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Abstract In this paper we study the convergence in norm and pointwise convergence of wavelet

expansion in the Orlicz spaces, and prove that, under certain conditions on the wavelet, the

wavelet expansion converges in the Orlicz-norm and also converges almost everywhere.
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1. Introduction

An orthonormal wavelet on R is a function ψ ∈ L2(R) such that {ψj,k : j, k ∈ Z} is an

orthonormal basis of L2(R), where

ψj,k(x) = 2
j

2ψ(2jx− k), j, k ∈ Z.

All the wavelets we will use in this note are assumed to arise from a multiresolution analysis

(MRA).

A multiresolution analysis (MRA) consists of a sequence of closed subspaces Vj , j ∈ Z of

L2(R) satisfying

1) Vj ⊂ Vj+1 for all j ∈ Z;

2) f ∈ Vj if and only if f(2(·)) ∈ Vj+1 for all j ∈ Z;

3)
⋂

j∈Z
Vj = {0};

4)
⋃

j∈Z
Vj = L2(R);

5) There exists a function ϕ ∈ V0, such that {ϕ(· − k) : k ∈ Z} is an orthonormal basis for

V0.

The function ϕ in 5) is called a scaling function of the given MRA.

Let Wj be the orthogonal complement of Vj in Vj+1, that is, Vj+1 = Vj

⊕

Wj , j ∈ Z.

The scaling function ϕ satisfies the equation

ϕ̂(2ξ) = ϕ̂(ξ)
∑

k∈Z

αke
ikξ = ϕ̂(ξ)m(ξ),
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where m(ξ) =
∑

k∈Z
αke

ikξ is called the low pass filter associated with ϕ.

We construct a wavelet ψ from the MRA by using equation

ψ̂(2ξ) = eiξm(ξ + π)ϕ̂(ξ).

For an orthonormal wavelet ψ and a function f ∈ L2(R), we have

f =
∑

j,k∈Z

〈f, ψj,k〉ψj,k

with convergence in the L2(R) norm, and

‖f‖L2(R) =
(

∑

j,k∈Z

|〈f, ψj,k〉|
2
)

1

2

,

where 〈f, ψj,k〉 =
∫

R
f(x)ψj,k(x)dx.

In [1, 3–5], the convergence in norm and pointwise convergence for the wavelet expansions in

Lp(R), 1 < p <∞, were treated.

The purpose of this note is to consider the Orlicz spaces and study the convergence in norm

and pointwise convergence of wavelet expansions.

The standard theory of Orlicz spaces can be found in Kokilashvili and Krbec [2]. Let ρ be a

nondecreasing right continuous function on [0,∞) with ρ(0+) = 0, and define Φ to be a Young’s

function Φ(t) =
∫ t

0
ρ(s)ds. Note that a Young’s function is convex on the interval where it is

finite. Associated to ρ, we have the function ̺ defined by ̺(t) = sup{s : ρ(s) ≤ t}, which has

the same aforementioned properties of ρ. The Young’s function Ψ defined by Ψ =
∫ t

0
̺(s)ds is

called the complementary function of Φ. In what follows we shall always assume that Φ, together

with its complementary function Ψ, satisfy the ∆2, i.e., there exists a constant C such that for

all t > 0

Φ(2t) ≤ CΦ(t), Ψ(2t) ≤ CΨ(t). (1)

We need the following elementary properties of the Young’s function Φ and its complementary

Ψ (see [2]):

Φ(t) ∼ tρ(t), Ψ(t) ∼ t̺(t). (2)

We write f ∼ g, if there is a constant C > 0 such that both f ≤ Cg and g ≤ Cf hold.

Define

qΦ = lim
λ→0+

log h(λ)

logλ
, pΦ = lim

λ→+∞

log h(λ)

logλ
,

where h(λ) = supt>0[Φ(λt)/Φ(t)].

