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A Nontrivial Product in the May Spectral Sequence
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Abstract In this paper, we prove the non-triviality of the product ho k055+4 € Ext‘:rﬁ't(s) (Zp, Zp)
in the classical Adams spectral sequence, where p > 11,0 < s < p — 4,t(s) = (s + 4)p*’q + (s +
3)pPq+ (s +4)pg+ (s + 3)g+ s with ¢ = 2(p — 1). The elementary method of proof is by explicit
combinatorial analysis of the (modified) May spectral sequence.
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1. Introduction and statement of results

Let A be the mod p Steenrod algebra and S be the sphere spectrum localized at the prime
number p. To determine the stable homotopy groups of spheres m,(S) is one of the central
problems in homotopy theory. The Adams spectral sequence Ey"* = Ext%'(Z,, Z,) = m_s(S)
has been an invaluable tool in studying the stable homotopy groups of spheres, where Z denotes
the integral and the ES’t-term is the cohomology of A.

If a family of homotopy generators z; in E5" converges nontrivially to the Adams spectral
sequence, then we get a family of homotopy elements f; in 7. (S) and we say that f; is represented
by x; € Ey" and has filtration s in the ASS. So far, not so many families of homotopy elements
in m,(S) have been detected. Recently, Lin got a series of results and detected some new families
in 7, (S) (see [1-4]).

Throughout this paper, p denotes an odd prime and ¢ = 2(p — 1).

The known results on Ext’*(Z,, Z,) are as follows. Ext%*(Z,,Z,) = Z, by its definition
from [5]. Ext'*(Z,, Z,) has Z,-basis consisting of ag € Ext'(Z,, Z,). h; € Exti"piq(Zp, Z,) for
all i > 0 and Ext%*(Z,, Z,) has Z,-basis consisting of ag, a2, agh; (i > 0), g; (i = 0), ki (i > 0),
b; (i >0), and h;h;j (j = i+2,i > 0) whose internal degrees are 2¢ + 1, 2, p'q+ 1, ¢(p*™* + 2p),
q(2p™! + p'), p"t'q and q(p' + p?), respectively. In 1980, Aikawa [6] determined Ext%*(Z,, Z,)
by A-algebra.
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Let M denote the Moore spectrum modulo the prime p given by the cofibration
SEsimLss
Let a: ¥IM — M be the Adams map and V(1) be its cofibre given by the cofibration
sip & v Loy Loseriag 2)

Let §: 2Pty (1) —

(1) be the vo-map.
In 1998, Wang and Zheng [7] proved the following theorem.

Theorem 1.1 ([7]) For p > 11 and 4 < s < p, there exists the fourth Greek letter family
element 6, # 0 € Exti{tl(s) (Zp, Zy), where t1(s) = q[sp®> + (s — 1)p* + (s = 2)p+ (s = 3)] + (s — 4).
Note that we write d,44 for &t which is described in [7].
In this note, our main result can be stated as follows.

Theorem 1.2 Forp > 11,0 < s < p—4, then the product

hokigdssa # 0 € Bxt® PalHOPH (3P (st Opt (3 ksx (7 7y

The method of proof is by explicit combinatorial analysis of the MSS.
The paper is arranged as follows. After recalling some knowledge on the MSS in Section 2,

we give the proof of Theorem 1.2 in Section 3.

2. The May spectral sequence

From [8], there is a May Spectral Sequence (MSS) { ES**, d,.} which converges to Ext%"(Z,, Z,)
with Fi-term
EY™" = E(hmilm > 0,i > 0) @ P(by,s|m > 0,i > 0) ® P(as|n > 0), (3)
where F is the exterior algebra, P is the polynomial algebra, and
he e E;@(p’"—l)pi,zm—l b € Efz(pm—l)pi“,p@m—l) a Ell,zp"fl,znﬂ_
The r-th May differential is
dp s Byt — ByriteT, (4)
and if z € E#** and y € E5'"*, then
dr(z-y) = dr(z) -y + (-1)° - dr(y). (5)
There exists a graded commutativity in the E;-term of MSS:
Ty = (_1)(S+t)(sl+t,)y .T
for x, y = hm,i, bm,; or a,. The first May differential d; is given by
di(hij) = > hikkrihng

0<k<i
dl(ai): E hi—k,kalw (6)

0<k<i
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For each element z € E""" we define dimz = s, degx = t. Then we have that

dim hi,j =dima; = 17djmbi7j — 2,
deghij =2(p" — 1)p/ = ¢~ + -+ p),

degbij = 2(p* — )p*t = q(p™ + -+ pItY), (7)
dega; =2p' —1=q(p" ' +---+1)+1,
degag =1,

where i > 1, 7 > 0.
Note that by the knowledge on p-adic expression in number theory, we have that each integer

t > 0 can be always expressed uniquely as
t=q(cap”™ + oo™+ ep + o) + et

where 0 < ¢; <p(0<i<n),0<¢c, <p, 0<cy <q.

3. Proof of Theorem 1.2

Lemma 3.1 ([9]) Let p > 11 and 0 < s < p—4. Then 55+4 is represented by ajhaohs1h22hi 3
in the May spectral sequence.

