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Abstract In this paper the asymptotical stability in p-moment of neutral stochastic differential
equations with discrete and distributed time-varying delays is discussed. The authors apply
the fixed-point theory rather than the Lyapunov functions. We give a sufficient condition for
asymptotical stability in p-moment when the coefficient functions of equations are not required
to be fixed values. Since more general form of system is considered, this paper improves Luo
Jiaowan’s results.
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1. Introduction

In the recent years, a great number of people have studied the stability of stochastic differen-
tial equations using Lyapunov functions and obtained good results, for examples, Liao [1], Mao
[2], Yang [3] and so on. Lots of difficulties, unfortunately, were encountered by these researchers.
Luckily, Burton and co-authors used the fixed point theory to investigate the stability for deter-
ministic systems, where some of these problems existing in the Lyapunov functions were resolved
by direct method [5-7]. Lately, Luo [8-10] successfully applied such method in the stability of
stochastic systems. The Lyapunov function method, which has been studied and perfected in
the last over one hundred years, is a mature theory for the stability discussion of differential
equations. On the contrary, the fixed point theory is just on the early stage. Thus, we believe
that it is possible for investigators to obtain better results using the latter method, which is fresh
and full of potential, than the former one.

In [9], Luo studied the mean square asymptotic stability of a linear neutral stochastic differ-
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ential equation. He studied the system of the form

dla(t) — q@)x(t — 7(t))] =la(t)2(t) + b(t)2(t — 7(¢))]di+
[c(®)z(t) + e(®)x(t — 6(t))|dW (t), t>0

where a(t), b(t), c(t), e(t), q(t) € C(RT,R)), 7(t), d(t) € C(RT,R"), satisfy ¢t — 7(t) — oo,
t —0(t) — oo as t — oo. The system considers the discrete time-varying delays only. If we take

the distributed time-varying delays into account, the above system becomes

dlz(t) — q(t)x(t — 7(¢t))] =[a(t)z(t) + b(t)x(t — 7(¢ / Kt —u)f(x(u))du]dt+
[e(t)z(t) + e(t)z(t — 6(1)]dW (¢), t =0

where the kernel function K (s) is a real-valued nonnegative piecewise continuous function defined
on [0,00) and satisfies fooo K(s)ds = 1. In this paper, we will discuss more general system.
Moreover, only the mean square asymptotic stability was considered in [9]. We will consider the
asymptotical stability in p-moment (p > 2).

The rest of this paper is organized as follows. In Section 2, we introduce the basic notations,
equation which is studied in this paper, and the definitions. In Section 3, we give our main

results. In Sections 4 and 5, we give the remarks and example, respectively.

2. Preliminaries

Let {2, F,P} be a complete probability space equipped with some filtration {F; }+> satisfying
the usual conditions, i.e., the filtration is right continuous and Fy-contains all P-null sets. Let
W(t) be a standard 1-dimensional Brownian motion defined on the probability space. Let C(A, B)
denote the family of functions from A to B that are right continuous and have limit on the left.
Operator norm is denoted by || A ||= sup(|Az| : # = 1). Let p > 0, ¢ > 0. Denote by L’
the family of all Fi-measurable, C(A, B)-valued random variables £ = £(),0 € A satisfying
supE[£(0)|P < oo. Let H, K be two real separable Hilbert spaces and we denote by (-,-) 7, (-, ) &
their inner products and by || - || 4, || - ||  their vector norms, respectively. We denote by L(K, H)
the set of all linear bounded operators from K into H.

The mappings a(t), b(t), c(t), e(t), ¢(t) € C(R,R")), 7(t) € C(R*,R"), 6(t) € C(RT,R™)
satisfy t — 7(t) — 0o, t — 0(t) — 00 as t — oo.