We have

1 < qΦ ≤ pΦ <∞, (3)

Φ(ut) ≤ K1u
pΦ(t), ∀t ≥ 0, 0 ≤ u ≤ 1, 1 < p < qΦ, (4)

Φ(ut) ≤ K2u
qΦ(t), ∀t ≥ 0, u > 1, pΦ < q <∞,

where K1, K2 are constants, independent of u, t.
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The Luxemberg norm ‖ · ‖Φ on the Orlicz spaces

LΦ(R) = {f :

∫

R

Φ(|f(x)|)dx <∞}

is given by

‖f‖Φ = inf
{

λ > 0 :

∫

R

Φ(|f(x)|/λ)dx ≤ 1
}

.

We have

‖f‖Φ ≤ sup
{

|

∫

R

f(x)g(x)dx| : ‖g‖Ψ ≤ 1
}

≤ 2‖f‖Φ, (5)

and the Hölder inequality
∣

∣

∫

R

f(x)g(x)dx
∣

∣ ≤ C‖f‖Φ‖g‖Ψ, (6)

Examples (a) If ρ(s) = psp−1, where 1 ≤ p <∞, then Φ(t) = tp. The Orlicz space LΦ in this

case is the Lebesgue space Lp.

(b) If ρ(s) = 0, (0 ≤ s ≤ 1), and ρ(s) = 1 + log s (1 < s <∞), then Φ(t) = t log+ t (0 ≤ t <

∞). The Orlicz space LΦ in this case is the Zygmund space L logL.

For the sake of simplicity, we denote by |E| the Lebesgue measure of set E, and by χE the

characteristic function of E. The letter C always denotes a positive constant which may change

from one step to the next.

2. Convergence in norm of wavelet expansions convergence

Given a function g defined on R, we say that a bounded function W is a radial decreasing

L1-majorant of g if |g(x)| ≤W (|x|) and W satisfies the following conditions:

• W ∈ L1([0,∞));

• W is decreasing.

Suppose that we have a wavelet ψ that arises from an MRA with scaling function ϕ. Asso-

ciated with the increasing sequence of subspaces {Vj}j∈Z, we have the orthogonal projections of

L2(R) onto Vj given by

Pjf =
∑

k∈Z

〈f, ϕj,k〉ϕj,k for f ∈ L2(R), (7)

the projections from L2(R) onto Wj given by

Qjf =
∑

k∈Z

〈f, ψj,k〉ψj,k for f ∈ L2(R), (8)

and the partial sum of the wavelet expansion of f :

Sσ
j,kf(x) = Pjf(x) +

k
∑

m=1

〈f, ψj,σ(m)〉ψj,σ(m), (9)

where σ is any permutation of Z.

Hernández and Weiss proved that the wavelet expansion converges in the Lp(R)-norm, 1 <

p <∞ (see [1, pp. 221–224]).

For the Orlicz spaces we have the following result.



Convergence of wavelet expansions in the Orlicz space 531

Theorem 1 Suppose that the wavelet ψ arises from an MRA with scaling function ϕ.

(a) Suppose that ϕ has a radial decrease L1-majorant. Then there exists C > 0, independent

of j, such that for all f ∈ LΦ(R),

‖Pjf‖Φ ≤ C‖f‖Φ, (10)

lim
j→∞

‖Pjf − f‖Φ = 0. (11)

(b) Suppose that ψ has a radial decrease L1-majorant. Then there exists C > 0, independent

of j, such that for all f ∈ LΦ(R),

‖Qjf‖Φ ≤ C‖f‖Φ.

(c) Suppose that ϕ and ψ have radial decrease L1-majorant respectively. Then there exists

C > 0, independent of j, k and σ, such that for all f ∈ LΦ(R),

‖Sσ
j,kf‖Φ ≤ C‖f‖Φ,

lim
j→∞

‖Sσ
j,kf − f‖Φ = 0 for all k = 1, 2, . . . .

Proof Firstly we prove (a). By (3), choose r and s such that 1 < r < qΦ ≤ pΦ < s <∞.

Given f ∈ LΦ(R) and α > 0, we split f = f1 + f2, where f1(x) = f(x) if |f(x)| ≥ α, and

f1(x) = 0 otherwise. Then we have f1 ∈ Lr and f2 ∈ Ls.

