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Abstract In this paper a nonautonomous two-species n-patches system is studied. Within
each patch, there are two cooperative species and their dynamics are described by the Lotka-
Volterra model. Each species can diffuse independently and discretely between its interpatch
and intrapatch. By constructing a suitable Liapunov function, some sufficient conditions are
obtained for the existence of a unique globally asymptotically stable positive almost periodic
solution.
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1. Introduction

Lotka-Volterra cooperative system is one of the celebrated population dynamics models on
species interaction, and it has been studied by many authors [1,2,6,7]. Most of the authors
investigated the periodic solutions and almost periodic solutions or permanence of system. Liu
and Chen [1] considered a two-species, two-patches with periodic coefficients Lotka-volterra co-

operative diffusion system

&1 = 21[r1(t) — an(t)z1 + ar2(t)y1] + Di(t)(z2 — 21),
v1 = y1[r2(t) + a21(t)x1 — aze(t)y1] + D2(t)(y2 — y1),
Zo = ma[s1(t) — b11(t)xa + b12(t)ye] + D1(t) (21 — z2),
Y2 = ya[s2(t) + ba1(t)z2 — baz(t)y2] + D2(t)(y1 — y2).

(1.1)

They derived some appropriate conditions to guarantee the system (1.1) had a unique positive
periodic solution which was globally and asymptotically stable. Wei [2] extended the system
(1.1) from periodic system to asymptotical periodic system and studied its asymptotical periodic
solutions. However because of the difference of living environment in different patches and

influence of mankind, the same species in different patches perhaps has different diffusion rates,
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and species probably causes loss in the course of diffusion. So the model (1.1) may be too ideal,
it omits the different diffusion rates caused by diffusion loss. Lu [3] introduced a single species

diffusion model with diffusion loss

n

B = ilbi(t) — ai(®)] + Y (1= Nij (1) Dij ()5 — > Dyjs (). (1.2)
j=1 j=1
Motivated by the work of [1-3], in this paper, we investigate a two-species, n-patches Lotka-

Volterra cooperative diffusion system with diffusion loss

(1= A (0)Cij ()5 =Y Cjilt),

v

&= ximi) (t) — ag? (t)x; + a@ (t)yi] +

=1 7=t (1.3)
g = alrs (8) + a5 (D2 — g ()] + (1= ugs (1) Dig (M = > Dy
j=1 j=1
where i = 1,2,...,n. In this system, ¢ stands for the ith patch; z; and y; represent the densities

of species = and y in the ith patch; le‘) (t) and rgi) (t) denote the intrinsic growth rates of x and y
in patch i; agil) (t) and aé? (t) show the intraspecies competition rates of « and y in patch i; agiz) (t)
and agl) (t) are the cooperative coefficients of y to x and z to y in patch i; C;;(¢) and D;;(t) are
the diffusion rates of x and y from patch j to patch ¢ without diffusion loss; A;;(¢) and w;;(¢) are
the loss rates from patch j to patch i of z and y.

In this paper, for the system (1.3), we always assume that

(H1) 1 (1), 7 (8), af) (1), a8 (1), af3 (1), alf) (1), Ci (1), Dy (1), Nij (1), wis () (i, = 1,2, m,
t € [0,4+00)) are nonnegative continuous bounded almost periodic functions.

H2) o), a8 ), al) (@), aS)(t) (i = 1,2,...,n, t € [0,+00)) have the strictly positive
lower bounds; 0 < X\;; () < 1,0 < w;(t) <1 (4,5 =1,2,...,n); Cii(t) = Dy (t) =0 (i = j);
i (t) = Aij () = 0 (i = j)-

2. Preliminaries

Let
Ri” ={(x1, Y1, -, Tn,yn) € R*"x; > 0,4, >0 (i =1,2,...,n)} (2.1)

and
R = {(z1, 91, -+ yn) € R*|2; > 0,y;, >0 (i = 1,2,...,n)}. (2.2)

We define the usual Euclidean norm by || - ||,

]l = \/x% dyd a2 Y2, as 2= (T, Y1, Ty Yn) (2.3)

If f(¢) is a continuous function with respect to ¢t € [0, +00), we denote

FE= b f@), = s f(). (2.4)

t€[0,+00) te[0,+00)
Definition 2.1 If there exists a compact region Q (Q C R%%) and a finite time T = T'(to, z0)
such that for any (to, z0) € R x R%%, it follows that z(t,to, z0) € Q for all t > T (to, zo), then the

solutions z(t, 1o, z9) of the system (1.3) are called to be ultimately bounded with respect to the
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region R%.

