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Abstract The authors in the paper proved that if €2 is homogeneous of degree zero and satisfies
some certain logarithmic type Lipschitz condition, then the fractional type Marcinkiewicz Inte-
gral puo o is an operator of type (Hl(;l(lfl/‘“)’p7 K;;(l*l/‘“)’p) and of type (H'(R™), L™/ ("=*)),
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1. Introduction and results

Suppose that S™~! is the unit sphere of R™ (n > 2) equipped with the normalized Lebesgue

mesure do = do(2’) and let 2 be homogeneous of degree zero and satisfy
/ Q2 )do (') = 0, (1)
S'n.fl

where 2’ = z/|z| for any x # 0.
Then the fractional type Marcinkiewicz integral of higher dimension is defined by
e dey1/2
poalD@) = ([ 1Faeat@Ps) "
0

where

Foalz) = /| Q@) gy,

z—y|<t |'r - y|n70c71

Let us now give some definitions and formulate our results.

Definition 1 ([1]) We call a(x) an H' atom, if there is a ball B C R™ such that
(i) supp (a) C B; (i) |lal|lL~ < |B|™Y; (iii) [, a(z)dz = 0.
A measurable f € L*(R") is said to belong to the homogeneous Hardy spaces H'(R"), if f =

Feo Feo |/\7| < 0.

=00 Aj; in the sense of distributions, where a; is an H?' atom, \; € C and N
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Furthermore, the seminorm of H' is defined by

+oo
£l = inf > A < oo,

j=—00
where inf is taken over all above decomposition of f.
For k € Z, let By = {x € R" : |z| < 2¥}, Oy = By/By_1, X denote the characteristic
function of the set Cj.

Definition 2 ([2]) Let 0 <p < 00,0 < g < o0 and o € R. Then the homogeneous Herz space
K&P(R") is defined by

loc

KJP(RY) = {f € L, (R"™\{0}) : || fll gow < o0},
where -
0 geer =A{ > 2ker| £ 3P
k=—oc0

with usual modification made with p = oo.

Definition 3 ([2]) Let 0 < p < 00, 0 < ¢ < o0 and « € R, G(f) denote the Grand maximal
function of f. Then the homogeneous Herz type Hardy space HK, & P(R") is defined by

HEGP(R") = {f € S'(R") : G(f) € Kg}

and
1l = 1GE o

Definition 4 ([3]) Let 1 <g¢<oo,n(l—1/¢) <a < oo and s> [a+n(l/qg—1)].
A function a(x) on R™ is called a central («, q)-atom, if it satisfies
(a) suppa € B(0,r) ={x € R™: |z| <r};
(b) llallza < |B(0,r)[~/";
(¢) [pna(z)zVdx =0, for any multi-index with |y] < s.

Theorem A ([3]) Let 0 < p < 00,1 < ¢ < 00 and n(l —1/q) < a < co. Then we have
f € HKP(R") if and only if

—+o0
f= Z Akag; in the sense of S'(R"),

k=—o00

where ay, is a central («, q)-atom with the supp By, and E;ioo
—+oo

k=—o0

|/\k|p < 00.
Furthermore, ||f||HKf;P ~ inf{( |\k|P)1/P}, where the infimum is taken over all above
decompositions of f.

The results in the paper are formulated as follows.

Theorem 1 Let 0 < a < n,r > n/(n—a) and let Q € L"(S""1) be homogeneous of degree

zero on R™. If §) satisfies
(i) fsnfl Q(2')dz’ = 0;
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(ii) There is a constant C' > 0 and p > 1 such that |Q(y1) — Q(y2) where

y1,Y2 € S"~ 1. Then there is a C > 0 such that

C
| < T

[z —yl

1,0 fllpn/m-a < Ol fllmr-

Theorem 2 Let 0 < a < n, 0 < p<oo, 1< q,q <ooandl/gg=1/q —a/n If
r > max{qga,n/(n — a)} such that Q € L"(S"~!) is homogeneous of degree zero on R™ and ()
satisfies

(i) [gn-r Qz")da’' = 0;

(ii) There is a constant C' > 0 and p > max{1,1/p} such that |Q(y1) — Q(y2)

c
< Toa e

T
[z —yl

where y1,y2 € S*~1. Then there is a C > 0 such that

||u9,af||1-<;2<1—1/q1>,p < C||f||HK;1<1—1/q1>,p

In the following the letter C will denote a constant which may vary at each occurrence.

