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Abstract In this paper, the zeros of solutions of periodic second order linear differential equation
y" + Ay = 0, where A(z) = B(e*), B(¢) = g(¢) + >%_, b-;¢77, g(C) is a transcendental entire
function of lower order no more than 1/2, and p is an odd positive integer, are studied. It is
shown that every non-trivial solution of above equation satisfies the exponent of convergence of
zeros equals to infinity.

Keywords periodic differential equation; complex oscillation; regular order of growth.
Document code A

MR(2010) Subject Classification 34M10; 30D35
Chinese Library Classification 0174.5

1. Introduction and main results

In this paper, we shall assume that the reader is familiar with the fundamental results and
the stardard notations of the Nevanlinna’s value distribution theory of meromorphic functions
[12,14,16]. In addition, we will use the notation o(f), p(f) and A(f) to denote respectively the
order of growth, the lower order of growth and the exponent of convergence of the zeros of a

meromorphic function f. o.(f) (see [8]), the e-type order of f(z), is defined to be

oo(f) = Tm M,

r—400 T
Similarly, A\c(f), the e-type exponent of convergence of the zeros of meromorphic function f, is

defined to be N

r—+400 r
We say that f(z) has regular order of growth if a meromorphic function f(z) satisfies
logT
o(f) = lim BT S)
7—+00 log T

We consider the second order linear differential equation

F' 4+ Af =0, (1.1)
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where A(z) = B(e*?) is a periodic entire function with period w = 2mi/a. The complex oscilla-
tion theory of (1.1) was first investigated by Bank and Laine [6]. Studies concerning (1.1) have
been carried on and various oscillation theorems have been obtained [2-11,13,17-19]. When

A(z) is rational in e*?, Bank and Laine [6] proved the following theorem

Theorem A Let A(z) = B(e**) be a periodic entire function with period w = 2wi/a and
rational in e**. If B(() has poles of odd order at both ( = co and { = 0, then for every solution
F(2)( 0) of (1.1), A(f) = +oo.

Bank [5] generalized this result: The above conclusion still holds if we just suppose that both
¢ = oo and ¢ = 0 are poles of B(({), and at least one is of odd order. In addition, the stronger

conclusion
log™ N(r,1/f) # o(r) (1.2)
holds. When A(z) is transcendental in e®*, Gao [10] proved the following theorem

Theorem B Let B(() = g(1/¢) + >}, b;j¢?, where g(t) is a transcendental entire function
with o(g) < 1, p is an odd positive integer and b, # 0. Let A(z) = B(e?). Then any non-trivial
solution f of (1.1) must have A(f) = +oo. In fact, the stronger conclusion (1.2) holds.

An example was given in [10] showing that Theorem B does not hold when o(g) is any positive
integer. If the order o(g) > 1, but is not a positive integer, what can we say? Chiang and Gao
[8] obtained the following theorems

Theorem C Let A(z) = B(e*), where B(¢) = ¢1(1/¢) + g2(¢), g1 and g2 are entire functions
with go transcendental and o(gs) not equal to a positive integer or infinity, and g, arbitrary.

(i) Suppose o(g2) > 1. (a) If f is a non-trivial solution of (1.1) with A\e(f) < o(g2), then
f(2) and f(z + 2mi) are linearly dependent. (b) If fi and f are any two linearly independent
solutions of (1.1), then A.(f1f2) > o(g2).

(ii)) Suppose o(g2) < 1. (a) If f is a non-trivial solution of (1.1) with A.(f) < 1, then f(z)
and f(z+42mi) are linearly dependent. (b) If f1 and f2 are any two linearly independent solutions
of (1.1), then A (f1f2) > 1.

Theorem D Let g(¢) be a transcendental entire function and its order be not a positive integer
or infinity. Let A(z) = B(e*), where B(¢) = g(1/¢) +_%_, b;¢? and p is an odd positive integer.
Then A\(f) = +oo for each non-trivial solution f to (1.1). In fact, the stronger conclusion (1.2)
holds.

Examples were also given in [8] showing that Theorem D is no longer valid when o(g) is
infinity.