Definition 2.2 If all the solutions of the system (1.3) are ultimately bounded in a compact
region which has strictly positive distance from coordinate hyper-planes, then the system (1.3)

is called permanent.

3. Some results

Let
() —ali) ) )" —al)”
Ai(t) = (i) () » Ai= ()M (i)E (3.1)
—ayy (t)  ays(t) —Gg] )]
and

&m:%mmuw+£ﬁmm,3:%@%&+Afmy (3.2)

where W, is real constant positive diagonal matrix, W;=diag(W;1, W), and B; is positive

definitive matrix, for i = 1,2,...,n.

Lemma 3.1 Under the above two assumptions, one can obtain Y -, z; B;(t)z; > \|z||?, t €
)T

[0, +00), where z; = (z;,y;) is any two-dimensional nonnegative column vector and X\ is the

minimum value of all real positive eigenvalues of all El (i=1,2,...,n).
Proof For any z; = (z;,y;)T € R%,, according to the assumptions (1)-(2), one can yield
I Bi(t)z = Waal) ()23 — (Winad (1) + Wiaal) (0)ziy: + Winas) (H)y?, (3.3)
(i)™ Ok

Th . — Wea® 22 (. : . SO
z; Bizi = Waay] x; — (Wiays  + Wizas{ )ziyi + Wisass v (3.4)

We set A(B;) to represent the set of all real positive eigenvalues of B;, A; = min A(B;),
A=min{\} (i=1,2,...,n).
Combining (3.3) and (3.4), one can easily derive that

2EBi(t)z > 2F Bizi > Nl zil|? > Mlzil)?, t€[0,400), i =1,2,...,n. (3.5)
Therefore one has . .
POERIOEED SPYFIEESYER (36)
i=1 i=1
The proof of Lemma 3.1 is completed. O

Lemma 3.2 R% is a positive invariant set with respect to the system (1.3).

Proof For all ¢ € [0,+00) and z € R¥Y, one can obtain

n

Filoimo = (1= Ay(1)Cis(t)z; > 0,

=it (3.7)
Gily—o = > (1 —ui;(£))Di(t)y; > 0,

J=L#i

where i =1,2,...,n.
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Obviously Ri"o is a positive invariant set. The proof of Lemma 3.2 is completed. O

Theorem 3.1 Under the above assumptions (1)—(2), the solutions of the system (1.3) are
ultimately bounded with respect to the region Ri’})

Proof We define the function S : R¥y — Ryo

S = Z 125 + Wiayi). (3.8)
i=1
One can easily derive that
Sl3) = Z(Wuﬂ?z + Wia%i). (3.9)
i=1

Now we set W = diag(W1, Wa, ..., W,,), where W; = diag(W;1, W;2). Furthermore we set

Z = (Zlv 22y ey Zn)T; 2 = (Ii; yi)Tv e(t) = (7"51)77"51)7 Tgn) Tgn))Ta (310)
and denote
Alt) = We(),
ZC Wi, ..., ZOJH Whi _ZDjl(t>W125--~7_ZDjn(t)Wn2)Ta
j=1 j=1 j=1
= (O Win(1 =X\ ())Cit Z Wit (1= Ajn () Cjn (8), Y Wya(1 = ujn (1) D (1) ..
Jj=1 j=1
Z Wiz (1 = ujn(t)) Djn (1)) (3.11)
By complicated calculations, one can prove
Sl = Y (Wirdi + Wiagi) = Z 2TWiA; () z + 2T A(t) + 2TB(t) + 2T C(t)
i=1
= 2EBi(t)z + 2T A(t) + 2T B(t) + 2T C(t). (3.12)

