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Abstract In this paper, we introduce a new iterative scheme for finding the common element
of the set of solutions of an equilibrium problem, the set of solutions of variational inequalities
for an a-inversely strongly monotone operator and the set of fixed points of relatively nonex-
pansive mappings in a real uniformly smooth and 2-uniformly convex Banach space. Some weak
convergence theorems are obtained, to extend the previous work.
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1. Introduction

Let E be a real Banach space with norm || - ||, let E* denote the dual of E and let (x, f*)
denote the value of f € E* at € E. Let J : E — 2" be the normalized duality mapping which

is defined as follows:
Jr:={f" € E*: {x, ") = ||:10H2 = Hf*||2}, Vo € E.

Assume that C is a nonempty closed convex subset of £ and U : C' — C is a self-mapping.
We use F(U) = {z € D(U) : Uz = z} to denote the set of fixed points of U. And, we use “—"
and “—” to denote strong and weak convergences either in E or in E*, respectively.

Recall that the functional ¢ : E x E — R (see [1]) is called Lyapunov functional if it is

defined as follows:

olx,y) = ch||2 —2(x, Jy) + ||y||27 for Va,y € E.
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A point p € C is said to be an asymptotic fixed point of S : C — C (see [2]) if C' contains
a sequence {x,} which converges weakly to p such that lim, o (2, — Sx,) = 0. The set of
asymptotic fixed points of S will be denoted by F (S). A mapping S from C into itself is said
to be relatively nonexpansive [2-6] if F(S) = F(S) and ¢(p, Sz) < ¢(p,z), for Vo € C and
p € F(S).
Finding iterative schemes to approximate fixed points of relatively nonexpansive mappings
is a hot topic during recent years since it is widely used in many practical problems. In 2005,
Matsushita and Takahashi proposed the following hybrid iterative scheme [2] to approximate the
fixed point of a relatively nonexpansive mapping .S in a uniformly smooth and uniformly convex
Banach space E:
x1 € C chosen arbitrarily,
Jyn = anJa, + (1 — ap)JSxy,
H,={veC:ouyn) <pv,z,)}, (1.1)
W,={vel:{x,—v,Jor; — Ja,) > 0},

Tn+1 :HHnﬂanlu n=1,2...,

where Il is the generalized projection operator from E onto a closed convex subset K of F.
They proved that under some conditions, {x,} generated by (1.1) converges strongly to IIp(g)z1.
Much work has then been done under the frame of (1.1), see [3-6].

An operator A of C' into E* is said to be monotone if
(z —y, Az — Ay) >0,

for Vz,y € C. For a monotone operator A, we use A~'0 to denote the set of zero points of A.
An operator A of C into E* is said to be a-inversely strongly monotone [7] if « is a positive real

number such that

(x —y, Az — Ay) > af| Az — Ay|)?,

for all z,y € C. If A is a-inversely strongly monotone, then it is obvious that A is é Lipschitz
continuous. An operator A is said to be a strongly monotone operator if for each z,y € C, there
exists k € (0, 1) such that

(x —y, Az — Ay) > k| Az — Ay|>.

A monotone operator A is said to be maximal monotone if its graph, G(4) = {(z,y) : = €
D(A),y € Az}, is not properly contained in the graph of any other monotone operators. The
classical variational inequality problem for a monotone operator A : C' — E* is to find a point
u € C such that

(y — u, Au) > 0, (1.2)

for all y € C. The set of solutions of the variational inequality (1.2) is denoted by VI(C, A).
Finding solutions of variational inequalities is also a hot topic. In 2008, liduka and Takahashi

designed the following projection iterative scheme in [7] for finding a zero point of an a-inversely
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strongly monotone operator A in a uniformly smooth and 2-uniformly convex Banach space E :

{ x1 € C, chosen arbitrarily, (1.3)

Tt = e 1 Jxy — MAzy), n=1,2,....

Moreover, the additional assumption that ||Az| < ||Az — Ap||, for all x € C and p €
VI(C, A) # () is needed. It is proved that {z,} converges weakly to an element z in VI(C, A),
where z = limy, o Hyi(c,a)(2n)-

Let f be a bifunction of C' x C into R, where R is the set of real numbers. The equilibrium
problem for f is to find € C such that

flz,y) >0, forall yeC. (1.4)

The set of solutions of (1.4) is denoted by EP(f). Given a mapping T : C — E*, let
f(z,y) = (y — x,Tz) for all xz,y € C. Then z € EP(f) if and only if (y — 2,Tz) > 0, for all
y € C, i.e., z is a solution of the variational inequality. Many problems in physics, optimization
and economics can be ultimately converted to find a solution of (1.4). To solve equilibrium
problems (1.4), much work has been done in Hilbert spaces, for instance, Blum-Oettli [8] and
Combettes-Hirstoaga [9], etc.