Consider the following neutral stochastic differential equations with variable delays of the

form

dlz(t) — q(t)x(t — 7(¢t))] =[a(t)z(t) + b(t)x(t — (¢ / Kt —u)f(x(u))du]dt+
[e(®)z(t) + e(t)x(t — 6(t))]d t>0 (2.1)
with the initial condition

Zo = ¢(t) € C([m(O),O],R),
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where z(t) is the state variable,

m(0) = min{inf(s — 7(s), s > 0),inf(s — I(s),s > 0)}
and we always assume that f(0) = 0 and there exists a positive constant L such that

1 f@) —fW lla<Lllz—ylu- (2.2)
The kernel function K (s) is a real-valued nonnegative piecewise continuous function defined on
[0, 00) and satisfies [ K(s)ds = 1.
Definition 2.1 Let p > 2 be an integer. Equation (2.1) is said to be stable in p-moment, if for
arbitrarily given € > 0, there exists a 6 > 0 such that || £ ||p< § guarantees

E{sup || o(t) [} < & > 0.
t>0

In particular, when p = 2, we say it is mean square stable.

Definition 2.2 Let p > 2 be an integer. Equation (2.1) is said to be asymptotically stable in
p-moment, if it is stable in p-moment and for any ¢ € D% ([m(0),0], H),
lim E{sup | z(¢) [|%} = 0.
T—o0 t>T
In particular, when p = 2, we say it is mean square asymptotically stable.
Lemma 2.1 (B-D-G inequality, from [12, p.194]) For any r > 1 and for arbitrary £3-valued

predictable process ®(-),
s t
T kA T 1 K
sup E|| [ ®(u)dW (u)|F < (r(2r —1)) (/ (E || @(s) I 75)7ds)", te[0,T]
s€[0,¢] 0 0
Lemma 2.2 (C, inequality, from [13, p.657]) For any stochastic variable &, 1,
E(I§ +nl”) < Co(E[SI” + Eln|”)

where

op=1 if p>1
Cp: , I p=
1, if 0<p<1

and it is generalizable. For any stochastic variable &,
E(1Y &l < Gy Y E(&)
k=1 k=1

where

=l if p>1
o, =) ez
1, if 0<p<1
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3. Main results

Theorem 3.1 Let 7(t) be derivable, p > 2 be an integer and L be the same in (2.2). Assume
that there exist a constant o € (0,1) and a continuous function h(t) : [0,00) — R such that for

t>0
¢
(i) /0 h(u)du — oo ast — oo, liminf; o0 fot h(u)du > —o0.

t

(i) la@®P + / la(s) + h(s)Pds+

t—7(t)

/o e P I (s — 7(s)) + hs = 7()) (1 = 7/(5)) + b(s) — a(s)h(s)["ds+
/ e PJ! h(u)du|h(s)|P(/s la(u) + h(u)|Pdu)ds+
0 s—7(s)

t [e%s}
L? / e[ hudu / | K (u)[Pdu)ds+
0

0

3= D3[R e(s) 4 Je(s) )

<a<l.
Then the zero solution of (2.1) is asymptotically stable in p-moment.

Proof Denote by S the Banach space of all F-adapted process ¢(¢,w) : [m(0),00) x Q2 — R,
which is almost surely continuous in ¢ for fixed w € Q. Moreover, ¥(s,w) = ¢(s) for s € [m(0), 0]
and E || ¢(t,w) |5— 0 as t — oc.
It is then routine to check that .S is a Banach space when it is equipped with a norm defined
by
|6 lsi=supE | 6(s) 1%
>0

for each ¢ € S. Define an operator 6 : S — S by 6(x)(t) = ¢(t) for t € [m(0),0] and for ¢t > 0
0

0(2)(t) =[$(0) — q(0)p(=7(0)) — / (a(s) + h(s))p(s)ds]e Jo wdu

—7(0)

la(®)z(t — (1)) + / ERCCRICIECIE
/ e~ IR (a(s — 7(5)) + h(s — 7(3))) (1 — () + b(s) — a(s)h(s)] x

0
s

z(s — 7(s))ds — /0 e I3 h(“)d“h(s)(/i ( )(a(u) + h(u))z(u)du))ds+
teffsth(“)d“ ’ s —u)f(z(u))dulds

/0 [/WK( ) () dulds+

/ o= IR0 09) 4 e(s)a(s — 6(s))]duw(s)

