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Abstract In 2000, Shi and Feng gave the characteristic conditions for the generation of Clo-
semigroups on a Hilbert space. In this paper, we will extend them to the generation of a-times
resolvent operator families. Such characteristic conditions can be applied to show rank-1 per-
turbation theorem and relatively-bounded perturbation theorem for a-times resolvent operator
families.

Keywords a-times resolvent family; resolvent; rank-1 perturbation; relatively-bounded per-

turbation.

Document code A
MR(2010) Subject Classification 45L05
Chinese Library Classification 0175.4

1. Introduction

The Hille-Yosida theorem told us how to characterize an operator which is generator of some
strongly continuous semigroup. However, it is hard to use the Hille-Yosida theorem to check
whether an operator generates a Cy-semigroup. In fact, the difficulty is in finding the expression
of RF(\, A) and their estimates for all & > 2. Shi and Feng in 2000 gave a new necessary
and sufficient condition in terms of R(A, A) and R(A, A*) which makes sure that A generates a
Cy-semigroup on a Hilbert space. Such condition is easy to verify and convenient to use.

The notion of a-times resolvent families was introduced by Bajlecova [2] to study the Cauchy

problem of fractional order:

Diu(t) = Au(t).

It is known that the class of a-times resolvent operator families interpolates Cp-semigroups and
cosine functions. So it is also interesting to consider the characterization of the generators of
these families on Hilbert spaces.

Let us first recall the definitions of a-times resolvent operator families. Let A be a closed

densely defined linear operator on a Banach space X and « € (0, 2].
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Definition 1.1 A family S, (t) C B(X) is called an a-times resolvent operator family for A if
the following conditions are satisfied:

1) Su(t) is strongly continuous for t > 0 and S,(0) = I;

2) Sa(t)D(A) C D(A) and ASy(t)x = S, (t)Ax for v € D(A) and ¢ > 0;

3) Forz € D(A), So(t)x satisfies

¢
Sa(t)r =z + / Jo(t — $)Sa(s)Azds, t >0,
0

where g, (t) := F(a t>0.
If || S (t)|| < Mae¥4t where Mg > 1, wa > 0, we write as A € C*(Ma,w4) (or shortly A € C%).

Lemma 1.2 ([2]) Let 0 < o < 2. Then A € C*(Ma,w4) if and only if (w%,o0) C p(A) and
there is a strongly continuous operator-valued function S(t) satisfying ||S(t)||] < Mae“4t, t > 0,
and such that

AN TIR(AY, Az = / e MS(t)adt, X\ >wa, v€X.
0

In Section 2, we will give characteristic conditions for a-times resolvent operator families on
a Hilbert space, which extends the result for Cp-semigroups [1]. As an application, we will show

some perturbation theorems in Section 3.

2. Characteristic conditions of the generation

Theorem 2.1 Let A be a closed densely defined linear operator on a Hilbert space H and

« € [1,2]. Then the following statements are equivalent:
1) AeC%
2) There is a constant wa € R such that {\* : Re XA > wa} C p(4),
sup (w — wA)/ [(w+i7)*  R((w + i7)%, A)x|*dT < 400, V€ H, (1)
w>wA R
and
sup (w— wA)/ [(w—im)* ' R((w — i7)*, A")y|?dT < 400, Vy € H. (2)
w>wA R

In order to prove the theorem, we need the following lemmas.

Lemma 2.2 If (1) and (2) hold, then for every x € H, w > wy,
[A*"LR(AY, A)z|| — 0, when ReA > w and |A| — +oc.

Proof Without loss of generality, we assume that w4 > 0. Under the conditions (1) and (2),

we have
2

M
/ l(w +im)* T R((w +i7)*, A)z|Pdr < ——||z|]?, Yz € H, (3)
R W —wa

M2
/ (W — 1) R((w — i7)®, A%)y|2dr < —2
R w =

—lyl®, vy e 8, (@
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for some constants My, Ms > 0. By the Schwartz inequality and Cauchy inequality,

/ [[(w + ir)2a72R2((w +i7)%, A)x||dr

1

= sup / ((w+ iT)QO‘_zRQ((w +im)*, Az, y)pdr

yeH, |lyll=1Jm
T2
= sup / ((w+ ir)o‘flR((w +i7)*, Az, (w — iT)O‘flR((w —air)*, A" )y) gdr
yeH, [lyl|l=1Jm
T2 1/2
< sup (/ ||(w+ir)o‘71R((w—I—ir)o‘,A)a:HQdT) .
yeH,|lyll=1 *Jm
T2 1/2
([ 7w =im R - in), Ay |ar)
1
< My M, ||:E||7 VTl, 5 € R.
W —wAa

