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Abstract In this paper a nonautonomous two-species n-patches system is studied. Within

each patch, there are two cooperative species and their dynamics are described by the Lotka-

Volterra model. Each species can diffuse independently and discretely between its interpatch

and intrapatch. By constructing a suitable Liapunov function, some sufficient conditions are

obtained for the existence of a unique globally asymptotically stable positive almost periodic

solution.
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1. Introduction

Lotka-Volterra cooperative system is one of the celebrated population dynamics models on

species interaction, and it has been studied by many authors [1, 2, 6, 7]. Most of the authors

investigated the periodic solutions and almost periodic solutions or permanence of system. Liu

and Chen [1] considered a two-species, two-patches with periodic coefficients Lotka-volterra co-

operative diffusion system






















ẋ1 = x1[r1(t) − a11(t)x1 + a12(t)y1] + D1(t)(x2 − x1),

ẏ1 = y1[r2(t) + a21(t)x1 − a22(t)y1] + D2(t)(y2 − y1),

ẋ2 = x2[s1(t) − b11(t)x2 + b12(t)y2] + D1(t)(x1 − x2),

ẏ2 = y2[s2(t) + b21(t)x2 − b22(t)y2] + D2(t)(y1 − y2).

(1.1)

They derived some appropriate conditions to guarantee the system (1.1) had a unique positive

periodic solution which was globally and asymptotically stable. Wei [2] extended the system

(1.1) from periodic system to asymptotical periodic system and studied its asymptotical periodic

solutions. However because of the difference of living environment in different patches and

influence of mankind, the same species in different patches perhaps has different diffusion rates,
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and species probably causes loss in the course of diffusion. So the model (1.1) may be too ideal,

it omits the different diffusion rates caused by diffusion loss. Lu [3] introduced a single species

diffusion model with diffusion loss

ẋi = xi[bi(t) − ai(t)] +

n
∑

j=1

(1 − λij(t))Dij(t)xj −

n
∑

j=1

Dji(t)xi. (1.2)

Motivated by the work of [1–3], in this paper, we investigate a two-species, n-patches Lotka-

Volterra cooperative diffusion system with diffusion loss

ẋi = xi[r
(i)
1 (t) − a

(i)
11 (t)xi + a

(i)
12 (t)yi] +

n
∑

j=1

(1 − λij(t))Cij(t)xj −
n
∑

j=1

Cji(t)xi,

ẏi = yi[r
(i)
2 (t) + a

(i)
21 (t)xi − a

(i)
22 (t)yi] +

n
∑

j=1

(1 − uij(t))Dij(t)yj −

n
∑

j=1

Dji(t)yi,

(1.3)

where i = 1, 2, . . . , n. In this system, i stands for the ith patch; xi and yi represent the densities

of species x and y in the ith patch; r
(i)
1 (t) and r

(i)
2 (t) denote the intrinsic growth rates of x and y

in patch i; a
(i)
11 (t) and a

(i)
22 (t) show the intraspecies competition rates of x and y in patch i; a

(i)
12 (t)

and a
(i)
21 (t) are the cooperative coefficients of y to x and x to y in patch i; Cij(t) and Dij(t) are

the diffusion rates of x and y from patch j to patch i without diffusion loss; λij(t) and uij(t) are

the loss rates from patch j to patch i of x and y.

In this paper, for the system (1.3), we always assume that

(H1) r
(i)
1 (t), r

(i)
2 (t), a

(i)
11 (t), a

(i)
22 (t), a

(i)
12 (t), a

(i)
21 (t), Cij(t), Dij(t), λij(t), uij(t) (i, j = 1, 2, . . . , n,

t ∈ [0, +∞)) are nonnegative continuous bounded almost periodic functions.

(H2) a
(i)
11 (t), a

(i)
22 (t), a

(i)
12 (t), a

(i)
21 (t) (i = 1, 2, . . . , n, t ∈ [0, +∞)) have the strictly positive

lower bounds; 0 ≤ λij(t) < 1, 0 ≤ uij(t) < 1 (i, j = 1, 2, . . . , n); Cij(t) = Dij(t) = 0 (i = j);

uij(t) = λij(t) = 0 (i = j).