Lemma 3.2 Letp > 11 and 0 < s < p—4. Then the May F,-term

ES+61(S+4)p3q+(5+3)p2q+(s+4)pq+(s+3)q+s,* —0
! =0.

Proof Consider h = x129---2,, € Els+6’t’* in the MSS, where z; is one of a, hy; or b, .,
0<k<40<I+j<40<u+4+2<41>0,j>0,u>0,z2>0. By (7) we can assume that

degx; = q(ci73p3 + ci72p2 +¢i1p+ cio) + e, where ¢; ; =0 or 1 if x; = ag, or ¢; = 0.

dimh:Zdegazi =5+6

i=1

and
deg = Z degw; = q[(z ci3)p” + (Z ci2)p” + (Z cin)p + (Z cio)] + Z €
=ql(s+4)p*+ (s +3)p? + (s +4)p+ (s + 3)] + . (8)

By virtue of 0 < s,s + 3,5 +4 < p and the knowledge on the p-adic expression in number

theory, we have from (8)

ilei =5+ A_1q, A1 >0,
§0i70+)\_128+3+)\0p, Ao =0,
ici,l +Xo=s+4+Mp, A\ =0, (9)
ici,2+/\125+3+/\2p, A2 >0,

N
Il
-

o

N
Il
-

ci73—|—/\228+4+/\3p, )\320
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By the facts that dim h; ; = dima; = 1 and dim b; ; = 2, we can have

6<m<s+6<p—44+6=p+2.

From dimh = 2111 dimx; = s 4+ 6. Notice that ¢, =0 or 1, ¢;; =0o0r 1, and m < p+ 2.

From (9), we have

m

ci; <m<p+2.
1

m
0 S Z €i,
i=1 %

It follows that the number sequence (A_1, Ao, A1, A2, A3) must be equal to the sequence
(0,0,0,0,0). Then (9) can turn into

Z €; =S,

iﬁl

Z Cio =S+ 3,

=1

;Ci,l =s+4, (10)
E Ci72 =S + 3,

i=1

Z Ci73 = s+ 4

@
Il
=

By ¢i3 =0 or 1, we can get m > s+ 4 from > ", ¢;1 = s + 4. We also have m < s + 6.
Thus m can be equal to s +4,s+ 5 or s + 6.

Since Y.", e; = s, degh;; = 0(modgq), i > 0, 7 > 0. Then we can assume that h =
ataiaiakalh’ with W' = 2410540513 T € Ef’tl’*, where 0 < z,y, 2, k,l < s,z+y+z+k+1l =

S.

From (10) we can get

E ei:Ov

1=s+1
Ci0=8+3—Yy—z—Fk—1
) 3 k—1
i=s+1
_72rlci,1:s+4—z—k—l, (11)
Z Ci)228+3—]€—l,
1=s+1

m
E Ci,3 :S+4—l,
1=s+1

where t' = (s +4—D)pPq+ (s+3—k—)p?q+ (s+4—z2—k—Upg+ (s+3—y—z—k —l)q.

Casel m=s+4.
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(11) can turn into
s+4
Z €; = S,
1=s+1
s+4
cio=8+3—-y—z—k—1I,
i=s+1
s+4
.210i71:5+4_z_k_la (12)
i
Ci2 =s+3—k-—1,
i=s+1
s+4
Z Ci73 :S+4—l.
1=s+1
Since Zf:lﬂ ¢i3 =s+4—1in (11), we have that [ = s+ 4 — Zf:lﬂ Gz >s+4—4=s.
Note that 0 <1 <s. Thusl=sandx =y =2 =k =0. By (12), ¥ = 2541Ts42Ts43Ts44 €
Ef,4p3+3p2+4pq+3q,*

= 0. Thus in this case it is impossible for h to exist.

Case 2 m =s-+5.

(11) can turn into

s+5

Z €; = S,
1=s+1

s+5
oGo=s+3—-y—z—k—1,
i=s+1

s+5
lzlcm:s—i-él—z—k—l, (13)
i=s

s+-i5_

Z Ci)228+3—/€—l,
i=s+1

s+5

Z Ci 3 =s+4—1.
i=s+1

3;5“ ci3=5+4—1, we have that [ = s +4 — Zf;il ¢i,3 > s — 1. Thus there

are five possibilities satisfying 0 < x,y,2,k,l < s, and x +y + z+ k + 1 = s. We list all the

possibilities in the following table.

Similarly, from >

The possiblility l klz|ly|l=x E16’t * W = Xe11Ts1 0513051 4T5t5
The 1st s—=1(1]0(0|0 E?’q(5p3+3p2+4p+3)’* =0 Nonexistence
The 2nd s—=1(0]1(0|0 E?"q(5p3+4p2+4p+3)’* =0 Nonexistence
The 3rd s—1]0o]1]o0]gSaG . _ Nonexistence
The 4th s—1]0|o]o]1]gSa@ DL _ Nonexistence
The 5th s |o]ololo]| gl g Nonexistence

Table 1 m = s+ 5 k' all the possible

From the above table, it follows that in this case h cannot exist either.

