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Abstract A gap theorem on complete noncompact n-dimensional locally conformally flat Rie-
mannian manifold with nonnegative and bounded Ricci curvature is proved. If there holds the
following condition:

/ sk(zo, s)ds = o(log )
Jo

then the manifold is flat.
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1. Introduction

Let M be an n-dimensional complete noncompact Riemannian manifold with nonnegative
Ricci curvature. Mok, Siu and Yau [7] proved that if a complete noncompact Kéhler-Stein
manifold of nonnegative and bounded holomorphic bisectional curvature of complex dimension
n > 2 has maximal volume growth and the scalar curvature decays faster than quadratic, in
the sense that, for some C > 0 and ¢ > 0, R(z) < Cd(zg, x)~?+), then M is isometrically
biholomorphic to C™. This can be interpreted as a gap phenomenon of the bisectional curvature
on Kéhler manifolds (A more general theorem in Riemannian category was proved by Greene
and Wu in [10]).

Later the similar result was extended to the Riemannian manifold with maximal volume
growth and nonnegative Ricci curvature by Bando, Kasue and Nakajima in [11]. Recently, Chen
and Zhu obtained the gap theorem on the locally conformally flat manifolds [2]. They showed
that:

Let M be an n-dimensional (n > 3) complete noncompact locally conformally flat Riemannian
manifolds with nonnegative Ricci curvature. If the scalar curvature is bounded and there exists

Received March 26, 2009; Accepted July 3, 2009

Supported by the National Natural Science Foundation of China (Grant No.70631003), the Natural Science
Foundation of Anhui Education Department (Grant No. KJ2011A061), the Natural Science Foundation of Anhui
Science and Technology Department (Grant No.1104606MO01) and the Doctor of Philosophy Foundation of Anhui
University of Architecture (Grant No. 2007-6-3).

E-mail address: chengbingzhao@163.com



430 C. B. ZHAO

a positive function € : R — R with lim, . e(r) = 0 such that

m‘/ﬂ%w) R(z)dv < %Z), for zo € M, r >0, (1)
then M is flat.

Later in [3], they used the theory of the Ricci flow to obtain the analogous gap theorem on
Kahler manifold as follows.

Suppose M is a complete noncompact Kéahler manifold of complex dimension n > 2 with
bounded and nonnegative holomorphic bisectional curvature, and the condition (1) is satisfied,
then M is flat.

In [9], Ni and Tam changed condition (1) into the following condition (x)
/ sk(zg, s)ds = o(log r) *)
0

where k(zg,s) = m fB(mO 5 R(z)dv. They got the same result on Kéhler manifold.
Stimulated by Ni and Tam’s result, we consider condition (*) on the locally conformally flat
Riemannian manifold, and also get the analogous gap theorem.

Theorem Let M be an n-dimensional (n > 3) complete noncompact locally conformally flat
manifolds with nonnegative Ricci curvature. If the scalar curvature is bounded and satisfies
condition (x), then M is flat.

We remark that the condition (1) is stronger than condition (x), because from (x), we can
only know the average curvature decay in infinity. In fact, if the scalar curvature satisfies the
condition (1), then
Jo 2tds

= lim 42— = 1i =0.
T—00 log r s log r o e(r)

2. Yamabe flow and estimate for its solution

Suppose g;; and R;; are the metric tensor and the Ricci tensor on M, respectively. The
Yamabe flow is the following evolution equation for the metric:

{ 99ij _ —R(x, t)gij(z, t), x€ M, t>0;

ot

gij(x, 0) = gij (), x € M. (2.1)

Write g;;(x, t) = (u(z, t))ﬁgij (x) for some positive function u(z, t). Then (2.1) can be written

in the equivalent form:

% =(n— 1)N[Au(m, 1) - 22 R(z)u(x, t)};
u(z,t) >0, x€ M, t>0; (2:2)

u(z,0)=1, =z € M,

where N = Z—'_*S, A is the Laplace operator with respect to the initial metric g;;(x).
We know from [2] that the Yamabe flow (2.1) has a smooth solution, namely,