2. Preliminaries

Let

R2n
+ = {(x1, y1, . . . , xn, yn) ∈ R2n|xi > 0, yi > 0 (i = 1, 2, . . . , n)} (2.1)

and

R2n
+0 = {(x1, y1, . . . , xn, yn) ∈ R2n|xi ≥ 0, yi ≥ 0 (i = 1, 2, . . . , n)}. (2.2)

We define the usual Euclidean norm by ‖ · ‖,

‖z‖ =
√

x2
1 + y2

1 + · · · + x2
n + y2

n , as z = (x1, y1, . . . , xn, yn)T. (2.3)

If f(t) is a continuous function with respect to t ∈ [0, +∞), we denote

fL = inf
t∈[0,+∞)

f(t), fM = sup
t∈[0,+∞)

f(t). (2.4)

Definition 2.1 If there exists a compact region Ω (Ω ⊂ R2n
+0) and a finite time T = T (t0, z0)

such that for any (t0, z0) ∈ R ×R2n
+0, it follows that z(t, t0, z0) ∈ Ω for all t ≥ T (t0, z0), then the

solutions z(t, t0, z0) of the system (1.3) are called to be ultimately bounded with respect to the
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region R2n
+0.

Definition 2.2 If all the solutions of the system (1.3) are ultimately bounded in a compact

region which has strictly positive distance from coordinate hyper-planes, then the system (1.3)

is called permanent.

3. Some results

Let

Ai(t) =

(

a
(i)
11 (t) −a

(i)
12 (t)

−a
(i)
21 (t) a

(i)
22 (t)

)

, Âi =

(

a
(i)L

11 −a
(i)M

12

−a
(i)M

21 a
(i)L

22

)

(3.1)

and

Bi(t) =
1

2
(WiAi(t) + AT

i (t)Wi), B̂i =
1

2
(WiÂi + Âi

T
Wi), (3.2)

where Wi is real constant positive diagonal matrix, Wi=diag(Wi1, Wi2), and B̂i is positive

definitive matrix, for i = 1, 2, . . . , n.

Lemma 3.1 Under the above two assumptions, one can obtain
∑n

i=1 zT
i Bi(t)zi ≥ λ‖z‖2, t ∈

[0, +∞), where zi = (xi, yi)
T is any two-dimensional nonnegative column vector and λ is the

minimum value of all real positive eigenvalues of all B̂i (i = 1, 2, . . . , n).

Proof For any zi = (xi, yi)
T ∈ R2

+0, according to the assumptions (1)–(2), one can yield

zT
i Bi(t)zi = Wi1a

(i)
11 (t)x2

i − (Wi1a
(i)
12 (t) + Wi2a

(i)
21 (t))xiyi + Wi2a

(i)
22 (t)y2

i , (3.3)

zT
i B̂izi = Wi1a

(i)L

11 x2
i − (Wi1a

(i)M

12 + Wi2a
(i)M

21 )xiyi + Wi2a
(i)L

22 y2
i . (3.4)

We set λ(B̂i) to represent the set of all real positive eigenvalues of B̂i, λi = min λ(B̂i),

λ = min{λi} (i = 1, 2, . . . , n).

Combining (3.3) and (3.4), one can easily derive that

zT
i Bi(t)zi ≥ zT

i B̂izi ≥ λi‖zi‖
2 ≥ λ‖zi‖

2, t ∈ [0, +∞), i = 1, 2, . . . , n. (3.5)

Therefore one has
n
∑

i=1

zT
i Bi(t)zi ≥

n
∑

i=1

λ‖zi‖
2 = λ‖z‖2. (3.6)

The proof of Lemma 3.1 is completed. 2

Lemma 3.2 R2n
+0 is a positive invariant set with respect to the system (1.3).

Proof For all t ∈ [0, +∞) and z ∈ R2n
+0, one can obtain























ẋi|xi=0 =
n
∑

j=1,j 6=i

(1 − λij(t))Cij(t)xj ≥ 0,

ẏi|yi=0 =

n
∑

j=1,j 6=i

(1 − uij(t))Dij(t)yj ≥ 0,

(3.7)

where i = 1, 2, . . . , n.
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Obviously R2n
+0 is a positive invariant set. The proof of Lemma 3.2 is completed. 2

Theorem 3.1 Under the above assumptions (1)–(2), the solutions of the system (1.3) are

ultimately bounded with respect to the region R2n
+0.

