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1. Introduction and results

Suppose that Sn−1 is the unit sphere of Rn (n ≥ 2) equipped with the normalized Lebesgue

mesure dσ = dσ(x′) and let Ω be homogeneous of degree zero and satisfy
∫

Sn−1

Ω(x′)dσ(x′) = 0, (1)

where x′ = x/|x| for any x 6= 0.

Then the fractional type Marcinkiewicz integral of higher dimension is defined by

µΩ,α(f)(x) =
(

∫ ∞

0

|FΩ,t,α(x)|2
dt

t3

)1/2

,

where

FΩ,t,α(x) =

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
f(y)dy.

Let us now give some definitions and formulate our results.

Definition 1 ([1]) We call a(x) an H1 atom, if there is a ball B ⊂ Rn such that

(i) supp (a) ⊂ B; (ii) ‖a‖L∞ ≤ |B|−1; (iii)
∫

Rn a(x)dx = 0.

A measurable f ∈ L1(Rn) is said to belong to the homogeneous Hardy spaces H1(Rn), if f =
∑+∞

j=−∞ λjaj in the sense of distributions, where aj is an H1 atom, λj ∈ C and
∑+∞

j=−∞ |λj | < ∞.
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Furthermore, the seminorm of H1 is defined by

‖f‖H1
.
= inf

+∞
∑

j=−∞

|λj | < ∞,

where inf is taken over all above decomposition of f .

For k ∈ Z, let Bk = {x ∈ Rn : |x| ≤ 2k}, Ck = Bk/Bk−1, Xk denote the characteristic

function of the set Ck.

Definition 2 ([2]) Let 0 < p ≤ ∞, 0 < q < ∞ and α ∈ R. Then the homogeneous Herz space

K̇α,p
q (Rn) is defined by

K̇α,p
q (Rn)

.
= {f ∈ Lq

loc(R
n\{0}) : ‖f‖K̇α,p

q
< ∞},

where

‖f‖K̇α,p
q

.
= {

∞
∑

k=−∞

2kαp‖fXk‖
p
Lq}

1/p

with usual modification made with p = ∞.

Definition 3 ([2]) Let 0 < p ≤ ∞, 0 < q < ∞ and α ∈ R, G(f) denote the Grand maximal

function of f . Then the homogeneous Herz type Hardy space HK̇α,p
q (Rn) is defined by

HK̇α,p
q (Rn)

.
= {f ∈ S′(Rn) : G(f) ∈ K̇α,p

q }

and

‖f‖HK̇α,p
q

.
= ‖G(f)‖K̇α,p

q
.

Definition 4 ([3]) Let 1 < q < ∞, n(1 − 1/q) ≤ α < ∞ and s ≥ [α + n(1/q − 1)].

A function a(x) on Rn is called a central (α, q)-atom, if it satisfies

(a) supp a ∈ B(0, r)
.
= {x ∈ Rn : |x| < r};

(b) ‖a‖Lq ≤ |B(0, r)|−α/n;

(c)
∫

Rn a(x)xγdx = 0, for any multi-index with |γ| ≤ s.

Theorem A ([3]) Let 0 < p < ∞, 1 < q < ∞ and n(1 − 1/q) ≤ α < ∞. Then we have

f ∈ HK̇α,p
q (Rn) if and only if

f =

+∞
∑

k=−∞

λkak; in the sense of S′(Rn),

where ak is a central (α, q)-atom with the suppBk and
∑+∞

k=−∞ |λk|
p < ∞.

Furthermore, ‖f‖HK̇α,p
q

∼ inf{(
∑+∞

k=−∞ |λk|
p)1/p}, where the infimum is taken over all above

decompositions of f .

The results in the paper are formulated as follows.

Theorem 1 Let 0 < α < n, r ≥ n/(n − α) and let Ω ∈ Lr(Sn−1) be homogeneous of degree

zero on Rn. If Ω satisfies

(i)
∫

Sn−1 Ω(x′)dx′ = 0;
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(ii) There is a constant C > 0 and ρ > 1 such that |Ω(y1) − Ω(y2)| ≤
C

(log 1
|x−y|

)ρ , where

y1, y2 ∈ Sn−1. Then there is a C > 0 such that

‖µΩ,αf‖Ln/(n−α) ≤ C‖f‖H1 .