Therefore, the integral [ (w + i7)?* 2R?*((w + i7)*, A)zdr exists. Similarly,

/72 (w + 1) 2R((w + i7)*, A)z||dr

1

= sup /72 (w=+i7)*2R((w + i7)*, A)z,y) gdr

yeH, [lyl|l=1Jm
T2
= sup / ((w+ iT)O‘flR((w +im)Y Az, (w — ’L.T)ily)HdT
yeH, |lyll=1Jm

2 1/2
< s ([l it R+ ine Aapar)

yeH,|lyll=1 *Jm

([ M= imytylar) ™

1

M||z||  arctan 2 — faurctaun%)l/2 < My Ms

T (w—wa)l/? w T w—wa

||I||a VTla T2 ER,

where Mz = (arctan 2 — arctan Z)'/2. Thus the integral [, (w +i7)* 2R((w + i7)*, A)zdr is
also convergent. Since
(w+ i) 'R((w + i), A)x

= (w+1i10)* 'R((w + i10)*, A)x + i(a — 1) /T1 (w+iT)* 2R((w +i1)*, A)xdT—

70

ia/ (w+i7)?** 2 R*((w 4 i7)*, A)zdr,

70
the limit lim|;| oo (w + i7)* ' R((w 4 i7)*, A)x exists. Together with (3), we have
‘ l‘im (w+iT) R((w+i7)*, A)r =0, Vo € H, w> wa.
Moreover,

I(w +im)* T R((w + im), A)a

<l +im0)*  R((w +im0)*, Azl + ———=
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My
=],
W —wAa

< w +im0)* T R((w + im0)®, A)z | +

where My = aM1Ms + (o — 1) M1 M3. Letting 79 — oo gives

My

- Na—1 s\« < )
(@ +ir)* R + i), )] < =

Let wy; > wa. If w > max{ws, 7}, then w — oo if and only if |\] — oo,

M
AR, A)z|| < ———]lz| — 0, as |A| = oo.
w—wa
Otherwise if w; < w < |7, without loss of generality, we assume w is bounded, then |7| — oo if

and only if [\| — co. Since

(w+iT)* 'R((w +i7)%, Az — (w1 +i7)* ' R((wy +i7)%, Az
(w1 +i7)* — (w+i7)™

= (w4 in)* R(w + i) A

(w1 + iT)O‘flR((wl +im)Y, A)a+

w+IiT 4

_ - ya—1 -\«
P (wr +i7)* " R((wy +i7)%, A)x,

[(

the limit ”(%)a_l —1]| — 0 as || — oo implies

¢

It is easy to know that ||(w +i7)* I R((w + i7)®, A)]|| is bounded because of the boundedness of

wi1+i7)* = (w+iT)”
w. Moreover, ||%

YT o1 _q)(w 4 ir)  R((wy + i7)%, A)z]| — 0 as |7 — oc. (5)

wl+iT

| = alwi — w| as |7] — oo, we get

(w1 +i7)* — (w4 i7)®
(w+ir)e—1t

[(w+ir)* *R((w +iT)™, A) (w+iT)* ' R((wy +47)*, A)z|| — 0

as || — oc. (6)

By (5) and (6), we can obtain that [[A*"1R(A*, A)z|| — 0 as |A\] — oo following by |[|(w1 +

iT)* ' R((w1 +i7)%, A)z|| — 0 as || — co. From the above discussion, the desired is obtained. O

Lemma 2.3 Let A be a closed densely defined linear operator on a Hilbert space H. If
Ae CO‘(MA,(.«)A), then A* € CO‘(MA,(.«)A).

Proof We will show that S¥(¢) := (S(¢))* is the a-times resolvent operator family generated
by A*. If y € D(A*), then for T >t > s >0 and any = € H,

(25300 = S2()0)| =(5(0)2 — Sal)a,) = |(4 [ galt = 7)Su(r)adr.y)

([ gult = DSa(r)adr, 47| < Mrte = ) al 47,

where My is a constant depending on T'. This shows that ¢ — S7(¢)y is continuous. Since D(A*)
is dense [4], we show that S%(t)z is continuous for all x € H. Moreover ||S%(t)|| = ||Sa(t)]l, by

Lemma 1.2 we obtain that S (¢) is the a-times resolvent family generated by A*. O
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The Proof of Theorem 2.1 1)=—=2). For every w > wg,
+oo ) +oo )
(W + i) R((w + i7), A)z = / e~ @G, ()pdt = / I (LS, (1)) dt
0 0
= e—‘@’a\(t)x(ﬂ.