Proposition 2.1 Let M be an n-dimensional (n > 3) complete noncompact Riemannian man-
ifolds with nonnegative Ricci curvature. If the scalar curvature is bounded, then the Yamabe
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flow (2.1) has a smooth solution on a maximal time interval [0, tmax) With tymax > 0 such that
either tyax = 400, or the evolving metric contracts to a point at a finite time ty,,x in the sense
that for any curve v on M, the length of v with respect to the evolving metric g;;(x, t) tends to
zero as t — tmax-

Now we want to drive some estimate for the solution of the Yamabe flow (2.2). From above
proposition we have a smooth solution g;;(x, t) of (2.1) on a maximal time interval [0, tmax)-
Write the solution as g;;(z, t) = (u(z, t))ﬁgij(:v), where u(z, t) is a positive solution of (2.2)
on [0, tmax)-

Lemma 2.1 Forr — 400, t > 0, we have
—/ logu(z, t)dv < C[1 — (logw)min(t)] tr—2vol(B(zq, 1)), (2.3)
B(zo,T)

where (10g ) min(t) is the infimum of logu(z, t) for x € M, € > 0 and C is some positive constant
depending only on n.

Proof Since the Ricci curvature of the initial metric g;;(x) is nonnegative, we know that there
exists a constant C' > 0 depending only on the dimension such that for any fixed point xg € M
and 7 > 0 there exists a smooth function ¢(z) € C*°(M) such that

exp [—C(l + M)} < p(z) <exp|—(1+ M)} |
| Veo(a) |< So(a), -
| Ap(z) 1< Gol@).

Suppose u(z, t) is solution of (2.2). Since % < 0 and u(z,0) = 1, we have u < 1, and

0

— | ouNdv = / @ {(n —1)NAu — n—_2Ru} dv

=(n—-1)N /M Apudv — nT—2 /M Ryudv. (2.5)

So by integrating (2.5) from 0 to ¢, we obtain:

t t
/ o(1 —uM)dv < %/ dt/ wpdv C/ dt/ Roudw. (2.6)
M ™ Jo M 0 M

From (%) we know

1 1
lim k(zg,r) < O(T—2) < Ct(r—2/ <pdv—|—/ Repdv),
T—00 M M

/Rgodvg/ Re_(1+d(z;10))dv
M M

= lim R(QU)@_(HM)dU—i- lim R(:C)e—(1+@)dv

"= JB(zo,r) "= J M\ B(zo, )

< lim R(x)dv < lim o(r~?)(vol(B(zo, 7))).

~ r—oo B(zo,7) r—00
Thus we get
Redv < lim o(r~2)vol(B(zq, r)). (2.7)

—
M T o0
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Similarly, we have

/ edv < lim Cvol(B(xg, r)). (2.8)
M rT—00
Substituting (2.7) and (2.8) into (2.6), we deduce
/ o(1 —uMN)dv < lim Ct(iz)vol(B(:vo, r)) (2.9)
M T—00 T

for some positive constant C' depending only on n.
On the other hand, since u <1 and 1 —e® > —% for —1 < x <0, we get

/M p(1 —u)do > / @(1 —u)dv

M

= / (1 — €8 dv —|—/ o(1 — e8*)do
{logu>—1} {logu<—1}

1 1
> ——/ cplogudv—i——/ pdo.
2 {logu>-1} 2 {logu<—1}

Noting that the last two terms are positive, we deduce

—/ cplogudv§2/ o1 —u™)dv
{logu>—-1} M

and
—/ plogudv < —(logu)min(t)/ edv
{logu<—1} {logu<—1}
< —2(10gu)min(t)/ (1 —u™N)dv.
M
So
—/ plogudv < 2(1 — (1ogu)min(t))/ (1 —uV)dv. (2.10)
M M
By (2.4), we get
—/ ¢logudv > —/ log u e~ CO+ ) gy > —e‘%(’”/ log udv. (2.11)
M M B(zo, )

Combining (2.9) and (2.10) with (2.11), we obtain the estimate (2.3). O

Lemma 2.2 There exists a positive constant C' such that

" 1
1 t) > — k ds— ——— 1 d 2.12
ogu(a:, ) = O|:/0 S (.I(),S) S VOI(B(JIQ, T)) /B(x[),r) og u ’U:| ( )

forVt >0 and Vr > 1.

