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Abstract This paper addresses the problem of robust stability for a class of discrete-time
neural networks with time-varying delay and parameter uncertainties. By constructing a new
augmented Lyapunov-Krasovskii function, some new improved stability criteria are obtained in
forms of linear matrix inequality (LMI) technique. Compared with some recent results in the
literature, the conservatism of these new criteria is reduced notably. Two numerical examples
are provided to demonstrate the less conservatism and effectiveness of the proposed results.
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1. Introduction

Over the past few decades, recurrent neural networks (RNNs) have attracted considerable
attention due to their successful applications in various areas including optimization solvers,
model identification, signal processing, and other engineering areas. As is well known that any
useful neural network must be a stable one. However, because of the existence of time delays,
stochastic disturbances, parameter uncertainties and so on, the convergence of a neural network
may often be destroyed. This makes the design or performance for the corresponding closed-
loop systems become difficult. Therefore, stability analysis of delayed uncertain neural network
has received much attention. Up to now, various stability conditions have been obtained, and
many excellent papers and monographs have been available [1-9]. Generally speaking, these

so-far obtained stability results for delayed RNNs can be mainly classified into two types: that
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is, delay-independent and delay-dependent. Since the information of time delays is sufficiently
considered, delay-dependent criteria may be less conservative than delay-independent ones when
the size of time delay is small. For delay-dependent type, the size of the allowable upper bound of
delay is always regarded as an important criterion to discriminate the quality between different
criteria. Recently, free-weighting matrices method is extensively used to research the delay-
dependent stability problems for RNNs with time-varying delay and parameters uncertainties
[10-16]. By introducing free-weighting matrices, the conservatism of a criterion usually may be
reduced effectively.

It should be pointed out that, most of these previous results have been assumed to be in con-
tinuous time, but seldom in discrete time. In practice, when implementing and applying neural
networks, discrete-time neural networks play a more important role than their continuous-time
counter-parts in today’s digital world, such as numerical computation, and computer simula-
tion. And they can ideally keep the dynamic characteristics, functional similarity, and even the
physical or biological reality of the continuous-time networks under mild restriction. Thus, the
stability analysis problems for discrete-time neural networks have received more and more inter-
est, and some stability criteria have been proposed in the literature [10,17-27]. In [26], Liu et
al., researched a class of discrete-time RNNs with time-varying delay, and established a delay-
dependent exponential stability criterion. The result obtained in [26] has been improved by Song
and Wang in [20]. The results obtained in [20] were further improved in [21] by considering some
useful terms. Recently, some new improved criteria are derived in [22,23,27], respectively.

In this paper, some new improved delay-dependent stability criteria are obtained via con-
structing a new augmented Lyapunov-Krasovskii function. These new conditions are less con-
servative than those obtained in [10,20-23,26,27]. Two numerical examples are provided to
illuminate the improvement of the proposed criteria.

Notation: The following notations are used in our paper unless otherwise specified. || - ||
denotes a vector or a matrix norm; R, R" are real and n-dimensional real number sets, respec-
tively; N is positive integer set. I is identity matrix; * represents the elements below the
main diagonal of a symmetric block matrix; Real matrix P > 0(< 0) denotes P is a positive-
definite (negative-definite) matrix; Na,b] = {a,a+1,...,b}; Amin(Amax) denotes the minimum

(maximum) eigenvalue of a real matrix.

2. Preliminaries

Consider a delayed discrete-time RNNs X as follows

Soylk+1) = CR)y(k) + Ak)f(y(k)) + B(R)g(y(k — 7(k))) + J, (1)

where y(k) = [y1(k), y2(k), . .., yn(k)]T € R™ denotes the neural state vector; f(y(k)) = [f, (y1(k)),
Fola(0))s - T RDIT Gy — 7)) = (7, (2 (6 — 7(K))), Talyalk = 7(R))), - » Tl —
7(k)))]T are the neuron activation functions; J = [Ji,Ja,...,J,]T is the external input vec-
tor; Positive integer 7(k) represents the transmission delay satisfying 0 < 7, < 7(k) < 7,

where 7,,, Tpr are known positive integers representing the lower and upper bounds of the delay.