The main purpose of this paper is to improve above results in the case when B(() is tran-
scendental. Specially, we find a condition under which Theorem D still holds in the case when

o(g) is a positive integer or infinity. We will prove the following results in Section 3.

Theorem 1 Let A(z) = B(e*), where B(¢) = ¢1(1/¢) + ¢2(¢), g1 and go are entire functions
with go transcendental and u(g2) not equal to a positive integer or infinity, and g, arbitrary. If
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f(2) and f(z + 2mi) are two linearly independent solutions of (1.1), then
Ae(f) = +o0

or
Ae(f) " +plge)t <20

We remark that the conclusion of Theorem 1 remains valid if we assume u(g1) is not equal
to a positive integer or infinity, and go arbitrary and still assume B(¢) = g1(1/¢) 4+ g2(¢). In the
case when ¢; is transcendental with its lower order not equal to an integer or infinity and gs is

arbitrary, we need only to consider B*(n) = B(1/n) = g1(n) +g2(1/1) in 0 < [n| < 400, n =1/C.

Corollary 1 Let A(z) = B(e?), where B(¢) = g1(1/¢) + g2(¢), g1 and g2 are entire functions
with go transcendental and p(g2) no more than 1/2, and g, arbitrary.

(a) If f is a non-trivial solution of (1.1) with A.(f) < +oo, then f(z) and f(z + 2mi) are
linearly dependent.

(b) If f1 and fy are any two linearly independent solutions of (1.1), then \.(f1f2) = +o0.

Theorem 2 Let g(¢) be a transcendental entire function and its lower order be no more than
1/2. Let A(z) = B(e*), where B(¢) = g(1/¢) + >_%_, b;¢7 and p is an odd positive integer, then
A(f) = +oo for each non-trivial solution f to (1.1). In fact, the stronger conclusion (1.2) holds.

We remark that the above conclusion remains valid if
p
B(Q) =g(O)+ Y b-y¢ .
j=1

We note that Theorem 2 generalizes Theorem D when o(g) is a positive integer or infinity
but p(g) < 1/2. Combining Theorem D with Theorem 2, we have

Corollary 2 Let g({) be a transcendental entire function. Let A(z) = B(e*), where B(() =
9(1/¢) +XF_, b;¢7 and p is an odd positive integer. Suppose that either (i) or (ii) below holds:
(i) o(g) is not a positive integer or infinity;
(i) ulg) <1/,
then \(f) = +oo for each non-trivial solution f to (1.1). In fact, the stronger conclusion (1.2)
holds.

2. Lemmas for the proofs of Theorems

Lemma 1 ([7]) Suppose that k > 2 and that Ay, ..., Ax—o are entire functions of period 27i,

and that f is a non-trivial solution of

Suppose further that f satisfies logt N(r,1/f) = o(r), that Aq is non-constant and rational in
e*, and that if k > 3, then Ay,..., Ax_o are constants. Then there exists an integer q with
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1 < q < k such that f(z) and f(z + q2mi) are linearly dependent. The same conclusion holds if
Ay is transcendental in %, and f satisfies log™ N(r,1/f) = O(r), and if k > 3, then as r — 400
through a set Ly of infinite measure, we have T(r, A;) = o(T(r, Ag)) for j =1,...,k — 2.

Lemma 2 ([10]) Let A(z) = B(e®?) be a periodic entire function with period w = 2mia™*

and be transcendental in e**, i.e., B(() is transcendental and analytic on 0 < |¢| < 4o0. If
B(¢) has a pole of odd order at ( = oo or ( = 0 (including those which can be changed into
this case by varying the period of A(z)), and Eq. (1.1) has a solution f(z) # 0 which satisfies
logt N(r,1/f) = o(r), then f(z) and f(z + w) are linearly independent.