=1

Taking into account the assumptions (H1)—(H2), one can easily know there must exist ade-

quate positive constants My, Ms, M3 such that the following inequalities hold true
[A@ < My, |B@)]| < My, [|C{)] < Ms. (3.13)
Let M = M; + My + Ms. By (3.12), (3.13) and (3.6), one can know that
Slasy < =Allz|® + M|z (3.14)

We set
a = [M + (M?+4xe)7)(20) 7, (3.15)

then the following implication holds true

2] > a= S|(1.3) < —¢. (3.16)
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We define the following compact set
0(8) = {=: =€ B, 5(:) < B, (3.17)
where 8 =na, n =Y i, (Wi + W;2). Furthermore note the fact that
S(2) < ]l (3.15)
By means of (3.15)—(3.17) one has
S|(1,3) >—e= |z <a=S(z) <na=L0=zc ). (3.19)

Integrating from ¢y to t, in view of the inequality S'|(1_3) > —e and S(z) < 3, one can derive
t>to+e1(S(20) — B).
This means that ®(3) is an ultimately bounded region according to the Definition 2.1 and
we can take
T = T(to, 20) = max{to,to + & *(S(z0) — B)}. (3.20)

The proof of Theorem 3.1 is completed. O

Theorem 3.2 If inft>0(r§i) (t) = >25=1 j2i Cyi(t)) > 0 and inft>0(réi) (t) = 3251 jzi Dyi(t)) >0
fori=1,2,...,n, then there must exist a strictly positive compact region which attracts all the

solutions of the system (1.3) with positive initial values.

Proof Fron the system (1.3), when z; = h; and y; = g;, one can find

n

Fileimniso = halr{” (¢) — aff (Ohs + af )yl + Z (1= i =Y Ciil)h
Jj=1
> h S S Calt) - af0he) + aSOhays, (3.21)
J=1,j#i
Gilyimgi>0 = gilrs” (t) + afy) (D — ald (gi] + Y (1= ui () Dis(B)y; — _ Djs(t)gi
j=1 j=1
29 Z Dji(t) — a$3 (t)g:) + a5} (D) gizs. (3.22)
J=1,j#i
We define
(7) n 3 (A 4y _ N0 3
oL i 1 (t) - z%j) 1, Ojl(t), yE = inf ry (t) Z(Z) 1,j#i Dm(t)' (3.23)
t=0 aji (t) t>0 ass (t)
Obviously one can judge
fbi|mi:mL>0 >0, yi|yi:y;>0 >0,t=1,2,...,n. (3.24)
Set
Q={z,2€ RY.9(2) < B,a; >al,y; > yF (i=1,2,...,n)}. (3.25)

Apparently Q is also a positive invariant set. Further € is still a bounded closed convex set

and it attracts all the solutions of the system (1.3) with positive initial values. Moreover, one
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can easily obtain the system (1.3) is permanent by definition 2.2. The proof of Theorem 3.2 is
completed. O

4. Existence and asymptotical stability of almost periodic solution

We discuss the system (1.3) with almost periodic coefficients in 2. The adjoint system of the

system (1.3) is as follows

s = i () — a0 + oD Ol + ilu A (O)Ci 02, - Z Clt)a
vi = wilry” (8) + af) (6)zi — a3 (£)yi] + _zn;u — wi (1)) Dy (H)y; — Z Dji(t)y:,
Fo= 370 - of) ()& + a3 (1)) + ila = Xij () Ci (D)5 Z Cjilt)i, Y
i = () + o) 007 — R 05) + (1~ s (D)D) ~ Y Ditt)i

Il
-
I
A

J J

where 1 =1,2,...,n.

