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Abstract In this note, we obtain some a-priori estimates for gradient of weak solutions to
a class of subelliptic quasilinear equations constructed by Hormander’s vector fields, and then
prove local uniqueness of weak solutions. A key ingredient is the estimated about kernel on
metirc “annulus”.
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1. Introduction

Equations and systems constructed by Hormander’s vector fields [1] have been extensively
investigated. Bony [2] studied existence and uniqueness of solutions of Dirichlet problem for
elliptic equations of the form sum-of-squares. Xu [3] considered regularity of weak solutions
for a class of quasilinear subelliptic systems. Capogna, Danielli and Garofalo [4] proved Hélder

continuity of weak solutions for equations of the form:

X7 A (@, u, Xu) = fo,u, Xu), (1)
i=1
where X1, Xo,..., X, are Hérmander’s vector fields, X denotes the formal adjoint of X; (i =

1,2,...,m), Xu = (Xyu, Xou, ..., X,yu) is sub-elliptic gradient of u, A*(x,u, Xu), f(x,u, Xu):
Q2 x R x R™ — R satisfy certain structure assumptions, {2 C R"™ is a bounded open set. Sub-
sequently, Lu [5] extended the results of [4] under more general structure assumptions. In this
note, we are concerned with local uniqueness of weak solutions for (1) under following structure

conditions:

D A&t = qoul)|XuP 2P, vEeR™, )

4,j=1
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[ A%l < m(lul)| XulP~2, (3)
|A17A'lu,an]u| < 71(|u|)|Xu|p717 (4)
Lf, ful < 7 (lul)| Xul? (5)

with 1 < p < co. The functions vy and ~; above are continuous in R, ~q is decreasing and
strictly positive, 71 is increasing.

For describing the main result, we introduce some related knowledge.

Let X1, X5, ..., X,, be C* vector fields in R" satisfying Héormander’s condition for hypoel-
lipticity:

rankLie[ X1, Xo,..., Xn] =n

at every point z € R™. A piecewise C! curve v : [0,7] — R" is said to be sub-unitary, if for
every £ € R" and t € [0, 7],

Given two points z,y € R™, the (X1, Xa, ..., X,,)-control distance between x and y is defined as
follows:

d(x,y) = mf{T >0]7:[0,T] = R",7(0) = z,7(T) = y},
where v is any sub-unitary curve connecting « and y. For x € R"™ and R > 0, let B(z, R) = {y |
d(z,y) < R} denote a ball centered at « with radius R. Then for any bounded set 2 C R, there

exist positive constants C, Ry and @, such that
|B(x, tR)| > C19|B(x, R)| (6)

for every x € Q, R < Ryg and 0 < t < 1. The number @ in (6) is called homogeneous dimension
relative to . Let 9B(R) denote boundary of B(x, R). Subsequently, for convenience, we shall
use short-hand notation B(x, R) = B(R).
The operator £ = >, X*X; is called sub-elliptic Laplace operator and let I'(x,y) denote
positive fundamental solution of £. Then familiar facts are
& (z,y)
|B(x, d(z,y))|

|XT(z,y)| < C

d*(z,y)
|B(z,d(z,y))|’

d(z,y)
|B(z,d(z,y))|’

<I'(z,y) < c !

where C' denotes different positive constant [4].
For Q C R",u € C}(Q),x € Q, it is well known that [4]

u(z) = /QXI‘(:U,y) - Xu(y)dy. ()
Let k£ be a positive integer and p > 1. We define the non-isotropic Sobolev space by
SkP(Q) = {u € LP(Q)| X% € LP(Q),V|a| < k},

where X = X' X3? ... X% « is a multi-index: a = (a1, a2, ...,am), a; (1 =1,2,...,m) are
nonnegative integers. Sg’p(Q) denotes the closure of C§°(€2) in S¥?(Q). The space
SEP(Q) = {u: Q — Rlnu € SFP(Q),Vn € C(Q)}

loc
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is called the local non-isotropic Sobolev space. For 0 < a < 1,

[u(€) —ulm)]

