b(qv T"“'r) + ¢(TT'I7 .’,E) g ¢(q7 I)

Lemma 2.5 ([2,6]) Let C' be nonempty closed convex subset of a smooth, strictly convex and

reflexive Banach space E. Then

o(x,cy) + ooy, y) < ¢(z,y), VreC,yekE.

Lemma 2.6 ([6]) Let E be a smooth and uniformly convex Banach space and let {z,} and
{yn} be sequences in E such that either {x,} or {y,} is bounded. Iflim,_, oo ¢(Zn,yn) = 0, then

limy, oo || T — yull = 0.

Lemma 2.7 ([7-9]) Let E be a smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function h : [0,2r] — R such that
h(0) = 0 and

h(llz = yll) < é(z,y)
for all x,y € B,., where B, ={zx € E : ||z| <r}.

Recall that an operator S in a Banach space is called closed. If x,, — = and Tz, — y, then

Tr=y.

3. The main results

Theorem 3.1 Let E be a uniformly smooth and uniformly convex Banach space, and C a
nonempty closed convex subset of E. Let f be a bifunction from C x C to R satisfying (A1)—(A4),
and S a closed hemi-relatively nonexpansive mapping from C' into itself such that F(S)NEP # ().
Assume, A : C — E* is a-inverse-strongly monotone mapping. {x,} is a sequence generated by
ro=z € C, Cy =C and

Yn = J_l(aann + (1 —an)JSz,),
1
U, € C such that f(un,y) + (Aun, y — un) + r—(y — U, Jup, — Jyn) 20, Vy € C, (3.1)
Crni1={2€Ch: ¢d(z,un) < d(z,2)},
Tni1 =g, ., 2,

for every n € {0}UN, where J is the duality mapping on E, {a,,} C [0, 1] satisfies liminf,, o a,(1—
an) >0 and {r,} C [a,00) for some a > 0. Then, {z,} converges strongly to Ilp(s)nppx, where
Hp(s)nep is the generalized projection of E onto F'(S) N EP.

Proof Firstly, we may define a bifunction g : C' x C — R by

g(x,y) = f(z,y) + (Az,y —x), Va,yeC.
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We claim that the bifunction g satisfies conditions (A1)—(A4).

Indeed, we can see easily that g(z,z) =0 for all z € C, i.e., (A1) holds. Next, we can prove
easily that g(z,y) + g(y,2) < 0 for all y,z € C by way of the assumption that A is a-inverse-
strongly monotone. By virtue of the continuity of x — (Ax,y — x), we can conclude g satisfies

(A3). Below, we may prove y — g(z,y) is convex for any x € C. Indeed,
glzty+ (1 —t)z) = f(z,ty + (1 —t)2) + (Az,ty + (1 — t)z — z)
<tf(zyy)+ (1 —t)f(x,2) +t{Az,y — ) + (1 — t)(Az, z — z)
=tg(z,y) + (1 —t)g(x, 2).
Next, we prove that y — g(z,y) is lower semi-continuous.

Indeed, if {y,} C C with y,, — y € C, then

g(x,y) = f(x,y) + (Az,y — x) < liminf f(z,y,) + lim (Az,y, — z) = liminf g(z, y,).

Thus, (A4) also holds for g(x,y).

From all the proof above, (3.1) can actually be equivalent to
Yn = J NanJzn + (1 — a,)JSx,),

1
u, € C such that g(u,,y) + r—(y — Uy, Juy — Jyn) =20, Vy € C, (3.2)

Cn-i—l = {Z eCy: qS(z,un) < (ZS(Z,,’E,J},

LTn+1 = ch+1xa

where S : C — C is a nonexpansive mapping defined by (3.2), and g(x,y) is a bifunction
satisfying the conditions (A;)—(A4). Now we have EP = EP(g), for

EP(g)={z€C:9(z,y)20,Vye Ct={2€C: f(z,y)+ (Az,y — 2z) 2 0, Vy € C} = EP.

Below, we shall prove {z,} generated by (3.2) converges strongly to Ilp(syngp(g)2-

Since the bifunction g satisfies conditions (A1)—(A4), we know by Lemma 2.3(4) that EP(g)
is closed and convex. In addition, Lemma 2.1 tells us that F'(S) is also closed and convex so that
Mrs)nEP(g) 18 Well defined.

Secondly, since the bifunction g satisfies conditions (Aj)—(A4), we may still denote u, = T} yn
for all n € N. Then Lemmas 2.3 and 2.4 yield that each T} is relatively nonexpansive. We claim
that each C), is closed and convex.