Proof Since in general M must not be nonparabolic, we use a trick of Shi in [6] by considering
a new manifold M = M x R3, where R3 is equipped with the flat Euclidean metric and M is
equipped with the product metric. Let © € M, & € M. Denote by R(z) and R(Z) the scalar

curvature of M at z, and the scalar curvature of M at &, respectively. Obviously R(z) = R(x)
for Vo € M, ¥ = (x,y) € M,Vy € R3. Thus we define a(%, t) = u(x, t) for Vi € M, YVt > 0,
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then @ is a solution of the following evolution equation.

P = (n—1)N[Ai— 225 R(@)i), & € M, Yt > 0;
(£, t) >0, &€ M,Vt>0;

(%,0)=1, € M,

2

=gl

where A is the Laplacian operator of M.
As we know, M still has nonnegative Ricci curvature and bounded scalar curvature, moreover

r r ~
B (o, 5) x Bgs(yo, 5) C B(Zo, 1) C Bum(zo, 1) X Brs(yo, 1) (2.13)
where Zg = (2o, yo), To € M, yo € R3. So from (2.13) and the volume comparison theorem, we

get ~

1[B(x
o ("2yr < YUB@0, 1)l T2yivs o <oy (2.14)
1 VOl[B(ifo, Tl)] 1
Then

T T s
skfo,stZ/ 7~/ R(Z)dvds
/0 ( ) 0 VOI(B(IOa S)) B(20,s) ( )

S

<[ o 5 ),
o (3)?vol(Bai(20,3)) JBas(wo,s)x Bpa (o.5)

s s T
§C/ —/ RxdvdsSC/ sk(xo, s)ds.
0 VOI(BM(:EOvS)) B (zo,s) ( ) 0 ( )

Thus from (x), we have [ sk(do,s)ds = o(log r). Since R(Z) = R(z), we only prove that

R(#)dods

R(Z) = 0. So we can discuss the problem on M. For convenience, we drop off the symbol " in
the following.
From the fact that g;;(z, t) = (u(z, t))ﬁgij (x), we can compute directly:

4(n—1)
n—2
From Li-Yau-Hamilton inequality on locally conformally flat manifolds [12], we obtain

OR n R >0, O(R(z, t)t)
ot t ot
Thus R(x, t)t is nondecreasing in time. Since R(x, 0) = R(z) is bounded, R(z, t)t > 0, for t > 0.
Thus R(z, t) > 0.
From (2.15), we have

T R(z, t) = R(z) — Alogu. (2.15)

> 0.

n—2
4(n—1)

Since the Ricci curvature of M is nonnegative and (2.14) holds, we know from [6] that there

Alogu(z, t) < R(x), z€ M, t>0. (2.16)

exists a positive Green function G(zg, x) satisfying

d*(zo, ) I d?(zo, )
Cvol[B(xo, d(zo, 2))] iG( 0 %) < C B o, dwo, ) (2.17)
| VG(ao, ) | < O—— 2202 2

vol[B(xg, d(zo, x))]
For Va > 0, we define Q, = {z € M | G(xo, ) > a}.
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From (2.14) and (2.17), we have
1 C
<G <
C (o, D) ol Blag 1] = ¢ @) = g o B wor 1]
for d(wg, ) > 1. Thus Q, is compact subset of M, and 99, = {z € M | G(z¢, z) = a}.
Moreover we assume that « satisfies a > 0, then there exists a number d(a) > 1 such that
d*(a)
vol[B(zg, d(a))]
Thus combining (2.17) and (2.18), we have: for Vo € 08,
d?(a) < C d*(zo, ) d*(a) < C'vol[B(zg, d(a))]
vol[B(zo, d(e))] ~ vol[B(zo, d(zo, x))]"  d*(zo, x) ~ vol[B(zo, d(xo, x))]
which together with (2.14) implies d(z¢, ) < Cd(«), Yz € 09,. Thus

Qu C Bl(zo, Cd(a)). (2.19)

=a. (2.18)

By the Green formula, it follows

log u(xg, t) = /

(@ = G(xo, 2)) A log u(z, t)dv —/ logu%da7
Qo

I 87‘

where 7 denotes the outer unit normal vectors of 9€),, do denotes the volume element of 0€2,,.
From (2.16), we get

n—2 oG
1 t) > -G R(z)dv — 1 —d
og u(xo, )—/Qfo‘ (@0, 2)) gy Rl /ma ogu 0 do
> —C/ G(xo, z)R(z)dv —|—/ logu | VG(xg, x) | do. (2.20)
Qa 0

Now we estimate the last two terms respectively. Since Ricci curvature is nonnegative, from
Ni-Shi-Tam’s result [9], we know that

/ G(zo,x)R(x)dv < C/ sk(zg, s)ds.
B(zo,r) 0
Thus from (*) and (2.19), we obtain that

/ G(zo,z)R(x)dv
Q.