Proof We define the function S : R2n
+0 → R+0

S =

n
∑

i=1

(Wi1xi + Wi2yi). (3.8)

One can easily derive that

Ṡ|(1.3) =

n
∑

i=1

(Wi1ẋi + Wi2ẏi). (3.9)

Now we set W = diag(W1, W2, . . . , Wn), where Wi = diag(Wi1, Wi2). Furthermore we set

z = (z1, z2, . . . , zn)T, zi = (xi, yi)
T, e(t) = (r

(1)
1 , r

(1)
2 , . . . , r

(n)
1 , r

(n)
2 )T, (3.10)

and denote

A(t) = We(t),

B(t) = (−

n
∑

j=1

Cj1(t)W11, . . . ,−

n
∑

j=1

Cjn(t)Wn1 , −

n
∑

j=1

Dj1(t)W12, . . . ,−

n
∑

j=1

Djn(t)Wn2)
T,

C(t) = (

n
∑

j=1

Wj1(1− λj1(t))Cj1(t), . . . ,

n
∑

j=1

Wj1(1− λjn(t))Cjn(t),

n
∑

j=1

Wj2(1 − uj1(t))Dj1(t) . . . ,

n
∑

j=1

Wj2(1 − ujn(t))Djn(t))T. (3.11)

By complicated calculations, one can prove

Ṡ|(1.3) =
n
∑

i=1

(Wi1ẋi + Wi2ẏi) = −
n
∑

i=1

zT
i WiAi(t)zi + zTA(t) + zTB(t) + zTC(t)

= −

n
∑

i=1

zT
i Bi(t)zi + zTA(t) + zTB(t) + zTC(t). (3.12)

Taking into account the assumptions (H1)–(H2), one can easily know there must exist ade-

quate positive constants M1, M2, M3 such that the following inequalities hold true

‖A(t)‖ < M1, ‖B(t)‖ < M2, ‖C(t)‖ < M3. (3.13)

Let M = M1 + M2 + M3. By (3.12), (3.13) and (3.6), one can know that

Ṡ|(1.3) ≤ −λ‖z‖2 + M‖z‖. (3.14)

We set

α = [M + (M2 + 4λε)
1

2 ](2λ)−1, (3.15)

then the following implication holds true

‖z‖ > α ⇒ Ṡ|(1.3) < −ε. (3.16)



1112 F. Y. WEI and S. H. WANG

We define the following compact set

Φ(β) = {z : z ∈ R2n
+0, S(z) ≤ β}, (3.17)

where β = ηα, η =
∑n

i=1(Wi1 + Wi2). Furthermore note the fact that

S(z) ≤ η‖z‖. (3.18)

By means of (3.15)–(3.17) one has

Ṡ|(1.3) ≥ −ε ⇒ ‖z‖ ≤ α ⇒ S(z) ≤ ηα = β ⇒ z ∈ Φ(β). (3.19)

Integrating from t0 to t, in view of the inequality Ṡ|(1.3) ≥ −ε and S(z) ≤ β, one can derive

t ≥ t0 + ε−1(S(z0) − β).

This means that Φ(β) is an ultimately bounded region according to the Definition 2.1 and

we can take

T = T (t0, z0) = max{t0, t0 + ε−1(S(z0) − β)}. (3.20)

The proof of Theorem 3.1 is completed. 2

Theorem 3.2 If inft>0(r
(i)
1 (t) −

∑n

j=1,j 6=i Cji(t)) > 0 and inft>0(r
(i)
2 (t) −

∑n

j=1,j 6=i Dji(t)) > 0

for i = 1, 2, . . . , n, then there must exist a strictly positive compact region which attracts all the

solutions of the system (1.3) with positive initial values.

Proof Fron the system (1.3), when xi = hi and yi = gi, one can find

ẋi|xi=hi>0 = hi[r
(i)
1 (t) − a

(i)
11 (t)hi + a

(i)
12 (t)yi] +

n
∑

j=1

(1 − λij(t))Cij(t)xj −
n
∑

j=1

Cji(t)hi

≥ hi(r
(i)
1 (t) −

n
∑

j=1,j 6=i

Cji(t) − a
(i)
11 (t)hi) + a

(i)
12 (t)hiyi, (3.21)

ẏi|yi=gi>0 = gi[r
(i)
2 (t) + a

(i)
21 (t)xi − a

(i)
22 (t)gi] +

n
∑

j=1

(1 − uij(t))Dij(t)yj −

n
∑

j=1

Dji(t)gi

≥ gi(r
(i)
2 (t) −

n
∑

j=1,j 6=i

Dji(t) − a
(i)
22 (t)gi) + a

(i)
21 (t)gixi. (3.22)

We define

xL
i = inf

t>0

r
(i)
1 (t) −

∑n

j=1,j 6=i Cji(t)

a
(i)
11 (t)