Recently, in [10], Takahashi and Zembayashi extended the work of equilibrium problem in

Hilbert space to the following one in the uniformly smooth and uniformly convex Banach space:

xg € C, chosen arbitrarily,
un € C, such that f(un,y) + =y — un, Ju, — Jz,) >0, Vy € C, (1.5)

Tn

Tpi1 = J HanJu, + (1 — ) JSu,), n=0,1,2,....
They showed that {z,} converges weakly to z € EP(f) () F(S), where

z= lim Tpes)nees)(2n)

under some conditions. Although only the result of weak convergence is obtained in [10], they
provided a new idea of dealing with such problems compared with the already existing work of
hybrid iterative method, such as (1.1).

Motivated and inspired by the ideas of (1.3) and (1.5), we shall present the following iterative

scheme in a uniformly smooth and 2-uniformly convex Banach space E:

xo € C, chosen arbitrarily,

u, € C, such that f(u,,y)+ %(y — Up, Juy, — JT,) >0, Yy e C,
Yn = Hod “H(Jup — ApAuy,),

Tpi1 = J HoanJyn + (1 — an)JSu,), n=0,1,2,...,

(1.6)

where A : C' — E* is an a-inversely strongly monotone operator, and S : C — C is a relatively
nonexpansive mapping. And, we shall show that under some conditions, {x,} converges weakly
to z € F(S)VI(C, A) N EP(f), where z = lim,, .o sy vi(c,a)n EP(f)(Tn), Which extends,

complements or improves some work done in [7,10] and some others.
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2. Preliminaries

Let E be a Banach space. The modulus of smoothness of E is the function pg : [0, +00) —
[0, 4+00) defined by

Tyl +lle -yl
2

The space E is said to be smooth if pg(7) > 0, for V7 > 0. And F is said to be uniformly smooth

pe(7) =0.

T

Loflafl = 1, [lyl < 7}

pie(r) = sup{ L2

if and only if lim, o+
The modulus of convexity of F is the function 05 : (0,2] — [0, 1] defined by

lz+yl .
2

dp(e) == inf{l - a,y € Bzl =yl =1,z — yll > €}

The space E is said to be uniformly convex if and only if dg(e) > 0, for Ve € (0,2]. Let p be a
fixed real number with p > 2. Then FE is said to be p-uniformly convex if there exists a constant
¢ > 0 such that dg(€) > ceP, for Ve € (0, 2]. Every p-uniformly convex space is a uniformly convex

space.

Lemma 2.1 ([7]) Let E be a 2-uniformly convex Banach space. Then for all x,y € E, we have
2
I =yl < 2z~ . (2.)
where J is the normalized duality mapping from F into E* and 0 < ¢ < 1.

Lemma 2.2 ([5]) The normalized duality mapping J from E into E* has the following properties:
(i) If E is a real reflexive and smooth Banach space, then J : E — E* is single-valued; (ii) For
Vo € E and VA € R, J(\x) = MJx; (iii) If E is a real uniformly convex and uniformly smooth
Banach space, then J~! : E* — E is also a duality mapping. Moreover, both J and J~! are

uniformly continuous on each bounded subset of E or E*, respectively.

Lemma 2.3 ([1]) Let E be a real reflexive, strictly convex and smooth Banach space, let C
be a nonempty closed and convex subset of E and x € E . Then there exists a unique element
xo € C such that p(xo,z) = min{p(z,z) : 2 € C}.

In this case, the mapping Il¢ of E onto C defined by I[Igx = xg, for all z € E, is called the

generalized projection operator.

Lemma 2.4 ([1]) Let E be a real reflexive, strictly convex and smooth Banach space, let C' be a

nonempty closed and convex subset of E and x € E . Then, forVy € C, o(y,Hex)+o(llgz, z) <
oy, ).

Lemma 2.5 ([4]) Let E be a real smooth and uniformly convex Banach space, let {z,} and
{yn} be two sequences of E. If either {z,} or {y,} is bounded and ¢(z,,y,) — 0, as n — oo,

then x, — y, — 0, as n — oo.