INA
S

G(zg,z)R(x)dv
B(z0,Cd(a))
Cd(a)
sk(zg, s)ds. (2.21)

IN
S—

By (2.17), we have
Cd(a)
logu VG$,$dUZ—/ logu(z, t)do.
L s 1V, a1 > s [ osute. 0
By integrating two sides from « to 2, we get
2 2a
Cd(a)
logu | VG(xg, z) | dodf > / / log udo dg. 2.22
[, e 1 V62| Vol Bwo, d@) Jo oo, 322
We know from the definition of d(«) that for a < § < 2«
Po) @B 2d()
vol(B(xg, d(a))) ~ vol(B(zg, d(8))) — vol(B(zq, d(c)))’
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vol(B(zo, d(8))) _ d*(5) _ 2vol(B(zy, d(5))
vol(B(zo, d(a))) = @(a) = vol(B(zo, d()))

which together with (2.14) implies

<

Cld(a) < d(B) < Cd(a), a << 2a.
Since d = %dr, from (2.14) and (2.17), we have

oG 0G(zo, )
— = ——" 7 <
87?dodr | FE: | do | dr |<| VG(zo, z) | dv

Cd(B) do < Cd(a)
~ vol(B(zo, d(B))) ~ vol(B(zo, d(a)))
Thus from (2.18), (2.19) and (2.22), we have

dodf =

dv.

2a d(a) )
/a /ang logu | VG(xo, ) | dodf > C(Vol(B(xO, d(a)))) /QQ\QM log udv
«
2 Cm ‘/Qa logu(:zc, t)d’U
«
= CSalB . Cdla) /B(zo,Cd(oz)) tog (. 1)dv (2:23)

By integrating (2.20) from « to 2«a, and combining (2.21) and (2.23), we have

> - .
log u(xo, t) > C[VOI(B(xO, Caa)) /B(I070d(a)) log u(z, t)dv /0 sk(xo, s)ds}

Let r = Cd(a). We get the desired estimate (2.12). O

3. Proof of Theorem

From Lemmas 2.1 and 2.2, we get the lower bound estimate for the solution of (2.2):

" 1
1 - (t) > lim — k ds — ——— 1 d
(g 1>t =C [ [ sbton )0s = oo [ o]

> lim —-C [ /OT sk(wg, s)ds + t(r~2)(1 — (logu)min(t))]

r——400

From Proposition 2.1, we know the solution u(z, t) of (2.2) exists for all times and satisfies

(log u)min(t) > hrf —C [o(logr) + t(r™?)(1 — (Iog u)min(t))]
for all ¢ > 0, where C' is positive constant depending only on n.
Now let ¢ = r. According to condition (x), we have
1 min(?
i Jog Wmin(t) _ (3.1)
t— +oo logt
By (2.1) and g;;(=, t) = (u(z, t))ﬁgij(x), we have

dgij(x, t) 4 %718u -
00— (e, )7 gy ),

_R(‘Tv t)gij(‘rv t) = n
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_a_ dlogu
—R(,T, t)gij(xv t) = n— 2(u($7 t)) gij(l') ot
0 n—2
E logu(xv t) - 4 R(.I, t)a
¢ 4 4
/0 R(z, 7)dT = . logu(z, t) < - 2(log W min (t)-

Since R(z, t)t is nondecreasing in time, we have

R(x, 7) > R(x, \/Z)\/Zl, for 7 > V/t.
T
Thus

t t
/ R(x, T)dr 2/ R(x, 7)dr > 1R(gc, Vit)Vtlogt.
0 Vit 2

So we have

%R(:z:, ﬁ)ﬁlogt < - f 5 (log t)min(t)

which together with (3.1) implies lim; . o R(z, Vt)vt = 0. Thus R(z, vt)vt = 0, namely,
R(x,t) =0, for Vo € M, t > 0. Therefore the manifold M with the initial metric must be flat.
O
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