3. Proofs of main results
The proof of main results are based on [8] and [15].

Proof of Theorem 1 Let us assume A.(f) < +oo. Since f(z) and f(z + 27¢) are linearly
independent, Lemma 1 implies that f(z) and f(z+ 4mé) must be linearly dependent. Let E(z) =

f(2)f(z + 2mi). Then E(z) satisfies the differential equation
E’(z))2 B 2E”(z) B c?
E(2) E(z) E(2)?¥
where ¢ # 0 is the Wronskian of f; and fa (see [12, p. 5] or [1, p.354]), and F(z + 27i) = ¢ E(2)

for some non-zero constant ¢;. Clearly, E'/E and E” /E are both periodic functions with period

4A(z) = (

(2.1)

27i, while A(z) is periodic by definition. Hence (2.1) shows that F(z)? is also periodic with
period 27i. Thus we can find an analytic function ®(¢) in 0 < |¢| < +00, so that E(z)? = ®(e?).

Substituting this expression into (2.1) yields
02 P’ 3 5 P’ 9 ) P
—4B(() = D +C5 - ZC (5) +< T
Since both B({) and ®(() are analytic in C* = {( : 1 < |¢| < +0o0}, the Valiron theory [21, p. 15]

gives their representations as

B() = ¢"R(OD(C), 2(C) = (™ Ra(€)o(C), (2.3)

where n, ny are some integers, R({) and R;(({) are functions that are analytic and non-vanishing

(2.2)

on C* | J{oo}, b(¢) and ¢(¢) are entire functions. Following the same arguments as used in [8],

we have

T(p;¢) = N(p,1/¢) +T(p,b) + S(p, 9), (24)
where S(p, ¢) = o(T(p, ¢)). Furthermore, the following properties hold [8]
Ae(f) = Ae(B) = Xe(E?) = max{Acr(E?), Aer.(E?)},
Aer(E?) = A (@) = A(9),
where Acr(E?) (resp. Aer(E?)) is defined to be
— logt Ng(r,1/E?) — log" Np(r,1/E?)

lim (resp. lim
r—+00 r r—+oo r

);
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where Ng(r,1/E?) (resp. Nz (r,1/E?)) denotes a counting function that only counts the zeros of
E(2)? in the right-half plane (resp. in the left-half plane), A;(®) is the exponent of convergence
of the zeros of ® in C*, which is defined to be

— log" N(p,1/®

AM(®) = Tm log™ N(p,1/®)
p—+oo log p

Recall the condition A.(f) < +00, we obtain A(¢) < +oo.

Now substituting (2.3) into (2.2) yields

n 02 nq (b/ (b/
_4. R b e — _ - YN_ 2 17
CRONO g HOE w1 S
g, mi(ny—1)  _nmiR)  ni¢f o R ¢
¢( & +2C +2<¢ +2R1¢+R1+¢) (2.5)
We assume o(¢) < +oo. Since R;((), R(¢) are analytic at co, we deduce Ifél)((g)) —0(1) (i =1,2),

% = 0(1), ﬁ(() = 0(1), as |¢| — +oo. It follows from (2.5) and a standard estimate on the
logarithmic derivative ([12, Section 3.6] or [16, Poposition 5.12]) that there exists a positive
integer N such that
b(O)] < [¢IV, (2.6)

for |¢(¢)| > 1, ¢ €V, ( — oo where V is an R-set ([12, Section 3.6] or [16, p. 84]).

By using the similar arguments as used in [8, p.278], we can deduce that p(ga) = u(b).
So u(b) is not a positive integer or infinity. Thus b(¢) must have infinitely many zeros. Let
ai,as,...,an+1 be N + 1 zeros of b(¢) with N as in (2.6). Define

N+1

/ H - az (27)

then H is an entire function with u(H) = u(b) not equal to a positive integer or infinity.

Next, we define Df = {¢ : |[H(¢)| > 1} and D3 = {¢ : |¢(¢)| > 1}. Clearly, D} and D3
are open sets. We denote the boundary D¥ by dD7,j = 1,2 and then we have |H(¢)| = 1 and
|9(¢)| = 1 for ¢ in OD7, j = 1,2. Since both H(() and ¢(() are transcendental, each D} must
contain an unbounded component D; for j = 1,2. Denote the boundary of D; by 0D;,j =1,2.
Let Ej(p) = {0 : pe® € D;,0 < 0 < 27}, j = 1,2, and E(p) = {0 : pe’® € V}. Clearly,
E1(p) (N E=2(p) C E(p), otherwise we will get

SN < (o)l < 161

from (2.6) and (2.7), where |¢(¢)| > 1, ¢ € V, a contradiction for sufficiently large .