0

:ZIi(t). (3.1)
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We first verify the continuity in p-moment of § on [0,00). Let € S,¢; > 0, and |r| be
sufficiently small. By using Lemma 2.2, we get

6
E || 6(x)(t1 +7) = 0(x)(t1) < 6771 Y E || Lty +7) = Li(ta) I - (3.2)
=1

Considering the terms on the right-hand side of (3.2), we have
0

E | Ii(t +7) = Li(t) [5=El[¢(0) — g(0)p(-7(0)) — / (a(s) + h(s))¢(s)ds]

—7(0)
- fitr u)au - 1 u)au
(e~ Jo' " Mwdu _ o= [o" h(u)d I,

0

=E[[¢(0) — q(0)¢(=7(0)) —/ (a(s) + h(s))(s)ds|

—7(0)
|€7 [:1+T (w)du _ e fotl h(u)du|p
—0, as r — 0.

In the same way, it is easy to know that E || I;(t1 +r) — Li(t1) ||3— 0, i = 2,3,4, as r — 0.
When ¢ = 5,

E || Is(ts +7) — Is(t) I’y
=E| /t1+r e h(“)d“[/s K(s —u)f(z(u))dulds—

/ e (w)duy / K (s —u)f(x(u))dulds|;
_ EH/ — [ hu)du _ - [0 h(u)du)[/_s K(s—u)f(z(u))du]ds+

t1+r - S
/ e_fs1+ h(u)du[/ K(s— u)f(x(u))du]dsllﬁ,
t1 -

—0, as r—0

and Lemmas 2.1 and 2.2 yield
Bl Is(ts+7) — Is(ta) %

=l [ () + els)als — D5 ()

/0 e I M e(5)a(s) + e(s)a(s — O(s))]duw(s) [y
= E| / (e T _ o RO o))+ e(s)a(s — 6(s)]duw(s)+
/ M e R )0(5) + es)an(s — Ss)Ndus)

t1

<2 YE | / (e ST @ _ = I @) e(5)r(s) + e(s)a(s — 8(s))]du(s) [ +
t1+7r

B [ e SO o)n(s) + e(s)e(s — 6(s))]dus) [}

t1
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<20 (p(p — 1)/2)P/?{( / (| (e T R o= [ ) o(5)r(5) +
e(s)z(s — 8(s))] ||5y) ¥/ Pds)P/ 2+
T 1 2 2

( / (|| e 577 M0 o) (s) + e(s)z(s — 6(s))] ||5)>/Pds)P/2}

ty
—0 as r—0.

Thus, 6 is indeed continuous in p-moment on [0, 00).

Next, we show that 6(S) C S. It follows from (3.1) that
6
E || 6(x)(¢) < 6" Y B L) 1% - (3-3)
i=1

Now we estimate the terms on the right side of (3.3). Firstly, by the condition (i) we obtain

0

0B || 1t) [ = 0 [60) - a©)0(-7(0) - [ o (a(6) + R(s)dslem i
0
— 6" 'BJo(0) - )0(~(0) - [ o (a(5) + BN sl O

—0 as t— oo.

Secondly, Holder’s inequality and C), inequality yield,

"I || (1) 1%
t

— 6" E || g(t)a(t — (1)) + / o a6 + h)z6)ds) I

<6712 HE || g(t)x(t — (1)) Iy +E | t (t)((a(s) + h(s))z(s)ds) Iz}
t
<6712P g()IPE || a(t — 7(t)) | +6p_12p_1/ [(a(s) + h(s)["E || z(s) |5 ds.
t—7(t)
For any z(t) € S, E || z(¢t) [|},— 0, ast — co and t—7(t) — o0, as t — o0, so E || z(t—7(2)) ||—
0, as t — 0o, and then by condition (ii), we obtain 6°~'E | I»(¢) ||}, — 0 as t — occ.