, yL
i = inf

t>0

r
(i)
2 (t) −

∑n

j=1,j 6=i Dji(t)

a
(i)
22 (t)

. (3.23)

Obviously one can judge

ẋi|xi=xL
i

>0 ≥ 0, ẏi|yi=yL
i

>0 ≥ 0, i = 1, 2, . . . , n. (3.24)

Set

Ω = {z, z ∈ R2n
+0, S(z) ≤ β, xi ≥ xL

i , yi ≥ yL
i (i = 1, 2, . . . , n)}. (3.25)

Apparently Ω is also a positive invariant set. Further Ω is still a bounded closed convex set

and it attracts all the solutions of the system (1.3) with positive initial values. Moreover, one
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can easily obtain the system (1.3) is permanent by definition 2.2. The proof of Theorem 3.2 is

completed. 2

4. Existence and asymptotical stability of almost periodic solution

We discuss the system (1.3) with almost periodic coefficients in Ω. The adjoint system of the

system (1.3) is as follows

ẋi = xi[r
(i)
1 (t) − a

(i)
11 (t)xi + a

(i)
12 (t)yi] +

n
∑

j=1

(1 − λij(t))Cij(t)xj −

n
∑

j=1

Cji(t)xi,

ẏi = yi[r
(i)
2 (t) + a

(i)
21 (t)xi − a

(i)
22 (t)yi] +

n
∑

j=1

(1 − uij(t))Dij(t)yj −

n
∑

j=1

Dji(t)yi,

˙̃xi = x̃i[r
(i)
1 (t) − a

(i)
11 (t)x̃i + a

(i)
12 (t)ỹi] +

n
∑

j=1

(1 − λij(t))Cij(t)x̃j −
n
∑

j=1

Cji(t)x̃i,

˙̃yi = ỹi[r
(i)
2 (t) + a

(i)
21 (t)x̃i − a

(i)
22 (t)ỹi] +

n
∑

j=1

(1 − uij(t))Dij(t)ỹj −

n
∑

j=1

Dji(t)ỹi,

(4.1)

where i = 1, 2, . . . , n.

Lemma 4.1 ([4]) Let D be an open set of R2n
+0. Function V (t, x, y) is defined on the region

R+ × D × D or R+ × R2n
+ × R2n

+ , satisfying:

(i) a(|x − y|) ≤ V (t, x, y) ≤ b(|x − y|), where a(r), b(r) are continuous increasing positive

definite functions;

(ii) |V (t, x1, y1) − V (t, x2, y2)| ≤ K(|x1 − x2| + |y1 − y2|), K > 0 is a constant;

(iii) V ′(t, x, y) ≤ −cV (t, x, y), where c > 0 is a constant.

Let the solutions of the system (1.3) lie in compact set Ω for all t ≥ t0 > 0, Ω ⊆ D.

Then the system (1.3) has a unique almost periodic solution z(t) in D, z(t) lies in Ω, and it is

asymptotically stable.

Theorem 4.1 If supt>0(−a
(i)
11 (t)+a

(i)
21 (t)+

∑n

j=1,j 6=i Cji(t)
1

xL
j

) < 0 and supt>0(−a
(i)
22 (t)+a

(i)
12 (t)+

∑n

j=1,j 6=i Dji(t)
1

yL
j

) < 0 for i = 1, 2, . . . , n, then the system (1.3) has a unique positive almost

periodic solution which is asymptotically stable.

Proof Let z(t) = (x1(t), y1(t), . . . , xn(t), yn(t))T be any solution of the system (1.3). We consider

adjoint system (4.1) of the system (1.3) and let Xi(t) = lnxi(t), Yi(t) = ln yi(t), X̃i(t) = ln x̃i(t),

Ỹi(t) = ln ỹi(t) (i = 1, 2, . . . , n), where xi(t), yi(t), x̃i(t), ỹi(t) (i = 1, 2, . . . , n) are the solutions

of the system (4.1). We denote Z(t) = (X1(t), Y1(t), . . . , Xn(t), Yn(t))T.