Augmented Lyapunov approach to exponential stability of discrete-time neural networks 481

C(k) = C+ AC(k), A(k) = A+ AA(k), B(k) = B+ AB(k); C = diag(c1,ca,...,c,) with
lei] < 1 describes the rate with which the ith neuron will reset its potential to the resting state
in isolation when disconnected from the networks and external inputs; C, A, B € R"*" represent
the weighting matrices; AC(k), AA(k), AB(k) denote the time-varying structured uncertainties
which are of the form: [AC(k) AA(k) AB(k)] = KF(k)[E. E, Eb|, where K, E., E,, Ep are
known real constant matrices of appropriate dimensions; F'(k) is unknown time-varying matrix
function satisfying FT(k)F (k) <1I,Vke€ N*.

The nominal ¥y of ¥ can be defined as
S0 y(k +1) = Cy(k) + Af(y(k)) + Ba(y(k — 7(k))) + J. (2)
For further discussion, we first introduce the following assumption and lemmas.

Assumption 1 For any z,y € R, © # vy,

- < 71(33)—71(9) Slj, o7 < 9:() —9;(y) SU;_,

i€ NT, (3)
r—y r—y

where I;, I, 07, o) are known constant scalars. As pointed out in [17] that, under Assumption

1, system (2) has equilibrium point. Assume y* = [y},%5,...,9:]" is an equilibrium point
of (2), and set zi(k) = yi(k) — i, filwi(k)) = Filwi(k) + i) = Fi(y)), gi(wi(k — 7(k))) =
Gi(zi(k —7(k)) + yf) — g;(y}). Then, system (2) can be transformed into the following form:

(
2(k+1) = Cx(k) + Af (k) + Bg(z(k — 7(k))), ke NT, (4)
)

)=
where 2(k) = [21(k), z2(k), ..., za ()], f(2(k)) = [f1(z1(k)), fa(z2(R)), - .., fulzn (R)]T, gz (k-
7(K))) = [g1 (21 (k — 7(K))), 2( 2(k = 7(K))), .., gn(@n(k — 7(k)))]". By Assumption 1, for any
z,y € R, x # y, functions f;(-), g:(-) satisfy

< O =AW - 9@ Z9W) e g0y =0, i e N

rT—yY rT—y
Definition 1 The delayed discrete-time recurrent neural network in (4) is said to be globally

exponentially stable if there exist two positive scalars o > 0 and 0 < 3 < 1 such that

le(k)]| < -8 sup lz(s)], ¥k =>0.
SGN[fT]\/j,O]

Lemma 1 (Tchebychev Inequality [28]) For any given vectors v; € R", i € NT, the following
inequality holds:
[Zvi}T[Zvi} < nZviTvi.
i=1 i=1 i=1
Lemma 2 ([29]) For given matrices Q = QT, H, E and R = RT > 0 of appropriate dimensions,
then
Q+HFE+FETFTHT <0,

for all F satisfying FTF < R, if and only if there exists an € > 0, such that

Q+e 'HHY + cETRE <.
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Lemma 3 ([30]) Given constant symmetric matrices %1, Xa, X3, where £ = X1 and 0 < ¥p =
Y3, then ¥y + X35 '%3 < 0 if and only if

¥ X7
Y3 =3

X2 X3

<0 or
DI

Lemma 4 ([10]) Let N and E be real constant matrices of appropriate dimensions, and matrix
F(k) satisfy FT(k)F(k) < I. Then, for any e >0, EF (k)N + N*FY(k)ET < ¢ 'EET +eNTN.