Since |9ty (t)]| < Maea=)t =S, (t)x € L*(R,), by using the Plancherel’s theorem [6],

we obtain

/ (W + 1) R((w + i7)*, A)z|2dr

+oo
/||e_“’tS )H2d7'*27r/ e 2| S, (t)x|| 2 dt
0
M2
<ol [ M2e-2e—wargr = TMa 0
0 —wA

This means that (1) holds. And (2) follows by Lemma 2.3.
2)=1). Fix w > wy4 and define the linear operator S,,(t) by

1 w100 wt +oo )
Su(t)xr = 5 MATIR(NY, A)zd) = 62— e (w +iT)* T R((w + i7)%, A)adr.
i T

w—100 —o00

Since

T2 .
/ e (w4 i) R((w + i), A)zdT
Ty
T a—1
== (w+ ir)o‘flR((w +47)%, A)xm -

T2 .
/ e (w +iT)* 2 R((w + i7)*, A)zdT+
T1

T2 .

% / " (w +iT)** 2 R*((w +iT)*, A)xdr,
T1

similarly to the proof of Lemma 2.2, we can obtain that the integral

ewt

— / e (w4 i) T R((w + i7), A)xdr
2 R

converges, and

ewt

— / e (w +iT)* T R((w +iT), A) IdT’
2 R

Mye
- 27Tt(w w )

This means that S, (t) is a linear bounded operator. Now we verify that S, () is an a-times
resolvent family generated by A.

1) We show that S, (¢) is independent of w. Choose wy > wy. Without loss of generality,
assume wq > w.

For every 8 > 0, let I'g := {w1 +i7, -3 < 7 < f}U{s+if,w < s <w}U{w+ir,—f <
7 <BU{s—if,w < s <wi} be oriented counterclockwise, and denote them by I'y, T'y, T's, T,
respectively. By Cauchy’s theorem,

/ MATIR(NY, A)xd) = 0.
Lp
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(/F —/F2—/F3+/F4)6MX"1R()\“,A)xd)\:0. (7)

w1
w

H/ e*ua*R(A“,A):chH - H/ e(Ser)t(s—i—z’ﬁ)o"lR((s—i—iﬁ)a,A)xdsH
T2

That is

By Lemma 2.2,

Sewlt/ H(S—l—iﬁ)a_lR((S—i-iﬁ)aaA)x”dS_>O’ as 3 — oo,

and similarly,
H/ eMx\o‘flR()\o‘,A)xd)\H — 0, as 8 — oo.
Iy

Letting 8 — oo in (7) yields
lim / —/ MATIR(AY, A)zd ) = 0.
B—o0 ( I T's ) ( )

Therefore " "
w-+100 wi1+100
/ eMATIR(NY, A)zd = / eMATIR(AY, A)zd),

W—100 w1 —100
that is to say S, (t) = Sy, (t). So we can denote S, (t) as S(t).
2) We show that S(t) is exponential bounded. We have
M. wt M. wat (w—wa)t
IS@) < inf 1€ T g S .
w>wa 27Tt(w — wA) 2T w>wa (w - wA)t

Let f(z) = % Then f'(z) = % Thus % gets its minimum at « = 1, so we have
M4eewAt _ MAe“’At.
2m

1S <

3) We show that S(¢) is strongly continuous. Let x € D(A). Then
1 w100

_ - Atya—1 [e% _
St)r —x 5wt | eMA T R(AY, A)axd) — x
1 [T MR(N, A)Ax 1 [fetioo it
=50 s fd)\—i— %/w_ioo T:Cd)\—x
_ L wHieo M RN, A)Ax N
211 w—ioo )\

Since

otico 1| At o AVA w+ico 1/2 wtico 1/2
/ ||e R()|\)\|, ) IHdAgewt(/ ||A06*1R(A0‘7A)Ax”2d)\) (/ |)\o¢|2dA) y

w—100 w—100

it follows from (1) and o > 1 that the integral |

wtico [ RO
w—100 |

M’A)Am” d\ is convergent. Hence, we

have by the Lebesgue’s dominated convergence theorem and Cauchy theorem that
w+ico At a w100 o
lim L/ eMR(A\*, A)Ax I\ — L/ R(\*, A)Ax

= d\ = 0.
A 271 A A=0

t—0+ 278 o0 o ico

The strong continuity follows from the fact that D(A) is dense and S(¢) is bounded near zero by
2).
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4) For every x € H, w1 > w > wa,

+oo +o00 1 w100
[ eesuar= [ e [T e i moe, daands
0 0

T Jw—ico

1 w4100 “+o0
/ / PO PN RN, A)zd\
0

" 2mi

w100 ya—1 o
1 NTLRO®, A
2711 w1 — A

w—100

w—100

=W T R(W, A)z.