Theorem 2 Let 0 < α < n, 0 < p < ∞, 1 < q1, q2 < ∞ and 1/q2 = 1/q1 − α/n. If

r ≥ max{q2, n/(n − α)} such that Ω ∈ Lr(Sn−1) is homogeneous of degree zero on Rn and Ω

satisfies

(i)
∫

Sn−1 Ω(x′)dx′ = 0;

(ii) There is a constant C > 0 and ρ > max{1, 1/p} such that |Ω(y1) − Ω(y2)| ≤
C

(log 1
|x−y|

)ρ ,

where y1, y2 ∈ Sn−1. Then there is a C > 0 such that

‖µΩ,αf‖
K̇

n(1−1/q1),p
q2

≤ C‖f‖
HK̇

n(1−1/q1),p
q1

.

In the following the letter C will denote a constant which may vary at each occurrence.

2. Some basic lemmas

In the proofs of Theorems 1 and 2, we need the following lemmas.

Lemma 1 ([4]) Let 0 < α < n, 1 < p < n/α, 1/r = 1/p − α/n and q ≥ n/(n − α). If

Ω ∈ Lq(Sn−1), then the fractional integral operator TΩ,α defined by

TΩ,αf(x) =

∫

Rn

Ω(x − y)

|x − y|n−α
f(y)dy

is bounded from Lp(Rn) to Lr(Rn).

We establish the boundedness of µΩ,α on Lebesgue spaces first, which is the key estimate for

the proofs of Theorems 1 and 2.

Lemma 2 Let 0 < α < n, 1 < p < n/α, 1/q = 1/p − α/n and let Ω ∈ Lr(Sn−1) with

r ≥ n/(n−α) be homogeneous of degree zero on Rn. Then µΩ,α maps Lp(Rn) continuously into

Lq(Rn).

Proof By Minkowski’s inequality, we have

(µΩ,αf)(x) =
(

∫ ∞

0

|

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
f(y)dy|2

dt

t3

)1/2

≤ C

∫

Rn

|Ω(x − y)|

|x − y|n−α−1
|f(y)|

(

∫ ∞

|x−y|

dt

t3

)1/2

dy

≤ C

∫

Rn

|Ω(x − y)|

|x − y|n−α
|f(y)|dy.

By Lemma 1, we have

‖µΩ,α(f)‖Lq(Rn) ≤ C‖T|Ω|,α|f |‖Lq ≤ C‖f‖Lp(Rn). 2
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We introduce some notations, for any s ∈ Z+

Ds(R
n) = {f ∈ D(Rn) =

∞
⋂

k=1

Ck
0 (Rn) :

∫

f(x)xβdx = 0, for any |β| ≤ s};

Ḋs(R
n) = {f ∈ D(Rn) : 0 /∈ supp f}.

Lemma 3 ([3]) Let 0 < p ≤ +∞, 1 < q < ∞, n(1 − 1/q) ≤ α < ∞, s be a nonnegative integer

with s ≥ [α + n(1/q − 1)]. Suppose that f ∈ Ds(R
n) and suppose f ⊂ Bk−1 for some k0 ∈ N .

(i) There exist a sequence of numbers {λk}k∈Z and a sequence of central (α, q)-atoms

{ak}k∈Z ⊂ Bk+2 \ Bk−1 such that

f(x) =
∑

k∈Z

λkak(x)

for all x ∈ Rn \ {0} and in the sense of φ′(Rn) and

∑

k∈Z

|λk|
p ≤ C‖f‖p

HK̇α,p
q (Rn)

.

Moreover, if supp f ⊂ Bk0−1 \ Bk1+1 for some k1 ∈ Z, then λk = 0 for all k > k0 and k < k1.

(ii) There exist a sequences of numbers {λk}
k0

k=0 and a sequence of central (α, q)-atoms of

restrict type {ak}k∈Z ⊂ Ds(R
n) with supp ak ⊂ Bk+1, such that

f(x) =

k0
∑

k=0

λkak(x)

for all x ∈ Rn, and
∑

k

|λk|
p ≤ C‖f‖p

HKα,p
q (Rn)

.

Lemma 4 ([3]) Let 0 < p < ∞, 1 < q < ∞, n(1 − 1/q) < α < ∞ and s ≥ [α + n(1/q − 1)].

Then

(i) Ḋs(R
n) is dense in HK̇α,p

q (Rn);

(ii) Ds(R
n) is dense in HKα,p

q (Rn).

3. Proofs of Theorems 1 and 2

We first give the proof of Theorem 1.