3. Main results

Theorem 1 For any given positive integers 0 < 7, < Tps, then, under Assumption 1, system
(4) is globally exponentially stable for any time-varying delay (k) satisfying 7, < 7(k) < 7,
if there exist positive matrices Q, R, H, P, positive diagonal matrices D1, Ds, Z1, Zo, arbitrary
matrices My, My, Ny, No, F1, F» of appropriate dimensions, such that the following LMI holds:

Hi1 H12 213 B4 E15 Z16 217 218 19 21,10

* 522 0 0 =925 0 0 0 529 52710

1
1

* * 533 534 Eg5 =36 —=37 0 0 0
* * * 544 E45 546 547 0 0 0

¥ k% x  *x Hpp Opp 257 o568 D59 25,10

[1]

<0, ()
x * *x * *x Zgg 0 0 0 O

x % k% k% *k % Hgg 0

Xk ok %k k% %k D010

Qi Q12 Q3
where () = * Q22 Q23 |,
* * Q33

B =Qu2+Qly + Qs+ Qls + Qas + Qo3 + Qa2 + Qa3 — DLy + Ny + N + Fi + F' +
My(C—=T)+(C—-D"MF + A+ (s — 7)) DR+ H+P+ (14 70)Z2 + (14 7)) Z1,

Eip =N + Ff —Fy — Ny, Ei13 = —Q12 — Qa2 — Q3, Z14 = —Q13 — Qa3 — Q33,
E15 =Qu1 + Q2 + Qly + Q13 + Qs + Qa3 + Qo + Qaz + Q33 — My + (C — I)" My + N[,
E16 =Q22 + Qa3, Z17 = Q23 + Q33, Z1s = M1A + D1L2, =19 = M B,

E110 =Ng + Ff —Fy — N1,Z92 = =Ny — F> + (=No — F5)" — (13 — 7n) "' R — D114,
Zos5 = — N{', a9 = Dolly, g 19 = —NJ — Fyf — Fy — No, B33 = Qo0 — H,Z34 = —Qa3,
B35 = — Qly — Qa3 — Q22,36 = —Q22,E37 = —Q23,544 = Q33 — P,
Eus = — Qs — Qa3 — Q33,46 = —Q33, Bar = —Qss,
E55 =Q12 + Qs + Q13 + Qs + Qa3 + Q33 + Q11 + Qa2 + Qa3 — My — Mo,
Es6 =Q12 + Q22 + Qa3 Z57 = Q3 + Q23 + Qs3, Zss = MaA, 59 = MyB, E519 = — Ny,
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= — Zl = o Z2 e D
—66 — 1+Tm7‘—‘77_ 1+TM,»_488— 1,
Bg9 = — Da, E1010 = =Ny — Ny — F) — B,
I+l U+
Ly =diag(If 17 ..., l}1;), Ly = diag(- ; Lo ; ),
+ —
I, =diag(oy oy ,...,0,0,), a=diag( 91 '12'01 7 ’O'n—;on)

Proof. Constructing a new augmented Lyapunov-Krasovskii function candidate as follows:

V(k) = Vi(k) + Va(k) + Va(k) + Va(k) + Vs(k),

k k
k) = KT 0QE(R), X7k = ["(k), Y <T@, Y @),
i=k—Tm i=k—Tn
Va(k) = > aT()Ha(i)+ Y 2T(i)Px(i),
i=k—Tm i=k—7n
kz Z:z: 1) Z12(i) kz Zaz 1) Zox (1)
1m k—1 1 k—Tm
Vi(k) = ——— Z 2t (i) Ra(i), Vs(k) = ——— Z 233
™ Tm i=k—7(k) ™ ij k+1—7pr =7

Set X (k) = [ (k), 2™ (k=7 (k) & (k=7m), & (k=7ar), 0™ (8), i, @7 (0 D i, 27 (0),
T (x(k), g% (x(k — 7(k)))], n(k) = z(k + 1) — z(k). Define AV (k) = V(k + 1) — V(k). Then
along the solution of system (4), we have
AVi(k) =XT(k + DX (k +1) - XT(k)QX ()
=27 (B)[Q12 + Qly + Qus + Qs + Q23 + Q3 + Qa2 + Qual(k) -