Lemma 4.1 ([4]) Let D be an open set of R¥y. Function V (t,x,y) is defined on the region
Ry x D x D or Ry x R x R3", satisfying:

(i) a(lz —y|) < V(t,z,y) < b(|z — y|), where a(r), b(r) are continuous increasing positive
definite functions;

(i) |V (t,z1,91) — V (¢, 22,y2)| < K(Jx1 — 22| + |y1 — y2|), K > 0 is a constant;

(iii) V'(t,z,y) < —cV(t,x,y), where ¢ > 0 is a constant.

Let the solutions of the system (1.3) lie in compact set Q for all t > to > 0, Q C D.
Then the system (1.3) has a unique almost periodic solution z(t) in D, z(t) lies in §, and it is

asymptotically stable.

Theorem 4.1 Ifsupt>0(—a§i1) (t)—l—aéil) (t)—i—Z?:L#i Cji(t)#) < 0 and supt>0(—aéi2) (t)—l—ag t)+

Z?ZL#Z— Dji(t)u%) < 0 fori=1,2,...,n, then the system (1.3) has a unique positive almost

periodic solution which is asymptotically stable.

Proof Let z(t) = (z1(t),y1(t), ..., 2n(t), yn(t))T be any solution of the system (1.3). We consider
adjoint system (4.1) of the system (1.3) and let X;(t) = Inz;(t), Y;() = Iny; (), Xi(t) = In (),
Yi(t) =Ingi(t) (i = 1,2,...,n), where 2;(t), y;(t), Z:i(t), §:(t) (i = 1,2,...,n) are the solutions
of the system (4.1). We denote Z(t) = (X1(t), Y1(t),..., Xn(t), Vs (t))".

Construct Liapunov function

V(t) =Vt Z(t), Z(t) = Z X (1) — Xa(t)] + Z Yi(t) = Yi(t)]- (42)

Let . .
a(r) =b(r) =Y _|Xi(t) = Xi(t)| + > [Vi(t) = Yi(t)]. (4.3)

i=1 i=1
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Clearly, a(r), b(r), V(t) are continuous increasing positive definite functions, V' (t) satisfies con-
dition (1) of Lemma 4.1. Further,

\2}&@a&w+mep%mhdjm@ﬂmw+2mm%ﬁwm
=1 : i =1

SZI X (t) — Xao( |+Z|Yz1 2(t) [+
Z X (t) — Ko (t)] + Z Vi (t) = Yia (8))- (4.4)

V (t) satisfies condition (2) of Lemma 4.1. To verify condition (3) of Lemma 4.1, we compute the
upper right derivation of function V'(¢).

- X - X() D B s — ) 1 oD . - x

- ; X, = Xi(t)I[ 11 ()i = T0) + ayy () (yi — 5:) +j_§#l(1 Xig ()Cig (2 = )+
" Y;(t) - ?z(t) (i) _ . ) = - _ y_J _ &
; Y, () — ~i(t)| [a21 (t)(z Ti) — ags (t)(y i) + ‘ Z ‘(1 Ui (t))Dw (t)(yz 7i )

IN
M=
@'
?

|

=
¥
M
@
B

£) +al)( |yz—xl|+ZH Z A1), (4.5)

@
Il
=
.
Il
-

where for i =1,2,...,n,
" z Zj -
S 1= MmO -2, Xz X,
Hi(t) ={ =97 i (4.6)
T, x ~
(=20 - 2, X< X,
=157 o
- yi -
> (L —ui(t)Dy (U(; - y’ ), YizY;,
Git) = 77 i} (4.7)
Y Y %
> - uza(t))Dij(t)(j - y—?% Yi <Y
J=1j#i ‘ ’
By complicated calculations one can obtain
YOH(D) Y Gty <Y Z lel xz|+Z Z Ly-gl (48
=1 =1 i=1 j=1,5 i=1 j=1,j%#1 J
So one can get the following inequality by (4.5)—(4.8),
n n 1
|(1 3) SZ + Z Cji _L |$Z—I1|+
i=1 j:1 i Y
G 1 "
D (—ag) (£) +aiy (1) Ejszwzm. (4.9)