Lemma 2.6 ([1]) Let E be a real smooth Banach space, let C' be a convex subset of E, let
x € E and xg € C. Then ¢(xo,x) = inf{p(z,2) : z € C} if and only if (z — xo, Jxg — Jx) > 0,
Vze C.
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Lemma 2.7 ([2]) Let E be a real smooth and uniformly convex Banach space, let C' be a
nonempty closed and convex subset of E and let S : C — C be a relatively nonexpansive

mapping. Then F(S) is a closed and convex subset of C'.

Lemma 2.8 ([7]) Let E be a Banach space, let C' be a nonempty closed and convex subset of
E and let A : C — E* be a monotone and hemicontinuous operator. Let B : E — 2F" be defined

as follows:

(2.2)

Bo — Av +_Nc(v), vel
0, vec,

where N¢ (v) is the normal cone for C at a point v € C, that is, N¢(v) := {a* € E* : (v—y,z*) >
0,Yy € C}. Then B is maximal monotone and B~*0 = VI(C, A), which ensures in our later
discussion that VI(C, A) is a closed convex subset of C.

We shall introduce the following function V' : E x E* — R which is defined by:

V(x,z*) = ||z||* = 2(z,z*) + ||z*||?, Vz € E,z* € E*.

In the context of Section 1, we have V(x,2*) = ¢(z,J 12*), for Vo € E and 2* € E*. And, we

also have the following Lemma:

Lemma 2.9 ([1]) Let E be a real reflexive, strictly convex and smooth Banach space with E*

as its dual. Then
Vi(z,z*) +2(J 'a* —2,y") < V(z,2* +y*), Vz € E, z*,y* € E*.

For solving the equilibrium problem for a bifunction f : C' x C' — R, let us assume that f
satisfies the following conditions:
(A1) f(xz,x) =0, for all x € C,
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0, for all z,y € C;
(A3) limsup, o f(tz + (1 —t)z,y) < f(z,y), for all z,y,2 € C;
(Ad)

A4) For each z € C, y — f(x,y) is convex and lower semicontinuous.

Lemma 2.10 ([10]) Let C be a nonempty closed convex subset of a smooth, strictly convex
and reflexive Banach space E and let f be a bifunction of C x C' to R satisfying (A1)-(A4). Let
r >0 and x € E. Then, there exists z € C' such that

1
flzy) + —{y —2,J2 = Jz) 20, for VyeC.

Lemma 2.11 ([10]) Let C be a nonempty closed convex subset of a uniformly smooth, strictly
convex and reflexive Banach space E and let f be a bifunction of Cx C' to R satisfying (A1)—(A4).
For r > 0 and x € E, define a mapping T, : E — C' as follows:

T.(z)={z ¢ C:f(z,y)—l—%(y—z,Jz—J@ >0, VyeC}.

Then, the following conclusions hold:

(1) T, is single-valued;
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(2) T, is firmly nonexpansive-type mapping , i.e., for any x,y € E,
(Trx — Ty, JTrx — JTpy) < (Trx — Ty, Jx — Jy);

(3) F(T:) = EP(f);
(4) EP(f) is a closed and convex subset of C.

Lemma 2.12 ([10]) Let C be a nonempty closed convex subset of a real smooth, strictly convex
and reflexive Banach space E and let f be a bifunction of C' x C' to R satisfying (A1)—(A4). Let
r > 0. Then, for x € E and q € F(T,), we have:

o(q, Trx) + (Trz,v) < (g, ).

Lemma 2.13 ([11]) Let E be a uniformly convex Banach space and let r > 0. Then there exists

a strictly increasing, continuous and convex function g : [0,2r] — R such that g(0) = 0 and
[tz + (1 = t)yl* < thz]* + (1 = )lly* = 1 = g(llz - yl),

for allt € [0,1] and z,y € B,, where B, :={z € E : ||z]| < r}.

Lemma 2.14 ([12]) Let E be a smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such that
g(0) =0 and g(||lz — y|) < ¢(x,y), for all v,y € B,, where B, is the same as that in Lemma
2.13.

3. Main results

Theorem 3.1 Let E be a real uniformly smooth and 2-uniformly convex Banach space with
dual E* and C be a nonempty closed and convex subset of E. Suppose the duality mapping
J : E — E* is weakly sequentially continuous. Let f : C x C — R be a bifunction satisfying
(A1)—(A4), let S : C — C be a relatively nonexpansive mapping, and let A : C — E* be an
a—inversely strongly monotone operator. Suppose that D := F(S)VI(C, A)EP(f) # 0.
Moreover, assume that ||Az|| < ||Axz — Ap||, for Vo € C and p € VI(C, A). Let the sequence {z,}
be generated by the iterative scheme (1.6).