Thirdly, as ¢ = 3
671 | Is(t) |5 =6""E | / e~ IR (g5 — 7(s)) + h(s — 7(s)))
(1= 7/(s)) + bls) — a(s)h(s)|x(s — 7(s))ds [
<6r! / 7P MW (s — 7(s)) + (s — 7(s)))
0
(1= 7(5)) + b(s) — a()h($)PE || (s — 7(5)) |1y ds.

For any z(t) € S, E || z(t) ||5,— 0, as t — co and t —7(t) — o0, ast — o0, so E || z(t—7(t)) ||}—
0, as t — oo, and then by condition (ii), we obtain 6°~'E || I5(¢) ||¥,— 0 as t — oc.

It is easy to know that 6P~ 'E || I4(¢) ||} — 0 as t — oo using the same methods.
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When i =5

t ” s
601 || Is(t) |5 = 6" 'E | / ¢ 14 hwau| / K(s — u) f((u))dulds 2,
t s
< I7E | / o [ hdu / K(s —u) || 2(u) || dulds |
0 —00

t ” s

< ap—le/ — h(u)du[/ 1K (s — W)|PE || 2(u) % duds.
0 —o0

For any z(t) € S, E || «(t) |},— 0 as t — oo, and [*_ K(s —u)du = [;° K(v)dv, then by the
conditions (i) and (ii), we obtain 6°~'E || I5(t) ||%;— 0 as t — oo.

Last when ¢ = 6, using Holder’s inequality and Lemma 2.1, we can get
6PE || Lo (t) |I%

=6 'E | / e~ oM e(5)x(s) + e(s)x(s — 6(s))|dw(s) |5
<67 Y(p(p — 1)/2)P*{ / (E || e J< MW (e(s)a(s) + e(s)z(s — 8(s))] ||5) >/ Pds}P/?
= 6" (p(p — 1)/2)"*{ / e 2 [ MW | ¢(s)a(s) + e(s)z(s — 8(s)) ||5y)?/Pds )P/

<= 0t - 1272 M | (s)a(s) [ +
E | e(s)a(s — 6(s)) [ )/7ds )’

= oty ~ /222 [ Ol E | () Iy +
()P || (s — 8(5)) [)2/7ds .

For any z(t) € S, E || z(t) ||},— 0, as t — co and t —§(t) — o0, ast — 00, so E || z(t—7(t)) ||};—
0, as t — oo, and then by condition (ii), we obtain 6°~'E || Is(t) ||, — 0 as t — oc.
We conclude that 6(S) C S.

At the end of this proof, we will show that @ is contractive.

For z,y € S, from the condition (ii), (2.2), Lemmas 2.1 and 2.2, we can obtain

sup E || 0(x)(s) — 0(y)(s) Iz

s€[0,t]

= sup E | g(s)(z(s —7(s)) —y(s = 7(s5))) + /_ ( )((a(v) + h(v))(z(v) — y(v)dv)+

s€[0,t]

/os e IS (g1 = 7(v)) + h(v — 7(0)))(1 — 7 (0)) + b(v) — g(v)A(v)]
(20— 7(v)) — y(v — 7(0))dv—
/ ¢~ I3 nwdup ) / (a(u) + h(u))(x(u) — y(u))du)dut

0 v—T7(v)

/0 e S ) / " K (o - w)(f(a(w) — f(y(u))du)dot
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(Az”“@“kaﬂm—yw»+ewxav—&w>—mU—&w»Mwwnm

<57 sup {lg()PB || (s~ 7(5)) ~ (s~ 7(6)) I +

[ N P 20) = ) 1 o+
[ (0o = 7)) + b = 7))L~ 7'(0) + B(0) — o))