Proof of Theorem 1 By the atomic decomposition theory of Hardy spaces, it suffices to prove

that there is a constant C such that for any (1, l, 0)-atom a(x), the inequality

‖(µΩ,αa)(x)‖Lq ≤ C (2)

holds, where l > 1 and q = n/(n − α). To do so, we take 1 < l1 < l2 < ∞, such that

1/l1 − 1/l2 = α/n. Without loss of generality, we may assume that a(x) is a (1, l1, 0)-atom,

supported in a ball B = B(0, d) with center at zero and radius d, which means
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(i) supp (a) ∈ B; (ii) ‖a‖Ll1 ≤ |B|1/l1−1; (iii)
∫

Rn a(x)dx = 0.

We have

‖(µΩ,αa)(x)‖Lq ≤
(

∫

2B

|(µΩ,αa)(x)|qdx
)1/q

+
(

∫

(2B)C

|(µΩ,αa)(x)|qdx
)1/q

= I1 + I2.

By Hölder’s inequality and Lemma 2, we get

I1 ≤ C||(µΩ,αa)(x)||Ll2 |B|1/q−1/l2 ≤ C||a||Ll1 |B|1/q−1/l2 ≤ C. (3)

For I2, we have

I2 =
{

∫

(2B)C

[

∫ ∞

0

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
a(y)dy

∣

∣

∣

2 dt

t3
]

q
2 dx

}1/q

≤
{

∫

(2B)C

[

∫ |x|

0

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
a(y)dy

∣

∣

∣

2 dt

t3
]

q
2 dx

}1/q

+

{

∫

(2B)C

[

∫ ∞

|x|

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
a(y)dy

∣

∣

∣

2 dt

t3
]

q
2 dx

}1/q

=I21 + I22. (4)

By Minkowski’s inequality, we get

I21 ≤
{

∫

(2B)C

[

∫

B

∣

∣

∣

Ω(x − y)

|x − y|n−α−1

∣

∣

∣
|a(y)|

(

∫ |x|

|x−y|

dt

t3

)
1
2

dy
]q

dx
}1/q

≤

∫

B

|a(y)|
[

∫

(2B)C

∣

∣

∣

Ω(x − y)

|x − y|n−α−1

∣

∣

∣

q(
∫ |x|

|x−y|

dt

t3

)q/2

dx
]1/q

dy

≤

∫

B

|a(y)|
[

∞
∑

j=1

∫

2jd≤|x|≤2j+1d

∣

∣

∣

Ω(x − y)

|x − y|n−α−1

∣

∣

∣

q(
∫ |x|

|x−y|

dt

t3

)q/2

dx
]1/q

dy

≤

∫

B

|a(y)|

∞
∑

j=1

[

∫

2jd≤|x|≤2j+1d

∣

∣

∣

Ω(x − y)

|x − y|n−α−1

∣

∣

∣

q |y|q/2

|x − y|3q/2
dx

]1/q

dy

≤

∫

B

|a(y)|
∞
∑

j=1

2−j/2(2jd)−(n−α)
[

∫

2jd≤|x|≤2j+1d

∣

∣

∣
Ω(x − y)

∣

∣

∣

q

dx
]1/q

dy.

Noting that r ≥ n/(n − α) = q and Ω ∈ Lr(Sn−1), we get
[

∫

2jd≤|x|≤2j+1d

|Ω(x − y)|qdx
]1/q

≤ C
[

∫

2jd≤|x|≤2j+1d

|Ω(x − y)|rdx
]1/r(

∫

|x|≤2j+1d

)
1
q −

1
r

≤ C||Ω||Lr(Sn−1)(2
j+1d)n/r(2j+1d)n(1/q−1/r) ≤ C(2j+1d)n/q.

So we can get

I21 ≤ C

∫

B

|a(y)|

∞
∑

j=1

2−j/2(2jd)−(n−α)(2j+1d)n/qdy ≤ C

∫

B

|a(y)|

∞
∑

j=1

2−j/2dy

≤ C

∫

B

|a(y)|dy ≤ C. (5)
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Similarly to I21 and noting that