By the Lp result [1, p.221], the operators Pj are bounded on Lp(R), 1 ≤ p ≤ ∞. It follows

that there is a constant C such that

|{x ∈ R : |Pjf1(x)| > α}| ≤ Cα−r

∫

R

|f1(x)|
rdx,

|{x ∈ R : |Pjf2(x)| > α}| ≤ Cα−s

∫

R

|f2(x)|
sdx.

Since |Pjf(x)| ≤ C(|Pjf1(x)| + |Pjf2(x)|), we have
∫

R

Φ(|Pjf(x)|)dx ≤C

∫ ∞

0

|{x ∈ R : |Pjf(x)| > α}|ρ(α)dα

≤C

∫ ∞

0

|{x ∈ R : |Pjf1(x)| > α/(2C)}|ρ(α)dα+

C

∫ ∞

0

|{x ∈ R : |Pjf2(x)| > α/(2C)}|ρ(α)dα

≤C

∫ ∞

0

(

α−r

∫

R

|f1|
rdx

)

ρ(α)dα+

C

∫ ∞

0

(

α−s

∫

R

|f2|
sdx

)

ρ(α)dα

≤C

∫

R

|f(x)|r
(

∫ |f(x)|

0

α−rρ(α)dα
)

dx+

C

∫

R

|f(x)|s
(

∫ ∞

|f(x)|

α−sρ(α)dα
)

dx. (12)
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For the first integral, if p, q are such that r < p < qΦ, pΦ < q < s, we have, from (2) and (4)
∫ |f(x)|

0

α−rρ(α)dα ≤ C′

∫ |f(x)|

0

α−1−rΦ(α)dα

= C′

∫ |f(x)|

0

α−1−rΦ
( α

|f(x)|
|f(x)|

)

dα

≤ C′K1

∫ |f(x)|

0

α−1−r
( α

|f(x)|

)p
Φ(|f(x)|)dα

=
C′K1

p− r
|f(x)|−rΦ(|f(x)|), (13)

where the constant C′ > 1 is such that tρ(t) < C′Φ(t), t > 0. Similarly for the second integral,

we have
∫ ∞

|f(x)|

α−sρ(α)dα ≤
CK2

s− q
|f(x)|−sΦ(|f(x)|). (14)

Thus combining it with (13) and (12) gives
∫

R

Φ(|Pjf(x)|)dx ≤ C

∫

R

Φ(|f(x)|)dx. (15)

Let λ = ‖f‖Φ. Then
∫

R
Φ(|f(x)|/λ)dx ≤ 1. Hence by (15) and the convexity of Φ, we have

∫

R

Φ(
|Pjf(x)|

Cλ
)dx =

∫

R

Φ(|Pj(
f(x)

Cλ
)|)dx ≤ C

∫

R

Φ(
|f(x)|

Cλ
)dx

≤

∫

R

Φ(
|f(x)|

λ
)dx ≤ 1,

where the constant C > 1 is the same as that in (15). It follows that

‖Pjf‖Φ ≤ Cλ = C‖f‖Φ.

Suppose that W is a radial decrease L1-majorant of ϕ. By the same argument as in [1,

pp. 219–224], we have

|Pjf(x) − f(x)| ≤ C

∫

R

2jW (2j−1|t|)|f(x− t) − f(x)|dt. (16)

Suppose g ∈ LΨ(R). Using Minkowshi’s inequality and the Hölder inequality (6) yields
∫

R

|Pjf(x) − f(x)||g(x)|

≤ C

∫

R

(

∫

R

2jW (2j−1|t|)|f(x − t) − f(x)|dt
)

|g(x)|dx

≤ C

∫

R

W (
1

2
|t|)

(

∫

R

|f(x− 2−jt) − f(x)||g(x)|dx
)

dt

≤ C

∫

R

W (
1

2
|t|)‖f(· − 2−jt) − f‖Φ‖g‖Ψdt

≤ C

∫

R

W (
1

2
|t|)‖f(· − 2−jt) − f‖Φdt.

Taking the supremum over all g ∈ LΨ(R) such that ‖g‖Ψ ≤ 1, we deduce from (5)

‖Pj − f‖Φ ≤ C

∫

R

W (
1

2
|t|)‖f(· − 2−jt) − f‖Φdt.
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Since ‖f(· − 2−jt) − f‖Φ → 0 as j → ∞, by the Lebesgue dominated convergence theorem, we

get

lim
j→∞

‖Pjf − f‖Φ = 0.