FQ(Q) = {u e L™ (Q)| sup < _|_OO}
eneern  d*(&n)
is the Folland-Stein space (or Holder space) with the norm:
[u(§) —u(n)|
lullraio) = llullpe) + sup —=———1+.
@ O nequern (&)

For 0 < A < 1,1 < p < oo, Morrey space MP*(€2) is the space of functions f € LV (€2) satisfying
1
|B(r) N Jperyne
for every z € Q and 0 < r < min{Ry, diam(Q)}, where Ry is as (6). Let Campanato space
LP*(Q) be the space of functions f € L} () satisfying
1

|B(r) N Q| Jperna

for every x € 2 and 0 < r < min{ Ry, diam(f2)}, where fp() = er)\ fB(T) f(z)dz is the average
over the ball B(r) of the function f. For ball B(r), we have LP*(B(r)) C T'} (B(r)) (see [6]).

loc

|f ()P dz < CrPO=D

‘f(ac) — fB(T)’pdx < CrP?

u € Sllo’f(Q) is called a local weak solution of equation (1), if for any ¢ € Sy (Q),

//Y(x,u,Xu)-X(pdx = / flx,u, Xu)pda. (9)
Q Q

Let
/Y(:z:, u, Xu) = (A" (x,u, Xu), A*(z,u, Xu),..., A™(z,u, Xu)).

From (2), (4), we get

Z(Ai(x,u,Xu) — Az, u,0)) X, (u) = Z /0 Ainu(:v,u,tXu)Xqui(u)dt

i=1 i,j=1

1
> 70/ X P2 Xuf2dt = 10 | Xul,
0 p—1

ie.,
Az, u, Xu) - Xu > ll|Xu|p = 7(/)|Xu|p. (10)
p—
Similarly, from (3), (4), we have
Az, u, Xu)| < -2 Xl =y | Xuf (11)
p—

Our main result is the following:

Theorem 1 Suppose that X = —X; (i =1,...,m), u1, ug are local bounded weak solutions of
(1) under structure conditions (2)—(5), and u; = ug on 0B(r) for sufficiently small r > 0. Then
u; = ug on B(r).

The proof of Theorem 1 is based on estimates of fundamental solutions of £ and some
sub-elliptic estimates of weak solutions. We note that local uniqueness of weak solutions for

quasi-linear elliptic equations in Euclidean space was studied in [7]. A main tool there is polar
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coordinates in Euclidean space. We know that polar coordinates in Heisenberg group and any
Carnot group are established in [8] and [9], respectively. Unlike that, there is no “polar coordi-
nate” in the setting of general Hormander vector fields, which are not vector fields in any Carnot
algebra. To avoid the difficulty, we establish desired estimates by cutting the kernel on metric
“annulus”.

With regard to research of Dirichlet problems of linear sub-elliptic equations, maximum
principle implies global uniqueness of weak solutions [2,3]. In general, for quasi-linear and
nonlinear equations, uniqueness of weak solutions cannot be derived from maximum principles
directly [10]. So, in this note, we use some subelliptic estimates to obtain local uniqueness of

weak solutions for equations (1).

2. Some lemmas and proof of main result

The following lemma was inspired by [7] and its proof is essentially similar to one in Euclidean

space case. For completeness, we write the proof with necessary changes.

Lemma 2 Ifu is a local bounded weak solution of (1), then for sufficiently small r > 0, we have
/ | XuPdz < Cr@trle—) (12)
B(r)
where B(2r) C §, « is the Hélder exponent of u (local Holder continuity of w is infered from
[4.5].)
Proof Let Ej, o, = {x € B(2r) | u(z) > b}. Taking test function
p(x) = 1 max{u(z) —b,0}
in (9), where n € C§°(B(2r)), n > 0, we have
/ (A Xu)nPda +p/ (A Xn)nP~Hu — b)dx = / f(u—b)nPdx. (13)
Eb,QT Eb,27‘ Eb,27‘
From (5), (10), (11) and Young’s inequality, we estimate the terms in (13), respectively, and get