207 (k) [Q12 + Q22 + Q33)]x(k — 7)) — 227 (k) [Q13 + Q23 + Qs3)]z(k — Tar)+
227 (k)[Q11 + Q12 + Qs + Q3 + Q13 + Qa3 + Q33 + Q22 + Qas]n(k)+
k k
227 (k)[Q22 + Q3] Z x(i) + 227 (k)[Q23 + Qs3] Z z(i)+
i=k—Tm i=k—Tn

2T (k — 7)) Qaox(k — 7)) — 22" (k — 70 Qaaz(k — Tar)—

k
20T (k — 7m)[Q12 + Q23 + Qaz]n(k) — 22" (k — 7.,) Q22 Z x(

i1=k—Tm
k
20T (k — 7p) Q23 Z x( (k= 7ar)Q33x(k — Tar)—
1= k*T]\/[
k
22" (k — 7a) Qa3 Z (i) = 22" (k — 7ar)[Q13 + Qa3 + Qaaln(k)+

k k
20T (k)[Q13 + Q23 + Qs3] Z z(i) — 22" (k — Tar) Q33 Z x(

i=k—1n i=k—1n
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Nt (k)[Q12 + QL + Qs + QT + Qaz + Qo + Q11 + Q2o + Qa3]n(k)+

k

20" (k)[Qu2 + Qa2 + Q3] > (i), (6)

i=k—Tm
AVy(k) = 2 (k)(H + P)a(k) — 2" (k — 7n)Ha(k — 7)) — 2¥ (k — 7ag) P(k — mar). (7)

From Lemma 1, we have

k41 ko k-1
AVs(k)= Zx i) Zx(i) — > 2T (i) Zy2(i)+
Jj=k+1—7p, 1=J Jj=k—Tm i=jJ
k+1 ko k-1
Z Zx i) Zax(i) Z xv (1) Zox (i)
j=k+1—7p t=3 j=k—1m =]
ko k-1
Z Z ZEOEEDY 2T (i) Zy2(i)+
j=k—Tm i=j+1 J=k—Tm i=j
ko k-1
Z Z i) Zax(i) Z 2V (i) Zox (i)
j=k—7n i=j+1 j=k—1r i=]
1 k T k
<(1+ 7m)a™ (] Zi(k) - 1 [ ] A Y 2]+
T Tm j=k—Tm j=k—Tm

1 b T J
(1 + 7a0)2" (k) Zoa (k) | > )] 2|

B 1+7m

j=k—Tm j=k—Tm
AV (k) == [o" ()R (k) — & (k = 7(k)) Reo(k — (k)
k—Tm k—1 k—1
Y @R+ Y aT(ORa(i) -~ Y xT(i)Rx(i)}
i=k+1—7(k+1) i=k+1—7p, i=k+1—7(k)
gTM — [T (k)Rx(k) — 2T (k — 7(k))Ra(k — 7(k))]+
k—Tm
L[ Y o), o)
M= Im s T
k—Tm
AV (k) =2 (k)R (k) — — iT 3 xT(i)Rx(i)] (10)
M =kt 1Ty