We also let 6;(p), j = 1,2 and 6(p), respectively, be the angular measures of E;(p), j = 1,2
and E(p). We note that since V is an R-set, for given € > 0, there exists pg > 0 such that
0(p) < € for p > pg. We also note that we can choose p > pg so that the circle |(| = p intersects
D;, j = 1,2. By the Beurling-Tsuji inequality [20, Theorem III 68, p.117], and the remark in
[12, pp. 96-97] or [10, pp. 153-154], we have

P24t €
7r/ <loglogM(p,H) + — K logp+ O(1), (2.8)
Po tel( ) 2
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where M (p, H) denotes the usual maximum modulus of H on || = p, K1 > o(¢), and p is

sufficiently large. Let

p/2 dt
a = lim (10gp)_17f/ :
p—oo oo t1(t)

Then from (2.8), we have
<a<pu(H).

N | =

Similarly, we have
P12 qt €
log log M — K51 O(1
W/po 0,0 < loslos (p, @) + 5 Kzlogp + O(1),

where Ky > o(H) and p is sufficiently large.
By Cauchy-Schwarz inequality

p/2 60 t p/2 dt p/2 dt
/ ﬁdt/ z(/ Ly, =12,
p t Po t0;(t) po 1

0

we obtain
p/2 p/2 _
[0y < [ =,
po ¢ PO
P12 dt
=(2n+¢) / /
20 t
( o dt dt P2t
< (@r+e) / / dt /
po ¢ oo 01(0)
and .
/p/2 d+ ( ;} %)2
po t02(t) (27T+5)f:0/2%— p/2 dt 2/fP/2 te(lit ’

then from (2.9), (2.11) and (2.13), we have

— loglog M (p, ¢) ; /P/ 2ot
=1 — - >1 1 —_— =
o(9) pbo log p pingo( ogp) T oo 102(1)

Since ¢ is arbitrary, we obtain

Inequalities (2.10) and (2.14) give

which implies
o(¢)~t +u(H)™H <2
Recall that u(H) = u(b) = u(g2), we obtain

o(¢) ™"+ pulg2) Tt < 2.

27

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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We assert A(¢) = o(¢) (including o(¢) = o0). If A(¢) < o(¢), then the growth order of ¢ is
regular [12, p.216] and o(¢) is a positive integer or infinity. From (2.4), we have o(¢) = u(b),
which means p(b) is a positive integer or infinity, contradicting our assumption.

Finally, since

Aer(E?) = N(9) < Ae(E?) = Xe(E) = Ae(f),

we have

)‘(¢)_1 > )\e(E2)_1 = )‘e(E)_l = )‘e(f)_la

and can obtain
Ae(S) 7+ plg2) ! <2

This completes the proof of Theorem 1. O

Proof of Corollary 1 We can easily deduce Corollary 1 (a) from Theorem 1.

Proof of Corollary 1 (b). Suppose f1 and fs are linearly independent and A.(f1 f2) < 400,
then Ac(f1) < +o0, and Ac(f2) < +00. We deduce from the conclusion of Corollary 1 (a) that
fi(2) and f;(z + 2mi) are linearly dependent, j = 1,2. Let E(z) = f1(2)f2(z). Then we can find
a non-zero constant cg such that E(z + 2mi) = c2E(z). Repeating the same arguments as used
in Theorem 1 by using the fact that E(z)? is also periodic, we obtain A\¢(E)™! + u(ge) ! < 2, a
contradiction since u(g2) < 1/2. Hence Ac(f1f2) = +o0. O

Proof of Theorem 2 Suppose there exists a non-trivial solution f of (1.1) that satisfies
log™ N(r,1/f) = o(r). We deduce \.(f) = 0, so f(z) and f(z + 2mi) are linearly dependent by
Corollary 1 (a). However, Lemma 2 implies that f(z) and f(z + 27) are linearly independent.
This is a contradiction. Hence logt N(r,1/f) # o(r) holds for each non-trivial solution f of
(1.1). This completes the proof of Theorem 2. O

Acknowledgments The authors would like to thank the referees for helpful suggestions to

improve this paper.