If {a,} C [0,1) such that liminf,, e (1l —ay) > 0, Ay, € [a,b] for some a,b with 0 < a <
b< 0‘702, where ¢ € (0, 1] is the same constant as that in (2.1), and {r,} C [d, +c0), where d is a

positive constant, then {z,} converges weakly to z, where z = lim,,—,oc I pxy,.

Proof We split the proof into four steps.
Step 1. {z,} is a bounded sequence.
To observe this, take p € D. Then we have:
0P Tnt1) < anp(p,yn) + (1 = an)p(p, Sun) < an@(p, yn) + (1 — an)@(p, un). (3.1)
By using Lemmas 2.1, 2.4 and 2.9, and the assumption that || Az|| < ||Az — Ap||, Vz € C and
p € VI(C, A), we have:

Sﬁ(p, yn> < Sﬁ(p, J_l(Jun - )\nA'UJn)) = V(p, Ju, — )\nA'UJn)
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<V (p, (Jun — ApAuyn) + N Auy) — 2T (Jup — MAu,) — p, A Auy,)
= Sﬁ(p, un) - 2/\n<un - Db, Aun> - 2>\n<‘]_1(‘]un - /\nAun) - J_lJun7A’u,n>

4)2
< go(p, un) - 2)\n<un - D Aun - AP> - 2)‘n<un - D AP> + 2 ”Aun - Ap||2
402 9
< @(p, un) — (2Ana — 2 MAu, — Apll* < o(p, un). (3.2)

From Lemma 2.11, we know that u,, = T, x,. Using Lemma 2.12, we have:

o(p,un) < 0(p, n). (3.3)

From (3.1),(3.2) and (3.3), we know that

(P Tnt1) < @(p, Tn)- (3.4)

Therefore, lim, . ©(p, z,,) exists and then {z,}, {yn}, {Su,} and {IIpx,} are all bounded.
Moreover, lim, .00 ©(p, ) = lim, 0 ©(p, Un)-

Step 2. lim,, .o, [Ipx, exists.

For this, let w,, = Ipx,, for all n > 0. Since w, € D, (3.4) implies that

o(wn, Tpi1) < (W, Tn). (3.5)

From Lemma 2.4, we know that

O(Wny1, Tnt1) < @(Wn, Tng1) — @(Wn, Wnt1) < @(Wn, Tngr).

Combining this with (3.5), we have p(wni1,Tnt1) < @(Wn,xy). Therefore, lim, o w(wy, 2n)
exists. From (3.4) and (3.5), actually we have: for Vk € N, o(wn, Zn1i) < @(wn, Tr)-

Noticing that wyyr = Ipanyr and using Lemma 2.4 again, we have:

O(wn, Wntk) + @(Wnik, Tngr) < @(Wn, Tryr) < P(wn, y),

and then

O(Wn, Wnpk) < @(Wn, Tn) — P(Wnpks Tntk)-

Let 7 = sup, ¢y ||wn|. From Lemma 2.14, we know that there exists a continuous, strictly
increasing, and convex function g with g(0) = 0 such that g(||w, — wptkl]) < V(Wn, Wntk) <
O(Wny Tp)— P (Wnt ks Tntr) — 0,asn — 00. So, {w,, } is a Cauchy sequence and then lim,, o, Hpz,,
exists.

Step 3. w(x,) C D, where w(x,) denotes the set of weak convergent points of all the weak
convergent subsequences of {z,}.

For Vz € w(x,,), there exists a subsequence of {z,,}, which is still denoted by {x,}, such that
Ty, — T, 8 N — 00.

First we shall show that « € F(S).

Noticing (3.2), we have for p € D,

0P, Tnt1) < (P, Yn) + (1 — an)p(p, un)

< anlp(p, zn) + 2b(i—§ — a) [ Aup, — Ap[*] + (1 = an)p(p, zn)- (3.6)
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Since lim,— o ©(p, T, ) exists, we have