For any matrices My, My of appropriate dimensions, we have
20T (B)ML[(C — D)a(k) + Af(a(K)) + Bg(w(k — 7(K))) — 1) = 0, (1)
20" (k) Ma[(C = D (k) + Af (2(k)) + Byg(a(k — 7(k))) — n(k)] = 0. (12)
Since z (k) — Ef kl +ky M) —x(k—7(k)) = 0, for arbitrary matrices N1, Na, F1, F» of appropriate

dimensions, we can obtain that

Xo, (13)
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where X (k) = [n" (k) + 2 (k), 15,1 ()+IT(k— T(k)), X3 = " (k) + 27T (k), 2T (k) -
Sy () — (k= 7(k)], Xy = 2T (R), i sy (@) + 2 (k= T(k))].
From Assumption 1, for any positive diagonal matrices Dy, D5 of appropriate dimensions,

we have

22" (k) Dy Lo f (x(k)) — 2" (k) Dy Ly (k) — f (x(k)) D1 f(z(k)) > 0,
22T (k — 7(k))Dollag(z(k — 7(k))) — 2T (k — 7(k)) Dol z(k — 7(k))—

9" (x(k = 7(k)))D2g(x(k — 7(k))) > 0. (14)

Combining (6)—(14), we get

k—1
AV (k) < X (k)EX'(K), X’T(k):[XT(k), 3 nT(i)]. (15)
i=k—7(k)

If the LMI (5) holds, it follows that there exists a sufficient small positive scalar € > 0 such that
AV (k) < —ellz(k)[|. (16)

On the other hand, it is easy to get that
k

V() <arlla(B)? + a2 Y llz@)]? (17)
i=k—Tn
where o] = Amax(Q)a Qg = (Amax(@) + Amax( ) + Amax( ))Tm + ( maX(Q) + Amax(li)) +
Amax(Z2))7-M + 2Amax(Q) + Amax(Zl) + /\max(ZQ) (1 + )Amax(R)
For any 6 > 1, it follows from (17) that

TM —Tm

GV (G +1) =0V () = ¢UTTAV () + 67 (6 — 1)V ()
<09 (= 02 ()2 + (0 = Vaulle()I* + (0~ Daz D" Ja(@)]?). (18)

1=j—TMm

Summing up both sides of (18) from 0 to k — 1 we can obtain

k—1 k—1 J
0*V (k) = V(0) < [0a (0 — 1) — 0] Y 07| + a0 —1)> > 67 )a(i)|
7=0

J=0i=j—Tnm

<) s eI + pa(0 29'“”:73 I, (19)
JEN[=Ta1,0]

where 111(0) = a2(0 —1)73,0™, us(0) = aa(0 — 1)7a0™ + a1 (6 — 1) — 6. Since pa(1) = —¢ < 0,
there must exist a positive 6y > 1 such that p2(6y) < 0. Then, we have

1 . 1
V(k) < pa(bo)(5- ) sup ||$(J)||2+(9—)kV(0)- (20)
0 ]EN[—T}»{,O] 0
On the other hand, set ¢ = ay + (1 + 7ar) 2, we can obtain
V(©0)<o sup [z(j)]* and V(k) > Anin(Q)[Jx (k). (21)

jGN[sz\/j,O]
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It follows that [lz(k)|| < - 8% supjen(_ry.0) |2(3)]l, Where 8 = (00)72, a = “)frie:()g; By
Definition 1, system (4) is globally exponentially stable, which completes the proof of Theorem

1.0

Remark 1 In Theorem 1, we proposed V; which takes xT(k), Zf:kfﬂn zv (i), Zf:kﬂ-M zT (i)

as augmented state. The proposed augmented Lyapunov function V; is not considered in the

existing literature and may reduce the conservatism of the delay-dependent result.

Remark 2 Free-weighting matrices Ny, Na, Fy, Fy introduced through zero equation (13) may

improve the feasibility region of delay-dependent stability criterion.

Remark 3 It is worthwhile pointing out that this new criterion can be easily extended to
robust exponential stability condition. As for the robust stability of system (1), according to

Lemma 2, we can obtain the following result.