2. Some basic lemmas
In the proofs of Theorems 1 and 2, we need the following lemmas.

Lemma 1 ([4]) Let 0 < o < m, 1 < p < nja, 1/r =1/p—a/n and ¢ > n/(n —«a). If
Q € LI(S™1), then the fractional integral operator Tq, o defined by
Qx —
Toof(@) = [ 2D fay
is bounded from L?(R™) to L"(R™).
We establish the boundedness of 1 o on Lebesgue spaces first, which is the key estimate for
the proofs of Theorems 1 and 2.

Lemma 2 Let 0 < a <n,1 < p < n/a, 1/g = 1/p—a/n and let Q € L"(S"!) with
r > n/(n — «) be homogeneous of degree zero on R™. Then g o maps LP(R™) continuously into
L1(R™).

Proof By Minkowski’s inequality, we have

(ho.af)(@) = (/j' 9(9;7;?{31f(y)c1yl2@)l/2

— 3
o—yl<t 1T t

<c le(y)l(/m ﬁ)mdy

R |I - y|n7a71 z—y| t3

[z —y)l

<C
= Jge |z —ylne

[/ (y)ldy.

By Lemma 1, we have

llno,a(llzarry < ClTianalflllze < ClfllLerny- O
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We introduce some notations, for any s € Z

Dy(R")={feDR") = ﬂC’“ (R™) /f Pdz =0, for any |B| < s};
k=1

Dy(R™) ={f € D(R"):0 ¢ supp f}.

Lemma 3 ([3]) Let 0 <p < +4o00,1 < g<oo,n(l —1/q) < a < oo, s be a nonnegative integer
with s > [aw+n(1/q —1)]. Suppose that f € Ds(R"™) and suppose f C By_; for some ko € N.
(i) There exist a sequence of numbers {\;}rez and a sequence of central (a,q)-atoms
{ax}xez C Biyo \ Bip—1 such that
= Z Arag(z)
keZ

for all x € R™\ {0} and in the sense of ¢'(R"™) and

3 el < A ey

keZ
Moreover, if supp f C Byy—1 \ Bk, +1 for some ki € Z, then A\, =0 for all k > ko and k < ky.

(ii) There exist a sequences of numbers {)\k}Z”:O and a sequence of central («, q)-atoms of

restrict type {ag ez C Ds(R™) with supp ay C By41, such that

ko
(z) = Aan(z)
k=0
for all € R™, and
Z |)‘7€|p < CHf”HKﬂ P(RM)"

Lemma 4 ([3]) Let 0 < p<oo,1<g<oo,n(l—1/¢) <a<ooands>[a+n(l/qg—1)].
Then

(i) D4(R") is dense in HKg"p(R");

(i) Dy(R") is dense in HKSP(R™),

3. Proofs of Theorems 1 and 2

We first give the proof of Theorem 1.

Proof of Theorem 1 By the atomic decomposition theory of Hardy spaces, it suffices to prove
that there is a constant C' such that for any (1,1,0)-atom a(z), the inequality

| (ke.00) @)l 20 < C @)

holds, where I > 1 and ¢ = n/(n — «). To do so, we take 1 < I3 < I3 < oo, such that
1/l — 1/la = a/n. Without loss of generality, we may assume that a(z) is a (1,11,0)-atom,

supported in a ball B = B(0,d) with center at zero and radius d, which means
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(i) supp (a) € B; (i) llallpn < [BIV271 (i) [, a(z)dz = 0.
We have

(00} @)0 < ( /2 B|(M9,aa)(x)|qu)1/q+ ( /(2B)C |(Mﬂyaa)(x)|qu)1/q
=1 + Is.