Indeed, since
(2, un) < d(2,2n) & HunH2 - Hxn”2 = 2(z, Jup — Jan) 20,

C,, is closed and convex for all n € {0} UN. This implies each Il¢, ,, is well defined.

Next, we show by induction that EP(g) N F(S) C C), for all n € {0} UN.

Indeed, from Cy = C, we have F(S) N EP(g) C Co.

Suppose that F'(S) N EP(g) C Cy for some k € {0} UN. Let u € F(S) N EP(g) C Cy. Since

T,, is relatively nonexpansive, and S is hemi-relatively nonexpansive, we get by Lemmas 2.3 and
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24
¢(ua ’U,k) :¢(u7 TTkyk) g (b(’ll,, yk)

=p(u, J N (apJxy, + (1 — ap)JSzy))

=||ul|? = 2(u, arJxr + (1 — ax)JSz) + |laxJzr + (1 — ap)J Sz
<Jul]? = 2ax (u, Jrg) — 2(1 — ag) (u, JSxr) + agllzk|® + (1 — ax)|| Sz |?
=apd(u, ) + (1 — ap)Pp(u, Sxy) < d(u, zk).

Hence, we have u € Cy41. This implies
EP(g)NF(S)cC,, VYne{0}UN.

So, {x,} is well defined.

From the definition of z,,, we get by Lemma 2.5

¢(.’L’n, ,’E) = ¢(ch.’lj,.’l/’) < qS(u,x) - (ZS(U,HCHCE) < ¢(’U,, :E)

for all w € F(S)N EP(g) C Cyp. Then ¢(zy, ) is bounded. Thereby, both {z,} and {Sx,} are
bounded.

From zp41 € Cpy1 C Cy and z,, =l x, we have
¢($nax) <¢($n+1,I), VTLE{O}UN

Thus, the limit of {¢(z,,x)} exists owing to the boundedness of the monotone real sequence
{¢(xn, z)}. Denote
lim ¢(z,,z) =d. (3.3)

n—oo

From Lemma 2.5, we know that for any positive integer m,

(b(Inera In) = ¢($n+m7HCn$) g ¢($n+max0) - ¢(In7x0)a Vn € Na (34)
and hence
im ¢(zpim,2n) =0.
Next, we claim that {x,} is a Cauchy sequence. If not, there exists a constant g > 0 and
subsequences {ny}, {mi} C {n} such that
||$"k+mk — Ty, || > €0,
for all £ > 1.
In addition, we get by (3.3) and (3.4)
¢(Ink+mk ’ Ink) < ¢($nk+mk ’ I) - ¢(Ink ) x)
< |p(Tnytmp, ) — d| + |d(Tn,, ) —d| = 0, as k — oo.
The boundedness of {x,,} can be obtained by (2.1) and (3.3). Hence, we get by Lemma 2.6 that

||$"k+mk - x"k” —0, ask— ooc.

The contradiction implies that {z,} is a Cauchy sequence.
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Since
¢($n+17 xn) = ¢(In+la chx) g ¢(In+17 .I) - d)(HCnI) I) = ¢(In+17 .I) - d)(xn? .I)

for all n € {0} UN, we have lim,, oo ¢(Zn+t1,2n) = 0. From z,41 = ¢
(3.2)

i € Cry1, we get by

¢(In+17 ’U,n) < ¢($n+1’xn)7 Vn e {0} UN.

Thereby,

lim (b(xn-l-luun) =0.

n—oo

Thus, limy,— 0 #(Zn+1,2,) = 0 and Lemma 2.6 yield

lm ||@pt1 — 2l = 0= lim ||zp41 — unll,
n—oo n—oo
and hence
lim ||z, — uy,| = 0.
n—oo

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim ||J(zn) — J(un)| = 0.

n—oo

Let r = sup{||an||, || Sznl/}. Since E is a uniformly smooth Banach space, we know that E* is
neN
a uniformly convex Banach space. Therefore, from Lemma 2.7, there exists a continuous, strictly
increasing, and convex function h with A(0) = 0 such that
laz™ + (1 = )y < afla”[* + (1 = ) |y [I* = (1 = a)h([la* — ")

for all *,y* € B} and « € [0,1], where Bf = {* € E* : 2* = Jz, © € B,}. Thanks to the
assumptions on the Banach space F, the normalized duality mapping is really a single-valued

and one-to-one surjection of E onto E*, which deduces B} = {z* € E* : ||z*|| < r}. So, for
u € F(S)NEP(g), we have

P(u, un) =p(u, Tr,yn) < G, yn) = du, T~ (anJwn + (1 — an)JSzy,))
=|jul|? = 2(u, anJz, + (1 = an)JSz,) + |lanJ 2z, + (1 — an)J Sz, ||
ull? = 2an (u, Jz,) — 2(1 — an)(u, JSxn) + an |z || + (1 — an)|| Sz,
an(1 — an)h(||Jzn — JSxy]|)
=and(u, xy) + (1 — an)o(u, Sxy) — an(1 — an)h(||Jzn — JSzy||)
<P(u, 2y) — an(l — an)h(||Jzy — TS24 ]]).