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣
≤

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x − y|n−1

∣

∣

∣
+

∣

∣

∣

Ω(x)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

≤
C(1 + |Ω(x)|)

|x|n−1(log |x|
d )ρ

,

by the vanishing condition of a(x), we can get

I22 ≤
{

∫

(2B)C

[

∫

B

∣

∣

∣

Ω(x − y)

|x − y|n−α−1
−

Ω(x)

|x|n−α−1

∣

∣

∣
|a(y)|

(

∫ ∞

|x|

dt

t3

)
1
2

dy
]q

dx
}1/q

≤ C

∫

B

|a(y)|

∞
∑

j=1

(2jd)−1(2j+1d)α
[

∫

2jd≤|x|≤2j+1d

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

q

dx
]1/q

dy

≤

∫

B

|a(y)|
∞
∑

j=1

(2jd)−1(2j+1d)α
[

∫

2jd≤|x|≤2j+1d

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

r

dx
]1/r

×

[

∫

2jd≤|x|≤2j+1d

]1/q−1/r

dy

≤ C

∫

B

|a(y)|

∞
∑

j=1

(2jd)−1(2j+1d)α(2j+1d)n(1/q−1/r)×

[

∫

2jd≤|x|≤2j+1d

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

r

dx
]1/r

dy

≤ C

∫

B

|a(y)|

∞
∑

j=1

(2jd)α−1(2j+1d)n(1/q−1/r)(2jd)−(n−1)(log 2j)−ρ(2jd)n/r×

(‖Ω‖Lr(Sn−1) + 1)dy

≤ C

∫

B

|a(y)|

∞
∑

j=1

j−ρdy ≤ C. (6)

Togethering with (4)–(6) yields the desired estimate. 2

Let us turn our attention to the proof of Theorem 2.

Proof of Theorem 2 Let β = n(1 − 1/q1) and f ∈ Ḋs(R
n), supp f ⊂ Bk0−1\Bk1+1. By

Lemma 3, there exist a sequence of numbers {λk}k∈Z and a sequence of central (β, q1)-atoms

{ak}k∈Z ⊂ Ḋs(R
n), such that

f(x) =
∑

k∈Z

λkak(x),
∑

|k|≤k0

|λk|
p ≤ C‖f‖p

HK̇α,p
q (Rn)

.

If |i| > k0, we let λi = 0

‖µΩ,αf‖p

K̇
n(1−1/q1),p
q2

(Rn)
=

∑

|k|≤k0

2kβp‖µΩ,αfXk‖
p
Lq(Rn)

≤ C
[

∞
∑

k=−∞

2kβp
(

∞
∑

i=k−1

|λi|‖µΩ,α(ai)Xk‖q2

)p

+
∞
∑

k=−∞

2kβp
(

k−2
∑

i=−∞

|λi|‖µΩ,α(ai)Xk‖q2

)p]

.
= C(I1 + I2). (7)
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By Lemma 2, we have

I1 ≤ C

∞
∑

k=−∞

2kβp
(

∞
∑

i=k−1

|λi|‖ai‖q1

)p

≤ C

∞
∑

k=−∞

(

∞
∑

i=k−1

|λi|2
(k−i)β

)p

≤ C
∞
∑

i=−∞

|λi|
p. (8)

For I2, we write

D1
i =

[

∫ |x|+2i+1

0

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
ai(y)dy

∣

∣

∣

2 dt

t3

]1/2

,

D2
i =

[

∫ +∞

|x|+2i+1

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
ai(y)dy

∣

∣

∣

2 dt

t3

]1/2

.

Then

I2 =

∞
∑

k=−∞

2kβp
(

k−2
∑

i=−∞

|λi|‖µΩ,α(ai)Xk‖q2

)p

≤

∞
∑

k=−∞

2kβp
(

k−2
∑

i=−∞

|λi|‖D
1
i Xk‖q2

)p

+

∞
∑

k=−∞

2kβp
(

k−2
∑

i=−∞

|λi|‖D
2
i Xk‖q2

)p

.
= C(I21 + I22). (9)

Noting that x ∈ Ck, y ∈ Bi, k ≥ i + 2, we have |x − y| ∼ |x| ∼ |x| + 2i+1. By Minkowski’s

inequality we have

‖D1
i Xk‖q2 ≤

{

∫

Ck

[

∫

Rn

(

∫ |x|+2i+1

|x−y|

dt

t3

)1/2 |Ω(x − y)|

|x − y|n−α−1
|ai(y)|dy

]q2

dx
}1/q2

≤ C
{

∫

Ck

[

∫

Rn

2i/2|Ω(x − y)|

|x − y|n−α+1/2
|ai(y)|dy

]q2

dx
}1/q2

≤ C2i/22−k(n+1/2−α)

∫

Bi

[

∫

Ck

|Ω(x − y)|q2dx
]1/q2

|ai(y)|dy

≤ C2i/22−k(n+1/2−α)2kn/q2‖Ω‖Lr(Sn−1)‖ai‖L1

≤ C2(i−k)[n(1−1/q1)+1/2]2−iβ‖Ω‖Lr(Sn−1).