Construct Liapunov function

V (t) = V (t, Z(t), Z̃(t)) =

n
∑

i=1

|Xi(t) − X̃i(t)| +

n
∑

i=1

|Yi(t) − Ỹi(t)|. (4.2)

Let

a(r) = b(r) =

n
∑

i=1

|Xi(t) − X̃i(t)| +

n
∑

i=1

|Yi(t) − Ỹi(t)|. (4.3)
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Clearly, a(r), b(r), V (t) are continuous increasing positive definite functions, V (t) satisfies con-

dition (1) of Lemma 4.1. Further,

∣

∣

∣

n
∑

i=1

|Xi1(t) − X̃i1(t)| +
n
∑

i=1

|Yi1(t) − Ỹi1(t)| − (
n
∑

i=1

|Xi2(t) − X̃i2(t)| +
n
∑

i=1

|Yi2(t) − Ỹi2(t)|)
∣

∣

∣

≤

n
∑

i=1

|Xi1(t) − Xi2(t)| +

n
∑

i=1

|Yi1(t) − Yi2(t)|+

n
∑

i=1

|X̃i1(t) − X̃i2(t)| +
n
∑

i=1

|Ỹi1(t) − Ỹi2(t)|. (4.4)

V (t) satisfies condition (2) of Lemma 4.1. To verify condition (3) of Lemma 4.1, we compute the

upper right derivation of function V (t).

D+V (t)|(1.3)

=

n
∑

i=1

Xi(t) − X̃i(t)

|Xi(t) − X̃i(t)|
[−a

(i)
11 (t)(xi − x̃i) + a

(i)
12 (t)(yi − ỹi) +

n
∑

j=1,j 6=i

(1 − λij(t))Cij(t)(
xj

xi

−
x̃j

x̃i

)]+

n
∑

i=1

Yi(t) − Ỹi(t)

|Yi(t) − Ỹi(t)|
[a

(i)
21 (t)(xi − x̃i) − a

(i)
22 (t)(yi − ỹi) +

n
∑

j=1,j 6=i

(1 − uij(t))Dij(t)(
yj

yi

−
ỹj

ỹi

)]

≤

n
∑

i=1

(−a
(i)
11 (t) + a

(i)
21 (t))|xi − x̃i| +

n
∑

i=1

(−a
(i)
22 (t) + a

(i)
12 (t))|yi − x̃i| +

n
∑

i=1

Hi(t) +

n
∑

i=1

Gi(t), (4.5)

where for i = 1, 2, . . . , n,

Hi(t) =























n
∑

j=1,j 6=i

(1 − λij(t))Cij(t)(
xj

xi

−
x̃j

x̃i

), Xi ≥ X̃i,

n
∑

j=1,j 6=i

(1 − λij(t))Cij(t)(
x̃j

x̃i

−
xj

xi

), Xi < X̃i,

(4.6)

Gi(t) =























n
∑

j=1,j 6=i

(1 − uij(t))Dij(t)(
yj

yi

−
ỹj

ỹi

), Yi ≥ Ỹi,

n
∑

j=1,j 6=i

(1 − uij(t))Dij(t)(
ỹj

ỹi

−
yj

yi

), Yi < Ỹi.

(4.7)

By complicated calculations one can obtain

n
∑

i=1

Hi(t) +

n
∑

i=1

Gi(t) ≤

n
∑

i=1

n
∑

j=1,j 6=i

Cji(t)
1

xL
j

|xi − x̃i| +

n
∑

i=1

n
∑

j=1,j 6=i

Dji(t)
1

yL
j

|yi − ỹi|. (4.8)

So one can get the following inequality by (4.5)–(4.8),

D+V (t)|(1.3) ≤

n
∑

i=1

(−a
(i)
11 (t) + a

(i)
21 (t) +

n
∑

j=1,j 6=i

Cji(t)
1

xL
j

)|xi − x̃i|+

n
∑

i=1

(−a
(i)
22 (t) + a

(i)
12 (t) +

n
∑

j=1,j 6=i

Dji(t)
1

yL
j

)|yi − ỹi|. (4.9)
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From conditions of Theorem 4.1, one can obtain there must exist two positive constants A1

and A2 such that for each i (i = 1, 2, . . . , n),

sup
t>0

(−a
(i)
11 (t) + a

(i)
21 (t) +

n
∑

j=1,j 6=i

Cji(t)
1

xL
j

) < −A1;

sup
t>0

(−a
(i)
22 (t) + a

(i)
12 (t) +

n
∑

j=1,j 6=i

Dji(t)
1

yL
j

) < −A2. (4.10)

We take A = min(A1, A2), hence one can obtain for each i (i = 1, 2, . . . , n),

sup
t>0

(−a
(i)
11 (t) + a

(i)
21 (t) +

n
∑

j=1,j 6=i

Cji(t)
1

xL
j

) < −A ;

sup
t>0

(−a
(i)
22 (t) + a

(i)
12 (t) +

n
∑

j=1,j 6=i

Dji(t)
1

yL
j

) < −A. (4.11)