Theorem 2 For any given positive integers 0 < 7, < Tps, then, under Assumption 1, system
(1) is globally, robustly, and exponentially stable for any time-varying delay 7(k) satisfying
Tm < 7(k) < T, if there exist positive matrices @, R, H, P, positive diagonal matrices D1, D,
Z1, Zs, arbitrary matrices My, Ma, N1, No, Fy, F5 of appropriate dimensions, and € > 0, such
that the following LMI holds:

2 & e
EE |« —e 0 | <0, (22)
* * —el

where €F = [KTM],0,0, KTMJ,0,0,0,0,0,0], & = [EL,0,0,0,0,0,0, E,, Ep,0].

Proof Replacing A, B, C in inequality (5) with A+ KF(¢)E,, B+ KF(t)E, and C+ KF(t)E.,
respectively, inequality (5) for system (1) is equivalent to = + & F(¢)& + &5 FT(¢)¢] < 0. From

Lemmas 2, 3 and 4, we can easily obtain this result. The proof is completed. O

4. Numerical examples

In this section, two numerical examples will be presented to show the improvement and

effectiveness of the main results derived above.

Example 1 For the convenience of comparison, consider a delayed discrete-time recurrent neural

network in (4) with parameters given by

0.8 0 0.001 O —0.1 0.01
C= , A= , B= :
0 0.7 0 0.005 —-0.2 -0.1
and the activation functions are assumed to be f;(s) = gi(s) = 0.5 (|]s+ 1] — |s — 1]).
Obviously, [ = oy = —1, 15 = o = 1. It can be verified that the LMI (5) is feasible. For

Tm = 1,4,8,15,25, Table 1 gives out the allowable upper bound 7, of the time-varying delay for

given 7,,, which shows that Theorem 1 is less conservative than these previous results obtained
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in [10,20-23,26, 27].

Cases Tm=1 =4 T =8 7m =15 71, =25
By [10,26] 3 6 10 17 27
By [20] 12 14 16 21 29
By [21] 12 14 18 25 35
By [27] 14 17 19 26 36
By [22] 14 17 21 28 38
By [23] 20 22 26 33 43
By Theorem 3.1 | 74y >0 73/ >0 7/ >0 70 >0 730 >0

Table 1 Allowable upper bounds 7as for given 7, (Example 1)

Example 2 Consider a delayed discrete-time recurrent neural network in (1) with parameters

given by
04 0 0 03 —0.1 0.2 02 01 0.1
C=|0 05 0 |, A= 0 -03 02 |, B=|-02 03 01|,
0 0 04 -0.1 —0.1 —0.2 01 —02 03
01 0 0
K=|0 01 0 |, Ee=E,=E,=K, J=10,0,0]T,
0 0 0.1

f1(s) = tanh(0.2s), fa(s) =tanh(0.4s), f3(s) = tanh(0.2s),

g1(s) = tanh(0.12s), g2(s) = tanh(0.2s), g3(s) = tanh(0.4s).

It can be verified that L; = II; = 0, Ly = diag(0.1,0.2,0.1), IIy = diag(0.06,0.1,0.2), and the
LMI (22) is feasible. For 7, = 2,4,6,8,10, Table 2 gives out the allowable upper bound 7y of
the time-varying delay for given 7,,, which implies that, for this example, the delay-dependent

exponential stability result proposed in Theorem 2 in this paper provides less conservatism than

those in [10,20,21,23,26].

Cases Tm =2 Tm=4 Tm=6 71,=8 T1,=10
By [20] failed  failed  failed  failed failed
By [21] failed  failed  failed  failed failed
By [26] failed  failed  failed  failed failed
By [10] 18 20 29 24 2
By [23] 24 2 28 30 34

By Theorem 2 | 73y >0 7/ >0 730 >0 7/ >0 720>0

Table 2 Allowable upper bounds 7as for given 7, (Example 2)
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5. Conclusions

Combined with linear matrix inequality (LMI) technique, a new augmented Lyapunov-
Krasovskii function is constructed, and some new improved sufficient conditions ensuring glob-
ally exponential stability or robust exponential stability are obtained. Numerical examples show
that the new results are less conservative than some recent results obtained in the literature cited

therein.
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