So we have

I21 ≤ C
∞
∑

k=−∞

(

k−2
∑

i=−∞

|λi|2
(i−k)[n(1−1/q1)+1/2−β]

)p

||Ω||pLr(Sn−1)

≤ C

∞
∑

i=−∞

|λi|
p‖Ω‖p

Lr(Sn−1). (10)

For I22, noting that y ∈ Bi, x ∈ Rn, i ≤ k − 2, t ≥ |x| + 2i+2 ≥ |x| + |y| ≥ |x − y|, by the

vanishing condition of ai, we have

‖D2
i Xk‖q2 =

[

∫ ∞

|x|+2i+1

∣

∣

∣

∫

|x−y|≤t

Ω(x − y)ai(y)

|x − y|n−α−1
dy

∣

∣

∣

2 dt

t3

]1/2
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=
[

∫ ∞

|x|+2i+1

∣

∣

∣

∫

|x−y|≤t

( Ω(x − y)

|x − y|n−α−1
−

Ω(x)

|x|n−α−1

)

ai(y)dy
∣

∣

∣

2 dt

t3

]1/2

=
∣

∣

∣

∫

B

[

∫

|x−y|≤t

Ω(x − y)

|x − y|n−α−1
−

Ω(x)

|x|n−α−1

] ai(y)

|x| + 2i+1
dy

∣

∣

∣

≤C2−k(1−α)

∫

Bi

[

∫

Ck

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

q2

dx
]1/q2

ai(y)dy

≤C2−k(1−α)2kn(1/q2−1/q1)

∫

Bi

[

∫

Ck

∣

∣

∣

Ω(x − y)

|x − y|n−1
−

Ω(x)

|x|n−1

∣

∣

∣

q1

dx
]1/q1

ai(y)dy

≤C2−k(1−α)2kn(1/q2−1/q1)(2k−1)−(n−1)(log 2k−i)−ρ2kn/q1×

‖Ω‖Lr(Sn−1)

∫

Bi

|ai(y)|dy

≤C2kn(1/q1−1)(k − i)−ρ‖Ω‖Lr(Sn−1)‖ai‖L1

≤C2−kn(1−1/q1)(k − i)−ρ‖Ω‖Lr(Sn−1). (11)

If 0 < p ≤ 1, then ρp > 1, so we have

I22 ≤ C

∞
∑

k=−∞

2kβp
{

k−2
∑

i=−∞

|λi|2
−kn(1−1/q1)(k − i)−ρ

}p

‖Ω‖p
Lr(Sn−1)

≤ C
∞
∑

k=−∞

{

k−2
∑

i=−∞

|λi|
p(k − i)−ρp

}

‖Ω‖p
Lr(Sn−1)

≤ C

∞
∑

i=−∞

|λi|
p
{

+∞
∑

k=i+2

(k − i)−ρp
}

‖Ω‖p
Lr(Sn−1)

≤ C

∞
∑

i=−∞

|λi|
p‖Ω‖p

Lr(Sn−1). (12)

If p > 1, by Hölder’s inequality, we can get

I22 ≤ C

∞
∑

k=−∞

2kβp
{

k−2
∑

i=−∞

|λi|(k − i)−ρ(1/p+1/p′)
}p

‖Ω‖p
Lr(Sn−1)

≤ C

∞
∑

k=−∞

{

k−2
∑

i=−∞

(k − i)−ρ
}{

k−2
∑

i=−∞

|λi|
p(k − i)−ρ

}p/p′

‖Ω‖p
Lr(Sn−1)

≤ C

∞
∑

i=−∞

|λi|
p
{

+∞
∑

k=i+2

(k − i)−ρ
}

‖Ω‖p
Lr(Sn−1)

≤ C
∞
∑

i=−∞

|λi|
p‖Ω‖p

Lr(Sn−1). (13)

Finally we get

‖µΩ,α(f)‖
K̇

n(1−1/q1),p
q1

(Rn)
≤ C‖Ω‖p

Lr(Sn−1)‖f‖HK̇
n(1−1/q1),p
q1

(Rn)
. (14)

This via Lemma 4 completes the proof of Theorem 2. 2
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