By Holder’s inequality and Lemma 2, we get

I < Cll(p0,a0) (@) | B2 < Cllal | pn [BIY 412 < C. (3)
For I, we have
o U Pt 21y
(2B)C lo—y|<t |x—y|” a1
|| (x— y) 2d¢, g 1/q
y)dy| —= 2dx} +
~/2B)C / ~/|m y|<t |$_ |n o=t ( ) tB}

2dt a 1/
/ / ‘/ )1 )d ‘ 2dx} !
@B | ' J|e—y|<t |$—y|" ¢

—121 —|-122. (4)

By Minkowski’s inequality, we get

|| /g
I S{/(QB)C / ‘|x_y|n — 1‘| ( )|(/| |?§) dy} dx} /
S/B|a(y _/(23)0 Qz —y) q(%lﬂyl%)qﬂdx}l/qdy

|z —y|rot
i Q(x—y) q /z de\a/2 1/q
< l|a 7‘ ) x| Ta
/Bl (y)|-Z/2a'd<z<2j+1d |z —y[r—ot ( | 3> } Y

j=1 I*’y| t

< [wiX ][
/B ; 21 d<|z|<2i+1d

< [Jaw 32 | 26— )
B o 21 d<|x|<2i+1d

Noting that r > n/(n —a) = q and Q € L"(S"1), we get
] e —y)lds
2id<|z|<2i+1d

L 1_
= C{/zfd<|m|<2j+ld ¥z =) dx} (/|m|<2j+1d)

< IRl (sn ) (@71 (@A) < o2 ),

dy

Qz—y) |9 |y7? T/q
|z —y[rmemt |z —y[3a/2

¢ 1l/q
dx} dy.

}1/11

1
™

So we can get

B <C [ Jal) Y2 @ @ity < © [ o)l 32
B =1 B =

<c /B la(y)|dy < C. (5)
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Similarly to I2; and noting that

Uz —y) _Q@‘ ’ —y) Q@) ’+ Qz) Q@)
2=yt Jat T e =yt eyt e —yrt T fafn?
L ca+e@h
2|1 (log 21y

by the vanishing condition of a(x), we can get

Iy < /2B)C /’|x_ [p—a=1 " |x|§z(?1’|a(y)|(/|| ;13t>§dy} dx}l/q

d)~ (2 Qz—y) Qx) 19, 1V
SO/ aly 93 gy~ 1 (29+1 g)@ / - A,
B| ( )|Z( ) ( ) |: 2id<|z|<2it1d |;p_y|n71 |x|n,1 :|
0o Qx —y) Qz) |, U
< [ laly (27d)~1 (2741 / - LT
/B “ |J; " [ 2i d<|z|<2i+1d | — y|»—1 || =1 }

1/q—1/r
¥ [
2J'd<\z\<2j+1d

<c/ 0] (@) (27 dye (27 /1)

j=1

[/21'd<z<2j+1d

<c/ la()] S ()= (270710 (21d) =) (1o 279 20y x
j=1
(12l r(sn—1y + 1)dy
<c /B la(y)| 3 jdy < C. (6)
j=1

Togethering with (4)—(6) yields the desired estimate. O

Qz—-y) _ Q)

d
[yt T ’

r 1/r
{

Let us turn our attention to the proof of Theorem 2.

Proof of Theorem 2 Let § = n(1 — 1/q;) and f € Dy(R™), supp f C Bi,—1\Bk,+1. By
Lemma 3, there exist a sequence of numbers {\;}rez and a sequence of central (5, ¢1)-atoms

{ar}rez C D4(R™), such that
r) =Y Mar(x), Y Ml < I geoon

keZ k| <ko

If |Z| > ko, welet A; =0

E : k
H/LQ,afH;;(;u—l/ql),p(Rn) = 2 Bp”,usz,ankH:zq(Rn)
2

|k|<ko
0o 0o » 0o k—2 »
<c[ 3 293 Willmoala)Xele) + 30 2 ( S Dilluo.a(ad Xele: )|
k=—o0 i=k—1 k=—o00 i=—00