/ (A Xu)pPdz > 76/ | X u[PnPda;
Eb,QT Eb,2r

o [ X  vde| <ap [ e Xl b
EbYQT Eb,QT

< epyi /E | Xu|PnPde + Ce ppyy /E |(u — b) Xn[Pda;
b,27r

b,2r

} / flu— b)npdx} < / | X ulPnP|u — b|dx.
Eb,27‘ Eb,QT

Since u is local Holder continuous [4,5], we can take sufficiently small » > 0 such that b =
min{u(z) | x € B(2r)} and maxpz,) [u — b < 477“1. Choosing € < 4;%, and combining previous
1

estimates with (13), we obtain

/ | X u|PpPdz < C/ [(u —b)XnPda.
B(2r) B(2r)
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Now let n(z) € C§°(B(2r)) satisfy n = 1 (z € B(r)), 0 <n <1 (z € B(2r)), |Xn| < €. By
Holder continuity of u, inequality (12) follows.

Remark 3 Inequality (12) implies Xu € MP*(B(r)). By Poincaré inequality [5], we have
u € LP*(B(r)). Hence, if u is a local bounded weak solution of (1), then v € T'¢ () if and only
if u satisfies (12).

The following two lemmas rely on estimates on metric “annulus”.

loc

Lemma 4 Ifu is a local bounded weak solution of (1), then for sufficiently small r > 0, we have
/ d(z,y)" 9P~ | XulPde < Cr'7,
B(r)
where B(r) = B(y,r) C B(y,2r) C Q, « is the Hélder exponent of u.

Proof If —Q +p— %¢ <0, using Lemma 2, for sufficiently small 7 > 0, we obtain

/ d(z,y)” 9P~ F | XuPdz < Z/ d(z,y)” 9P~ F | XuPdz
B(r) r\B(27F~1r)
< Z / 27k L) mQFP=F | Xy|Pde < 02(2*’6*%)*%?*%(2*kr)Q+ap*P
B(2— kr) k—0

O3 @M E e < Y
If —Q+p— 3¢ >0, for sufficiently small 7 > 0, we get

/ d(z,y)” 9P F | XuPdz < Z/ d(z,y) " 9P~ | XulPde
B(r) B(2=kr)\B(2=k~1r)

<> / k)= Q=% | XulPde < OZ TQAP=F (k)@ bap—p
k=0

k=0
oo
_ Z WY < o
k=

So, the conclusion is proved. O

Lemma 5 Forl < p < 2, if u is a local bounded weak solution of (1), then for sufficiently small
r >0, neC5(B(r)), we have

| Xu@pra@ds <o [ xu@l X,
B(r) B(r)
where B(2r) C Q, « is the Holder exponent of u.

Proof From (7),(8) and Holder’s inequality, one obtains

[, e = [ ([ xawixe i) o

| Xn(y)] 2
<C Xu(x)P / —————dy | dz
B(r)| (@)l ( B(r) 4971 (z,y) )
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| Xn(y)?
<C Xu(z)|P / =5 dy
B(T)| ( )| ( B(r) |Xu(y)|2_de7p+T(:E,y) )

(/( IXu( )" )dy)dx_ (14)

) dR+tr—%° (:v y
IfQ — 235’2 > 0, we have

oo

Z/ d(w,y) 2 de
B(2=kr)\B(2—k—1r)

/ d(w,y) 952 de <
B(r) k=0

S e ST W T

B(2Fr k=0

_ 02(2*’“)2%22@_%r% < Craita, (15)

IfQ - O‘p <0, we get

o0

/ d(z,y) 9T made < Z/ d(z,y) 9t =2 de
B(r) k=07 B2 Fr)\B(2-F1r)
<Z/ Q-‘r2p 2dx<OZ —Q+3 2(2_kT)Q
k=0
= 02(2*’6)25%2r25%2 < Crew. (16)
On account of (15) and (16), for sufficiently small » > 0, Lemma 4 and Holder’s inequality imply
Xu(y)|*~? Xu(y)[P =E 1 e
[l <o [ RO )T ([ )
B(r) A9 2z, y) B(r) 9P (2, y) B(r) 97272 (2, y)
< Or?e= ¥, (17)