Therefore

D+V (t)|(1.3) ≤ −A(
n
∑

i=1

|xi − x̃i| +
n
∑

i=1

|yi − ỹi|). (4.12)

Note the fact that

|xi − x̃i| = |eXi − eX̃i | = ξi(t)|Xi − X̃i| ≥ xL
i |Xi − X̃i|, (4.13)

|yi − ỹi| = |eYi − eỸi | = ζi(t)|Yi − Ỹi| ≥ yL
i |Yi − Ỹi|, (4.14)

where i = 1, 2, . . . , n, ξi(t) lies in between xi(t) and x̃i(t), ζi(t) lies in between yi(t) and ỹi(t).

Taking c = min(AxL
i , AyL

i (i = 1, 2, . . . , n)) > 0 yields

D+V (t)|(1.3) ≤ −c(

n
∑

i=1

|Xi − X̃i| +

n
∑

i=1

|Yi − Ỹi|) = −cV (t), (4.15)

which manifests that V (t) satisfies condition (3) of Lemma 4.1. By lemma 4.1, the system (1.3)

has a unique asymptotically stable almost periodic solution z(t), and z(t) lies in compact region

Ω. The proof of theorem 4.1 is completed. 2

5. Global attractivity

Lemma 5.1 ([5]) Suppose function f(x) is uniformly continuous on [a, +∞), and
∫ +∞

a
f(x)dx

is convergent, then we have limx→+∞ f(x) = 0.

Theorem 5.1 If the system (1.3) satisfies the conditions of Theorem 4.1, then the unique

almost periodic solution of the system (1.3) is globally attractive.

Proof Let z(t) = (x1(t), y1(t), . . . , xn(t), yn(t))T be a definitive almost periodic solution of the

system (1.3), z̃(t) = (x̃1(t), ỹ1(t), . . . , x̃n(t), ỹn(t))T be any solution of the system (1.3).

Construct the same Liapunov function as Theorem 4.1,

V (t) = V (t, Z(t), Z̃(t)) =

n
∑

i=1

|Xi(t) − X̃i(t)| +

n
∑

i=1

|Yi(t) − Ỹi(t)|. (5.1)
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Integrating both sides of (4.12) from 0 to t, one can derive

V (t) + A

∫ t

0

(

n
∑

i=1

|xi(s) − x̃i(s)| +

n
∑

i=1

|yi(s) − ỹi(s)|)ds ≤ V (0). (5.2)

The expression (5.2) shows that

0 ≤ V (t) ≤ V (0) =

n
∑

i=1

|Xi(0) − X̃i(0)| +

n
∑

i=1

|Yi(0) − Ỹi(0)| < +∞, t ≥ 0, (5.3)

and
∫ t

0

(

n
∑

i=1

|xi(s) − x̃i(s)| +

n
∑

i=1

|yi(s) − ỹi(s)|)ds ≤
V (0)

A
< +∞, t ≥ 0. (5.4)

The expression (5.4) implies that

n
∑

i=1

|xi(s) − x̃i(s)| +

n
∑

i=1

|yi(s) − ỹi(s)| ∈ L1[0, +∞). (5.5)

Obviously xi(t) and yi(t) (i = 1, 2, . . . , n) are uniformly bounded, so Xi(t) and Yi(t) (i =

1, 2, . . . , n) are also uniformly bounded. In addition, by (5.1)–(5.3), one knows X̃i(t) and Ỹi(t)

are uniformly bounded, so x̃i(t) and ỹi(t) are also uniformly bounded. Combining this fact with

the system (1.3), one has ẋi, ẏi, ˙̃xi, ˙̃yi are uniformly bounded. Therefore one can easily check
∑n

i=1 |xi(t)− x̃i(t)|+
∑n

i=1 |yi(t)− ỹi(t)| is uniformly continuous on [0, +∞). From the expression

(5.5), it follows that
∑n

i=1 |xi(t) − x̃i(t)| +
∑n

i=1 |yi(t) − ỹi(t)| is integrable on [0, +∞). Hence

one can conclude

lim
t→+∞

|xi(t) − x̃i(t)| = 0, lim
t→+∞

|yi(t) − ỹi(t)| = 0. (5.6)

Therefore

‖z(t) − z̃(t)‖ → 0, t → +∞. (5.7)

The proof of theorem (5.1) is completed. 2
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