The proofs for (b) and (c) are similar. 2

3. Pointwise convergence of wavelet expansions in the Orlicz spaces

We now consider almost everywhere convergence of above operators Pj , S
σ
j,k.

Theorem 2 (a) Suppose that ϕ is the scaling function of an MRA and that ϕ has a radial

decreasing L1-majorant. If f ∈ LΦ(R), then

lim
j→∞

Pjf(x) = f(x)

for every x in the Lebesgue set of f . In particular, Pjf(x) converges to f(x) almost everywhere

as j → ∞.

(b) Suppose that the wavelet ψ and the scaling function ϕ of an MRA each has a radial

decrease L1-majorant. If f ∈ LΦ(R), then, for k = 1, 2, . . .

lim
j→∞

Sσ
j,kf(x) = f(x)

for every x in the Lebesgue set of f . In particular, the partial sums Sσ
j,kf(x) converge to f(x)

almost everywhere as j → ∞ and k = 1, 2, . . . .

Proof We first prove (a). If x is a point in the Lebesgue set of f , for every ε > 0, there exists

an η > 0 such that
1

r

∫

|t|≤r

f(x− t) − f(x)|dt ≤ ε when 0 < r ≤ η.

Suppose that W is a radial decrease L1-majorant of ϕ. By (16), we have

C−1|Pjf(x) − f(x)| ≤

∫

|t|<η

2jW (2j−1|t|)|f(x− t) − f(x)|dt+

∫

|t|≥η

2jW (2j−1|t|)|f(x− t) − f(x)|dt

=I + II.

Arguing as in [1, p.226], we have

I ≤ Cε, (17)

where the constant C depends only on W and does not depend on j.

In order to estimate II, we let χη be the characteristic function of the set {t ∈ R : |t| ≥ η}.

If Ψ denotes the complementary function of Φ, we use the Hölder’s inequality to write

II ≤ ‖f‖Φ‖χη2jW (2j−1| · |)‖Ψ + |f(x)|

∫

R

|χη(t)2jW (2j−1|t|)|dt. (18)

But
∫

R

|χη(t)2jW (2j−1|t|)|dt = 2

∫

|s|≥2j−1η

W (|s|)ds,
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which tends to zero as j → ∞.

Choosing g ∈ LΦ(R) and ‖g‖Φ ≤ 1 gives
∣

∣

∣

∫

R

χη(t)2jW (2j−1|t|)g(t)dt
∣

∣

∣
≤ sup

|t|≥η

|2jW (2j−1|t|)|

∫

|t|≥η

|g(t)|dt. (19)

If
∫

|t|≥η
|g(t)|dt > 1, using the convexity of Φ, we get

Φ(1)

∫

|t|≥η

|g(t)|dt ≤ Φ
(

∫

|t|≥η

|g(t)|dt
)

≤

∫

|t|≥η

Φ(|g(t)|)dt

≤

∫

R

Φ(|g(t)|)dt ≤ 1,

where the last inequality follows from ‖g‖Φ ≤ 1. Hence,
∫

|t|≥η
|g(t)|dt is bounded, that is, there

exists a constant M , independent of g, such that
∫

|t|≥η
|g(t)|dt ≤M . By (19) we get

∣

∣

∣

∫

R

χη(t)2jW (2j−1|t|)g(t)dt
∣

∣

∣
≤ 2jW (2j−1η)M.

Taking the supremum over all g ∈ LΦ(R) such that ‖g‖Φ ≤ 1, we obtain

‖χη2jW (2j−1| · |)‖Ψ ≤ 2jW (2j−1η)M.

Since rW (r) → 0, as r → ∞, we have that ‖χη2jW (2j−1| · |)‖Ψ tends to zero as j → ∞. Hence,

choosing j large enough, we deduce from (18) that II can be made smaller than ε. This, together

with inequality (17), proves the desired result.

The proof for part (b) is similar. 2

Remark Our result is an extension of the classical result of the spaces Lp, and holds also for

the Zygmund space L logL.
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