Therefore, we have
an(1 = ap)h(||Jxn — JSzp|) < ¢(u, 2n) — P(u, uy). (3.5)

Since ) )
d(u, ) — p(u, un) = |20 = [Jun|® = 2(u, Jon — Jun)

<l = llunll[(znll + llunll) + 2l - | Jzn = Jun||
< = unl|([@nll + lunll) + 2l - [ T2n = Junll,
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we have
Jim (80,2) = 60, 10)) =0 36)
From liminf,, o an(1 — a,) > 0, we get by (3.5)
nlLrI;o h(||Jxn — JSxy,]||) = 0.
The property of h yields
nlLH;O |Jz, — JSxy,|| = 0.
Since J~1! is uniformly norm-to-norm continuous on bounded sets, we have
nlLrI;o |xn — Sxy|| = 0. (3.7)
Since {x,} is a Cauchy sequence, there exists a point p € C such that {z,} converges strongly
to p, i.e.,
lim 2, |l = 0. (3.5)
Since S is a closed operator, we know by (3.7) and (3.8) that
p € F(S).
Next, we shall show p € EP(g) so that
p € F(S)N EP(g). (3.9)
Indeed, since u, = Ty, yn and ¢(u,yn) < d(u, 2, ), we get by Lemma 2.4

(b(una yn) < (b(ua yn) - qS(u, Trnyn) < qS(u, xn) - qS(u, Trnyn) = ¢(’U,, xn) - qS(u, un)
Then we get by (3.6)
lim ¢(un,yn) = 0.
So we get by the boundedness of {u,} and Lemma 2.6
lim ||uy, — yn| = 0. (3.10)
Thus, all the sequences {z,}, {yn} and {u,} converge strongly to the same element p € F(5).
Since J is uniformly norm-to-norm continuous on bounded sets, we get by (3.10) and r,, > a

fo = Tl

n— o0 Tn

0. (3.11)
From u,, = T} yn, we have

1
g(un,y) + T—(y — U, JUup — Jyp) 20, VyeC. (3.12)
Since g¢ satisfies the conditions (A1)—(A4), we can get by (3.11), (3.12) and by letting n — oo
that

9(y,p) <0, VyeC. (3.13)

Fort with0<t<landy € C,let yy =ty + (1 —¢)p. Since y € C and p € C, we have y; € C,
and hence g(y¢, p) < 0. So, we get by (A1) and (Ay)

0=9ye, ) <tg(ye,y) + (L —t)g(ye, p) < tg(ye,y)-
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Thus,

9(y,y) 20, VyeC.
Letting ¢ — 0T, we get by (As)

g(p,y) 20, VyeC.

Therefore, p € EP(g), and hence (3.9) holds.
Finally, we show that p = Ilp(s)nep(g)®-

Indeed, we can get by Lemma 2.5

o(p, HF(S)mEP(g)gc) + ¢(HF(S)ﬂEP(g)x7 r) < é(p, x). (3.14)

On the other hand, since z,,41 = Ilg, ,x and F(S) N EP(g) C C, for all n, we get by Lemma
2.5

d(Hps)nEP) T, Tni1) + ¢(Tni1,2) < O(Ilp(s)nEP(g)T: ). (3.15)

Then we can get by (3.14) and (3.15) that both ¢(p,z) < ¢(Ilp(s)nEp(g)®,z) and ¢(p,x) >
¢ p(synEP(g)T,*) hold, and hence ¢(p,z) = ¢(Ilp(s)nep(g)T, ). It follows by the uniqueness
of llp(synEp(g) that p = lp(s)nep(g)®. This completes the proof. O

Remark Letting A =0 in Theorem 3.1, and replacing the closed hemi-relatively nonexpansive
mapping with relatively nonexpansive mapping, we see, Theorem 3.1 is reduced to Takahashi-
Zembayashi [1, Theorem 3.1].
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