From all the verifications above and by Lemma 1.2, we obtain A € C*. O

3. Perturbations of generators of a-times resolvent families

In this section, we will use the characteristic conditions given in the previous section to study

the perturbations of a-times resolvent families. First we consider rank-1 perturbation.

Definition 3.1 Let A be a closed densely defined linear operator on a Banach space X, given
a € X,b* € X*. We call the operator B a rank-1 perturbation of A, if

Bz = b*(Agx)a, where z € D(A), 8> 0, Ag = (0 — AP, 0 > us.
We denote this operator B by ab*Ag.

Theorem 3.2 Let A be a closed densely defined linear operator on a Hilbert space H and
€ [1,2]. If A € C® and A satisfies ||R(c + is, A)|| = O(|s|?) as |s| — oo for 3 > 0, B is a
rank-1 perturbation operator, then
1) There exists anr > 0, such that {Rep > o,|u| > r} C p(A+ B) and |R(oc +is, A+ B)| =
O(|s| ") as |s] — oo;
2) A+ BeC“.

Proof 1) The proof is similar to Proposition 4.2(1) in [3], so we omit it.
2) By Lemma 1.1 in [3], we obtain that if A* € p(A) and b*AgR(A*, A)a # 1, then A* €
p(A+ ab*Ag) and
b*AgR(A\*, A)x
1-b*AgR(A>, A)a

R\, A+ ab*Ag)r = R(A\*, A)x + R(\*, A)a.

et b* AsR(A, A)
ay _ B )
Q) = T A R0, A

R(A\%, A)a.

From the proof of Proposition 4.2(1) in [3], we have that if |A\*| is sufficiently large, then \* €
p(A+ B) and
MR A+ B) = X IR\, A) + X2 1Q(\%),

where [[A*71Q(AY)|| < ||\ R(\, A)al|. Thus
IXTTROY, A+ B)I| < (1+ cllal)[X*TTROA, A)].
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Since A € C* for x € H and w > w4, by the proof of Theorem 2.1 (1)= 2))

M2
[ inr R +im, Ayslar < A
R W —wa
If w is sufficiently large,
too 201 al12 012
/R QU < [ i)t R + im)", Aas|dr < %Hxn?

Then 9o
7T(1 + C”a”) MA H:E”Z

/ [[(w + ir)o‘flR((w +im)* A+ B)x||2d7' <
R —wA

Similarly, we have

7T(1 + C”a”)zMi H:E”Z

/ |(w—im)* ' R((w — i1)*, A* + B*)z||?dr <
R —wA

Then by Theorem 2.1, we have A+ B € C*. O

Next we consider relatively-bounded perturbation.

Theorem 3.3 Let A be a closed densely defined linear operator on a Hilbert space H and
a€[l,2]. (A,D(A)) € C*(Ma,wa) and (B, D(B)) is a closed operator on H such that D(B) D
D(A). Assume that there exists a constant M € [0,1) such that

IBR(A, A)x|| < M| and [[R(A, A)By|| < M||y]|
for {\ € C;ReA > w5} and Vx € H, Vy € D(B), then (A+ B,D(A)) € C°.
Proof For Vz € D(A), when w > w4, by the proof of Theorem 2.1 1)=> 2), we have
M2
[+ iR+ in)%, alPdr < A o],
R W —wAa

By the proof of Lemma 5.1 in [8], we have that (A+ B, D(A)) is a closed densely defined operator

and

(w+iT)* 'R((w +i7)*, A+ B)x = (1 — R((w +i7)*, A)B) Y (w +iT)* ' R((w +iT)*, A)x.

Therefore,
[+ iy R+ im)*, 4+ Byalar
N /]R 11 = R((w +i7)*, A)B) " (w + i) R((w +i7)*, A)z||*dr
< s [ e+ i R+ i), AP
2
e T
Similarly,

ﬂ'Mf‘
01— M) (w—wa)

/ (W — 1) R((w — i7)®, A* + B*)z|2dr < /2.
R

Thus by Theorem 2.1, we have ((4 + B, D(A)) € C*. O
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