0
E || z(v—7(v) = y(v = 7(v)) | 5)dv+

/ el hdu| () |P( / ’ la(u) + h(w)|PE || 2(u) — y(u) |77 du)do+
0 v—7(v)

o [Ceriinenn [k = wPE | 2( -yl | o)+

500 sup B[ e Joh0d o) (2 (v) — y(v))+
s€[0,t] 0

e(v)(z(v = 8(v) = y(v = 8(v))))dw(v) |5

<574 sup {lg()PE || (s~ 7(5)) = (s~ 7(6)) I +

[ N P o) =y 1 o

Azﬂ*”wmwmwww»+hw—ﬂm»u—%w»+ww—«wmmw
E || (v — 7(v)) — y(v — 7(0)) || 5)dv+

/‘gpmﬂwwmumw/‘ la(u) + h(w)PE || a(u) — y(u) ||5 du)do+
0 v—T1(v)

m/ewwwmq K (v — w)PE || 2(u) — y(u)du || dv}+
0

— 00

571 s (plp ~ /2072 [ IO | o) (wlo) () +
s€[0,t] 0

e(v)(z(v = 8(v)) = y(v = 6(v))) [[5)*/Pdv}?/?

<57 sup {(a()VE | (s = 7(s)) = uls = 7(s) Iy +

[ ) P o) ) 1 ot

eI o 0 + Ao = )1 = 7))+ b(0) — g+

0
E || z(v —7(v)) = y(v = 7(v)) ||j7)dv+

/S e P ) h<u>du|h(v)|10(/i |a(u) + h(w) PR || 2(w) = y(u) [|77 du)do}+

0 v—T(v

o [Cemsimen [Rr o~ wlE | 2w - yldu [ o)+

41
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771 s (plp = 1)/2722 7 [ OB | (o(0) (o) I +
s€[0,t] 0
e)E || 2o = 3(0)) — ylw — 3(0) [|F)* 7w}

<50t s%pﬂE I 2(s) —y(s) I {la(s)” +/ " |a(v) + h(v)["do+
seg|0, s—T1(s

[ e o — 7(0) 4 Ao = 7)) = 7)) +0) — a0+
[ e[ o)+ atw P
0 v—T1(v)

L? / e P Jo hw)du / |KP (u)|du)dv+
0

0
(2p(p — 1))]”/2/2(/56*”5 M (|e(0)|P + le(v)[?)?/Pdv)?/?}
0
<a sup E |l z(s) —y(s) I} -
s€[0,t]

Thus we know that 6 is a contraction mapping.

Hence by the Contraction Mapping Principle, 6 has a unique fixed point z(¢) in S, which is
a solution of (2.1). With z(s) = ¢(s) on [m(0),0] and E || z(¢) ||[5;— 0 as t — co. The proof is
completed. O

4. Remarks

Remark 4.1 The system studied in [9] is linear system, while the system we study here is
nonlinear. If f = 0 in (2.1), the system becomes the linear system which was studied in [9].

Therefore, we considered the more general system than in [9].

Remark 4.2 Only the mean square asymptotic stability was considered in [9], but we considered

the asymptotical stability in p-moment (p > 2).

5. Example
Consider the following neutral stochastic delay differential equation,
dla(t) ~ 22la(t — 1/2)
= [—4x(t) + l/t e~ W g (w)du)dt + [er2(t) + con(t — %)]dw(t), t >0, (5.1)

where ¢1, ¢a, | are constants. If we choose h(t) = 4 in Theorem 3.1, then by Theorem 3.1, the
zero solution of (5.1) is asymptotically stable in p-moment, provided that
1 11 v —1))r/?
(_)P+_(_)P+_ M
12/ T 4p'3” T a2 2

The conclusion can be verified by the numerical simulation (see Figures 1 and 2).

(le” + leaf?) < 1.
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Figure 1 I=1,c1=2,cc =3 and p=2 Figure 2 [=1,¢c1 =4,co=6and p=14

12

0.8 b

state
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0.2 . . .
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Figure 3 |=1,c1 =4, co=6and p=14

And when we consider the case without distributed time-varying delays, and the equation is
described by
sint t

dlx(t) — ﬁx(t —t/2)] = [—4z(t)]dt + [cr1z(t) + co(t — g)]dw(t), t>0, (5.2)

where the parameters are the same as the ones in (5.1), the zero solution of (5.2) is asymptotically

stable in p-moment, provided that
1 1

Y

(12) + 4p

The conclusion can be verified by the numerical simulation (see Figure 3).

—1))p/2
Gy + PP ey ey <1
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