—an%(i—f — a)l|Auy — Ap||* < @(p, 2n) = ¢(p, Tns1) — 0,
which implies that ||Au, — Ap|| — 0, as n — oo.
Notice that
O(tn, Yn) = (tn, T (Juy — Ny Auy,))
< o(tp, JH( Tty — A Atn))) = V(tp, Jun — A Auy,)
<V (U, (Jn — A Aty + A Aty) — 20T (Jun — ApAty) — tn, Ap Auy,)
= (tUn, Un) — 220 (T " (Jtyy — Ay Atip) — Uy, Aty
= 2(J N (Jup — MAuy) — U, —AnAuy,) < LLCLQ%HAun — Ap||? — 0, (3.7)
which implies that u,, —y, — 0, as n — oo.
Let r* = sup,,> y {||[ynll, [ Sun| }. By using Lemmas 2.12 and 2.13, we have:
PP, unt1) = 00, Ty 1 Tnt1) < Q0 Tng1) = (0, I~ (@ Syn + (1 = ) JSun))
= pl* = 200 (p, Jyn) = 2(1 = an)(p, JSup) + lanJyn + (1 — an)J Suy?
1Pl = 20 (p, Jyn) = 2(1 = an)(p, JSun) + anllynll* + (1 — an)[[Sun |~
an (1= an)g([[Jyn — JSunl|)

IN

= an@(p,yn) + (1 — an)p(p, Sun) — an(l — an)g(|[Jyn — J Sunl|)

IN

(s un) + (1 = an)p(p, un) — an(l — an)g(l|Jyn — JSunl|)
@(p, un) — an(1 — an)g(| Jyn — JSunl]). (3.8)

Since limy,— o0 ©(p, un) exists and liminf,, o (1 — ay,) > 0, we have

an(1 = an)g([|Jyn — JSunll) < @(p,un) — o (p, uns1) — 0,

which implies that Ju, — JSu, — 0, as n — oco. Using Lemma 2.2, we have u,, — Su,, — 0, as
n — o0.

Since u, = Ty, @y, and lim, . ©(p, ) = lim, 00 ©(p, Un), by Lemma 2.12, we have for
peD,

(un,zn) < @(p,vn) — ©(p,un) — 0.
Therefore,
Up — Ty, — 0, (3.9)

as n — 00. So u, — x and from w,, — Su,, — 0, we know that x € F(S).

Secondly, we shall show that x € EP(f).

Notice again that u,, = T z,, we have:

1
f(unuy)+ _<y_un7Jun - an> Z 07 Vy € C
T

n

From (A2), we know that

Lt Tun = T2n) > — flunsy) > F(gun), Wy € C. (3.10)

Tn
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Let n — oo in (3.10). Then from (A4) and (3.9) we have:
fly,x) <0, VyeC.

Fort:0<t<landyeC, lety, =ty+ (1 —t)xz. Since y € C and = € C, we have y, € C and
hence f(yt,z) < 0. So, from (A1) and (A4), we have

0= f(ye,y) <tf(ye,y) + 1 =) f(ye, x) <tf(ye,y).

Therefore, f(y:,y) > 0, Vy € C. Letting t | 0, from (A3), we have f(z,y) > 0, Vy € C. Thus,
x € EP(f).

Finally, we shall show that z € VI(C, A).

Let B : E — 27" be defined as that in (2.2). Then in view of Lemma 2.8, B is maximal
monotone and B~10 = VI(C, A). So, to show that z € VI(C, A) is equivalent to showing that
x € B10.

Let (v, w) € G(B). Since w € Bv = Av+ N¢(v), we have w — Av € N¢(v). Since y,, € C, we
get

(v —Yn,w — Av) > 0. (3.11)

On the other hand, from y,, = HcJ ' (Ju, — Ay Au,) and Lemma 2.6, we obtain:

(V= Yn, Jyn — (Jun — ApAuy)) > 0,

and then
(v — Yn, M — Auy,) < 0. (3.12)
It follows from (3.11) and (3.12):
Juy — Jyn
(V= yn, w) > (v —yn, Av) 2> (v — yn, Av) + (V — Yn, . Auy,)
- <U—yn,M+Av—Aun>
Jup — Jyn
= (0= Y Av — Aya) + (0 = o, Ay = Aug) + o =y, T
Jup — Jyn
> o=yl Ay — Al 0 — g} LT
1Yy — unl| Jun — JyYn
> v —ynl———— = o=l ——I (3.13)

An
Hence we have (v — z,w) > 0 by letting n — oo in (3.13). Since B is maximal monotone,
x € B7'0. Therefore, x € D.

Step 4. x,, — z = lim,, o lIpx,.

From Step 2, we know that there exists z € D such that z = lim, .. IIpx,. Since F is
reflexive and {z,} is bounded, there exists a subsequence {z,,} of {z,} such that z,, — 2, as

j — oo. From Step 3, we have Z € D. Then from Lemma 2.6, we have:

(Mp@y, — 2, Jan, — Jlpa,,) > 0. (3.14)
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Since J is weakly sequentially continuous, letting j — oo in (3.14), we have (z -2, Jz—Jz) >
0. Therefore, (z — Z, Jz — Jz) = 0. Since E is strictly convex, we have z = Z.