Case 3 m =s+6.
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Asin Case 2, one has [ = s + 6 — Y570 i3 > s — 2 from Y570 ¢i5 = s +4— L in (11).

Thus z 4+ y+ 2+ k+1=s. We list all the possibilities in the following table.

The possiblility l klz|ly|l=x E16’t * W = Zs11Ts1 0513051 4Tst5
The 1st s—=2(12]0(0|0 E?’q(6p3+3p2+4p+3)’* =0 Nonexistence
The 2nd s—=2(101]2(0|0 E?’q(6p3+5p2+4p+3)’* =0 Nonexistence
The 3rd s—2]0o]2]o]gsa@ . _ Nonexistence
The 4th s—2]0o0]o]2]ESa@ .. _ Nonexistence
The 5th s—2|1|1]0] 0] gSe@ . Nonexistence
The 6th s—2|1]0|1]0]ESaErHEREL Nonexistence
The 7th s—=211]0(0]|1 E?’q(6p3+4p2+5p+4)’* =0 Nonexistence
The 8th s=2(0]|1(1/|0 E?’q(6p3+5p2+5p+3)’* = Nonexistence
The 9th s—=2(0]1|0]|1 E?’q(6p3+5p2+5p+4)’* =0 Nonexistence
The 10th | s—2] 0|0 1] 1| gSa@ oD _ Nonexistence
The 11th | s—1] 1000 [ BSe® 3t _ Nonexistence
The12th | s—1]0|1]0] 0[St _ Nonexistence
The 13th | s—1] 0|0 1[0 [ BS54 Nonexistence
The 14th s—=110]0(0]|1 Ef’q<5pd+4pz+5p+4)’* =0 Nonexistence
The 15th 5 0(0|0]0 E?’q(4p3+3p2+4p+3)’* =0 Nonexistence

Table 2 m = s+ 6 A’ all the possible

From the above table, it follows that in this case h cannot exist either.
From Cases 1 and 2, the lemma follows. O

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2 Since haohi 1, hio and ajhgohsiha2his € E7™" are permanent

cycles in the MSS and converge nontrivially to ko, ho,ds44 € Ext’y"(Z,, Z,) for n > 0, we have

S 3 S 2 S S S,k
h170h270h171aih4,0h3,1h2,2h1,3 e Eil[( +4)p° +(s+3)p° +(s+4)p+(s+3)]+s,

is an infinite cycle in the MSS and converges to h0k055+4 € Extf4+7’*(Zp, Zp).
From Lemma 3.2, we see that

Ef+6,q[(s+4)p3+(s+3)p2+(s+4)p+(s+3)1+s,* —0,

then for r > 1,
F5t6,4((s+4)p% +(s+3)p +(s+4)p+(s+3)]+5.% _ ().

Thus the infinite cycle hi ohaoh1,1a5ha,0h31h2,2h1,3 € ESTT** is not bounded. That is to say,

7
h1,0h2,0h1,1a§h4,0h3,1h2,2h1,3 € Ef+ o
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cannot be hit by any differential in the MSS. It follows that h110h210h111G§h470h371h272h173 S
E3+7%* is an infinite cycle in the May spectral sequence and converges nontrivially to h0k058+4 €
Ext%"*(Z,, Z,). Tt follows that

hokodsia # 0 € EXt2+7,q[(s+4)p3+(s+3>p2+(s+4)p+(s+3)1+s,*( 2y, Z,).

Theorem 1.2 is proved. O

References

[1]
(2]
3]

[4]

LIN Jinkun. A new family of filtration three in the stable homotopy of spheres [J]. Hiroshima Math. J., 2001,
31(3): 477-492.

LIN Jinkun. New families in the stable homotopy of spheres revisited [J]. Acta Math. Sin. (Engl. Ser.),
2002, 18(1): 95-106.

LIN Jinkun. Third periodicity families in the stable homotopy of spheres [J]. JP J. Geom. Topol., 2003, 3(3):
179-219.

LIN Jinkun, ZHENG Qibing. A new family of filtration seven in the stable homotopy of spheres [J]. Hiroshima
Math. J., 1998, 28(2): 183-205.

LIULEVICIUS A. The factorization of cyclic reduced powers by secondary cohomology operations [J]. Mem.
Amer. Math. Soc., 1962, 42: 112.

AIKAWA T. 3-dimensional cohomology of the mod p Steenrod algebra [J]. Math. Scand., 1980, 47(1): 91-115.
WANG Xiangjun, ZHENG Qibing. The convergence of dgn)hohk [J]. Sci. China Ser. A, 1998, 41(6):
622-628.

RAVENEL D C. Complex Cobordism and Stable Homotopy Groups of Spheres [M]. Academic Press, Inc.,
Orlando, FL, 1986.

LIU Xiugui, ZHAO Hao. On a product in the classical Adams spectral sequence [J]. Proc. Amer. Math.
Soc., 2009, 137(7): 2489-2496.