References

[1] ARSCOTT F M. Periodic Differential Equations [M]. The Macmillan Co., New York, 1964.

[2] BAESCH A. On the explicit determination of certain solutions of periodic differential equations of higher
order [J]. Results Math., 1996, 29(1-2): 42-55.

(3] BAESCH A, STEINMETZ N. Exceptional solutions of nth order periodic linear differential equations [J].
Complex Variables Theory Appl., 1997, 34(1-2): 7-17.

[4] BANK S B. On the explicit determination of certain solutions of periodic differential equations [J]. Complex
Variables Theory Appl., 1993, 23(1-2): 101-121.

[5] BANK S B. Three results in the value-distribution theory of solutions of linear differential equations [J].
Kodai Math. J., 1986, 9(2): 225-240.

[6] BANK S B, LAINE I. Representations of solutions of periodic second order linear differential equations [J].
J. Reine Angew. Math., 1983, 344: 1-21.

[7] BANK S B, LANGLEY J K. Oscillation theorems for higher order linear differential equations with entire
periodic coefficients [J]. Comment. Math. Univ. St. Paul., 1992, 41(1): 65-85.

[8] CHIANG Y M, GAO Shi’an. On a problem in complex oscillation theory of periodic second order linear
differential equations and some related perturbation results [J]. Ann. Acad. Sci. Fenn. Math., 2002, 27(2):
273-290.



286 L. P. XIAO and Z. X. CHEN

[9] CHIANG Y M, ISMAIL M E H. On value distribution theory of second order periodic ODEs, special functions

and orthogonal polynomials [J]. Canad. J. Math., 2006, 58(4): 726-767.

[10] GAO Shi’an. A further result on the complex oscillation theory of periodic second order linear differential
equations [J]. Proc. Edinburgh Math. Soc. (2), 1990, 33(1): 143-158.

[11] GAO Shi’an. Some results on the complex oscillation theory of periodic second-order linear differential
equations [J]. Kexue Tongbao (English Ed.), 1988, 33(13): 1064-1068.

[12] GAO Shi’an, CHEN Zongxuan, CHEN Tewei. Oscillation Theory of Linear Differential Equations [M].
Wuhan: Huazhong University of Science and Technology Press, 1998. (in Chinese)

[13] GUNDERSEN G G, STEINBART E M. Subnormal solutions of second order linear differential equations
with periodic coefficients [J]. Results Math., 1994, 25(3-4): 270-289.

[14] HAYMAN W K. Meromorphic Functions [M]. Clarendon Press, Oxford, 1964.

[15] HUANG Cunzhi. Some results on the complex oscillation theory of second order linear differential equations
[J]. Kodai Math. J., 1991, 14(3): 313-319.

[16] LAINE I. Nevanlinna Theory and Complex Differential Equations [M]. Walter de Gruyter & Co., Berlin,
1993.

[17] SHIMOMURA S. Oscillation results for n-th order linear differential equations with meromorphic periodic
coefficients [J]. Nagoya Math. J., 2002, 166: 55-82.

[18] STEINBART E M. Subnormal solutions of homogeneous linear differential equations with periodic coefficients
[J]. Complex Variables Theory Appl., 1996, 29(3): 203-220.

[19] STEINBART E M. Subnormal solutions of nonhomogeneous linear differential equations with periodic coef-
ficients [J]. Complex Variables Theory Appl., 1997, 34(1-2): 197-217.

[20] TSUJI M. Potential Theory in Modern Function Theory [M]. Chelsea Publishing Co., New York, 1975.

[21] VALIRON G. Lectures on the General Theory of Integral Functions [M]. Chelsea, New York, 1949.