@
Il
=

Jj=Lj#i Yi
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From conditions of Theorem 4.1, one can obtain there must exist two positive constants A;
and Ay such that for each i (i =1,2,...,n),

n

sup(—af (1) + o) (1) + D Cit)—p) < ~Av

=0 =L
sup(—aég)( Z Dj;(t)—) < —As. (4.10)
t>0
J=1,j#i 3
We take A = min(A;, As), hence one can obtain for each i (i =1,2,...,n),
" 1
sup(—al () + a5} (1) + Y Chlt)—p) < —A;
t>0 Plergr ¥ T
. - 1
sup(—aS (t) + a3 (1) + Dji(t)—) < —A. (4.11)
t>0 =1 gt Yj
Therefore N N
V()13 < —A(Z |z; — ;] + Z lyi — Uil)- (4.12)
i=1 i=1
Note the fact that
s — & = [ — e = G(OIX: — Kl 2 2} Xi - Kil, (4.13)
lyi — Gi] = |e¥" — "' = G(1)|Y: = Yi| >y |Yi = Vi, (4.14)

where i = 1,2,...,n, &(t) lies in between z;(t) and Z;(t), ¢;(¢) lies in between y;(t) and g;(t).
Taking ¢ = Imn(Ax JAyl (i =1,2,...,n)) > 0 yields

n

DYV ()|s) < —cO_1Xi— Xil + Y |Yi = Vi) = —cV (1), (4.15)
i=1 i=1

which manifests that V' (¢) satisfies condition (3) of Lemma 4.1. By lemma 4.1, the system (1.3)
has a unique asymptotically stable almost periodic solution z(t), and z(t) lies in compact region

Q. The proof of theorem 4.1 is completed. O

5. Global attractivity

Lemma 5.1 ([5]) Suppose function f(z) is uniformly continuous on [a, +00), and f:oo f(x)dz

is convergent, then we have lim,_, ;. f(x) = 0.

Theorem 5.1 If the system (1.3) satisfies the conditions of Theorem 4.1, then the unique

almost periodic solution of the system (1.3) is globally attractive.

Proof Let z(t) = (x1(t),y1(t), ..., 7n(t),yn(t))T be a definitive almost periodic solution of the
system (1.3), 2(t) = (1(t), J1(t), ..., Tn(t), Jn(t))T be any solution of the system (1.3).

Construct the same Liapunov function as Theorem 4.1,

V() = V(t, Z(8), Z(t) = > |X:(t) = Xa(6)] + DY [Ya(t) = Yi(t)]- (5.1)
i=1 =1
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Integrating both sides of (4.12) from 0 to ¢, one can derive

A [ ko)~ s |+Z|yz (5))ds < V(0). (5.2)

The expression (5.2) shows that

n

0< V() <V(0) =) |Xi(0) — X;(0 |+Z|Y (0)] < +o0, t>0, (5.3)

and

/O O fai(s) = 23l + D luils) = Gi(s) s < YO < oo, 120 (5.4)

i=

1
The expression (5.4) implies that
> wi(s) — @i(s)| + Z lyi(s) — Gi(s)| € L0, +00). (5.5)
i=1

Obviously z;(t) and y;(t) (¢ = 1,2,...,n) are uniformly bounded, so X;(¢t) and Y;(t) (i =
1,2,...,n) are also uniformly bounded. In addition, by (5.1)-(5.3), one knows X;(t) and Y;(t)
are uniformly bounded, so Z;(t) and ;(¢) are also uniformly bounded. Combining this fact with
the system (1.3), one has &;, ¥, Z;, y; are uniformly bounded. Therefore one can easily check
S lwi() =2 (8)|+ i lyi(t) —gi(t)] is uniformly continuous on [0, +00). From the expression
(5.5), it follows that Y., @i () — @i (¢)] + >y |yi(t) — §i(t)| is integrable on [0,+o0c). Hence

one can conclude

Jim ()~ (0] =0, Tm_[yi(t) ~ 5i(1)| = 0. (56)
Therefore
lz(t) — 2(t)|| — 0, t — +oo. (5.7)

The proof of theorem (5.1) is completed. O
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