Suppose there exists another subsequence {x,,} of {z,} such that z,,, = Z, as | — co. Then
z € D and Jz,, — JZ, as | — oo. Repeating the above proof, we can also know that z = z.
Therefore, all of the weak convergent subsequences of {x.,,} converges weakly to the same element
z, which ensures that z,, — 2z, as n — oo.

This completes the proof. O

Corollary 3.2 Let E,C,J, f,S satisfy the same conditions as those in Theorem 3.1. Let
A : C — E* be a strongly monotone operator with coefficient k and also be a Lipschitz continuous
mapping with Lipschitz constant L > 0. Suppose that F(S)( VI(C, A) EP(f) # 0. Moreover,
assume that ||Az|| < ||Az — Apl|, Vz € C and p € VI(C, A). Let the sequence {x,} be generated
by the iterative scheme (1.6).

If {ap,} C [0,1) such that liminf,, e an(l —ay) > 0, Ay, € [a,b] for some a,b with 0 < a <
b< k. where ¢ € (0,1] is the same constant as that in (2.1), and {r,} C [d, +o0), where d is a

2027
positive constant, then {x,} converges weakly to z = lim, ... p(s)n vi(c,4) N EP(f)Tn-

Proof In this case, we can easily know that A is %—inversely strongly monotone. Therefore,

the conclusion follows from Theorem 3.1. O

Corollary 3.3 Let E be a real uniformly smooth and 2-uniformly convex Banach space with
dual E* and C be a nonempty closed and convex subset of E. Let S : C — C' be a relatively
nonexpansive mapping, and let A : C — E* be an a-inversely strongly monotone operator.
Suppose that F(S)(VI(C,A) # 0. Moreover, assume that ||Az| < ||[Az — Apl|, Vo € C and
p € VI(C, A). Let the sequence {x,} be generated by the following iterative scheme:

xo € C, chosen arbitrarily,
yn = U (J 1 (Jxy — M Azy)), (3.15)
Tt = J HanJyn + (1 — ay)JSTexy,), n=0,1,2,....

If {a,} C [0,1) such that liminf, oo an(l — @) > 0, A\, € [a,b] for some a,b with
0<a<b< 0‘702, where ¢ € (0,1] is the same constant as that in (2.1), then {x,} converges

weakly to z = limy, o0 Up(s)n vi(c,a)Tn-

Proof Let f(z,y) =0, for Vz,y € C, and r,, = 1, for ¥n > 0 in Theorem 3.1. Then we know
that u,, = llcx,, for n > 0. Then the result follows from Theorem 3.1. O

Remark 3.4 Our main results of Theorem 3.1 and Corollary 3.2 can be considered as the
combination of the discussion of variational inequalities, fixed point problems for relatively non-

expansive mappings and equilibrium problems.

Corollary 3.5 Let H be a real Hilbert space and C' be a nonempty closed and convex subset
of H. Let f : C x C — R be a bifunction satistying (A1)-(A4), S : C — C be a nonexpan-
sive mapping, and A : C — H be an a—inversely strongly monotone operator. Suppose that
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= F(S)NVI(C,A) N EP(f) # 0. Moreover, assume that |Az| < ||[Az — Ap||, Yz € C and

p € VI(C, A). Let the sequence {x,,} be generated by the following iterative scheme:

xg € C, chosen arbitrarily,

un € C, such that f(un,y)+ %(y — Up, Uy — Tpn) >0, Yy € C,
Yn = Po(un — AnAuny),

Tnt1 = QplYn + (1 — ap)Su,, n=0,1,2,....

(3.16)

If {ap,} C [0,1) such that liminf,, e an(l —ay) > 0, Ay, € [a,b] for some a,b with 0 < a <

b< 0‘702, where ¢ € (0, 1] is the same constant as that in (2.1), and {r,} C [d, +00), where d is a

positive constant, then {x,} converges weakly to lim,,— o Ppxy,.

Remark 3.6 If in Corollary 3.5, f(z,y) =0, for Va,y € C and r,, = 1, for Vn > 0, then (3.16)

reduces to the following one:

xg € C, chosen arbitrarily,
Yn = PC(xn - )\nALL'n), (317)
Tn+1 :anyn+(1_an)SPC$n, n:0,1,2,... .
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