= C(I1 + I2). (7)
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By Lemma 2, we have

n<c Yy 2k > Ailllaille,)” < © > ( > 209"
k=—oc0 i=k—1 k=—oc0 i=k—1
<c 3. (8)

i=—00

||+20+ -y 2d¢11/2
D! — ’/ ai(y)d —} ,
! / lz—y|<t |£L' - |n o=l (y) Y t3

b e 1) '

For I, we write

amyl<t [T —y|P7o! ail
Then
00 k—2 )
I = Z 2kﬁp( Z |)‘i|HMQ,a(ai)Xqu2)
k=—o00 i=—00
0 k—2 , oo b2 ,
< 32X WD)+ 30 2P ( X0 Il Xl
f=—o00 i=—00 k=—oc0 i=—o00
= 0(121 + 122). (9)

Noting that = € Ck, y € By, k > i + 2, we have |z — y| ~ |z| ~ |z| + 2iT!. By Minkowski’s

inequality we have

lz[+27F1 441 1/2 1Q(z — y)| a2 1/q2
1 < i R =Y
HDle”qz — {/Ck |:/n (/ t3) |:17 _y|n7a71 |az(y)|dy:| dJJ}

z—y|

2/2|0(z — y)| e\l
< _— .
h C{ /Ck {/R" |J; — y|n—a+1/2 |a1(y)|dy] d:z:}

. 1/q2
<yt [ ja@ - yiede] ey
i k

< 022K 20k 42 Q| g ]|
< Coli—k)n(1- 1/q1)+1/2]2_16||Q||LT (§n—1)-
So we have

Ly<c Y ( Z A2 R (=1 a)+1/2- m) QT (5n-ry

k=—oc0 i=—00
<C S NI o, (10)

For Iy, noting that y € B;, x € R™, i < k—2,t > |z| + 272 > |2| + |y| > |z — y|, by the
vanishing condition of a;, we have

°° Oz —ylai(y) , |2dtq1/2
2 _ _
il =[] ] )

z|42it1 z—y|<t |I -
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o Oz —y) Q(z) 2d¢q1/2
_|:/|I|+2i+1 /|m—y|§t (|$ _y|"_3i_1 - |z[r—em 1> y’ }
Qz —y) Q(z) ai(y)
:‘~/B [/lm—mgt |z — y|”*y“*1 || 1} || 4 20+1 y‘
—k(1-a Qz-y) Q)
<ok )/Bi [/Ck Yy
Qaz—-y) Q=)

<O2—k(1—a)2kn(l/qz—1/¢h)/ [/ _
- B Lo e =yt |zt

<2 k(1=a)gkn(1/g2—1/q1) (2k—1)—(n—1) (log Qk—i)—pgkn/ql «

q2 1/q2
dx}

i(y)d
FEEE )y

Q 1/q1
dx}

ai(y)dy

||Q||L7‘(Sn71) |a1(y)|dy
<C2F /=D (ke — ) 7P| (g1 llail| 1
Sc2fkn(1fl/q1)(k — i)*P”QHLT(an). (11)

If 0 < p <1, then pp > 1, so we have

[e%S) k—2
—Kkn — o\ — p
Loy < C Z 2kﬁp{ Z A2 Fr(=1an) (1 — ) p} 1907 s,
k=—cc i=—00

k—2

<c 3 {3 WrE=0 I gy

k=—o0 i=—00

“+oo

<oy wp{ Y G- Ol

i=—00 k=1+2
<C Z |)‘i|p”Q”pr(5n—1)- (12)

If p > 1, by Holder’s inequality, we can get

Iz <Ckz; 2kﬁp{ Z: [\i| (K (1/p+1/p)} HQH;ZT(S"*I)
= = p/p’
SIS SR I DRI R0 20 DA S
k=—oc0 i=—0o0 i=—o0
¢ _Z 2 lp{k% = i) HI g
< CZ |)\i|p||Q||;DT(Sn71)' (13)

Finally we get

00 )i/ gy < CURAE gty 1 g o700 (14)

This via Lemma 4 completes the proof of Theorem 2. O
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