Hence, by virtue of (17), Lemma 4 and Fubini’s theorem, we estimate (14), and get

ap X 21X p=2
[ xu@peaar <ot [ pape( [ EIOLEMOILq))q,
B(r) B(r) By d9TPTE (z,y)

. i Xu(o)l
—oret [ xpixapp [ S an,
B(r) B(r) d97PT 7 (2,y)

< o2 /B PGy < O /B X PGy

Lemma 6 For p > 2, if u is a local bounded weak solution of (1), then for sufficiently small

r >0 and n € C§°(B(r)), we have
[ xu@pp@ie <o [ X
B(r) B(r)
where B(2r) C Q, « is the Holder exponent.
Proof For xy € B(r), taking » = (u(z) — u(zo))n? in (9), we obtain

/ Az, u, Xu) - (Xun?® + (u(@) — u(z))2nXn)da
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- / f @, u, Xu)(u(z) — u(zo))nda. (18)
B(r)

Using (5), (10), (11), Young’s inequality and Holder continuity of u, we can estimate the terms
n (18), and get
[ () Xuptds 20 [ palis
B(r)

B(r)

‘ / Az, u, Xu) - (u(z) — u(x0)277X77d3:‘ < C’yiro‘/
B(r)

B(r

: | XulP~ ]| Xn|dz

< C'E’yiro‘/ | XulP|n|?dz + Csﬂyiro‘/ | X uP~2| X n|3da;
B(r)

B(r)

fla,u, Xu)(u(z) — u(a:o))nde‘ < C’ylro‘/

‘ B(r) B(r

| XuPnda.
)
Replacing these estimates into (18) leads to the conclusion.

Proof of Theorem 1 Since u; and ug are local bounded weak solutions of (1), for any ¢ €
SyP(B(r)), we obtain

/ (A(z,u1, Xuy) — Az, ug, Xug)) - Xpdx = / (f(x,ur, Xuy) — f(z,uz, Xug))pdz. (19)
B(r) B(r)

Setting ¢ = u; — ua, we have ¢ € Sy (B(r)) and it follows
(Ak(:v,ul,Xul) — Ak(x,ug,XuQ))ngo

1
= / Ak (2, tug + (1 — t)ug, tXuy 4+ (1 — 1) Xug)dtp X0+
0

mo1
Z/ Al)“(ju(x,tul + (1 = t)ug, tXu1 + (1 — ) Xu)dt X ;0 X .
=170

Hence from (2),(4) and Young’s inequality, we get
((A(x,u1, Xuy) — Az, ug, Xug)) - Xl

1
> ’Yo/ [tXuy + (1 — t)Xu2|p_2dt|X<p|2—
0

1
’yl/ [tXu + (1 — t)Xu2|p_1dt|X<p||<p|
0

1
> (o —em) [ X+ (1 - 0 Xual? 2t X
0

1
Cor / X + (1 — ) Xug|Pde] o] (20)
0
Similarly, from (4) and (5), we have
|(f (z,u1, Xu1) — f(x,u2, Xua))ep]

1
< }/ Fuls tun + (1 tug, X0y + (1 — £) Xug)dta?|+
0
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mo .1
} Z/ Ixju(@, tur + (1 = t)ug, tXuy + (1 — 1) Xug)dt X pp
j=1"0

1
< 71/ X1 + (1 — ¢) Xu|Pdt] o+
0
1
’yl/ [tXu + (1 — t)Xu2|p_1dt|Xg0||g0|
0
1
< 6")/1/ [tXuy + (1 — ) Xu|P2dt| X >+
0

1
(. + 1)71/ X1 + (1 — £) Xus|Pdt] o],
0
Combining (20), (21) with (19), standard calculations show
[ P+ 1Xualy 2| xePde <€ [ (Xun| + [Xual ol 21)
B B

For sufficiently small r, we maximize the integral on the right hand side of (22) by applying

Lemmas 5 and 6, and get

/ (1 Xu1| + | Xua|)P72| X p|dx < C’TO‘/ (| Xu1| + | Xua|)P72| X p|?d. (22)
B(r)

B(r)

For sufficiently small r satisfying Cr® < 1, from (23), we have u; = ug on B(r).
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