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Abstract At present, the methods of constructing vector valued rational interpolation function
in rectangular mesh are mainly presented by means of the branched continued fractions. In order
to get vector valued rational interpolation function with lower degree and better approximation
effect, the paper divides rectangular mesh into pieces by choosing nonnegative integer parameters
d1 (0 < di <m) and d2 (0 < d2 < n), builds bivariate polynomial vector interpolation for each
piece, then combines with them properly. As compared with previous methods, the new method
given by this paper is easy to compute and the degree for the interpolants is lower.
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1. Introduction

Wynn [2] observed that the Samelson inverse may be used to solve the problem of rational
interpolation of vectors. Graves-Morris [3], and Roberts and Graves-Morris [4], first solved
vector-valued rational interpolation problem by using Thiele-type continued fraction and applied
this method to model analysis of vibrating structures. Zhu and Gu defined bivariate Thiele-type
vector valued rational interpolation by using Thiele-type branched continued fractions for two-
variable functions in [5]. With the development of science and technology, the application range of
vector valued rational interpolation and approximation is further extended, for example, vector
valued rational interpolation and approximation has been applied to the structural dynamic
analysis [6-8], graphics processing [9, 10] and so on. The paper mainly discusses a new method
of constructing bivariate vector valued rational interpolation function, and the case of rational

interpolation in higher dimension will be discussed in another paper.
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Given a plane point set [[;"" = {(zs,y5)[i = 0,1,...,m;j = 0,1,...,n.2; # xj,y; # y;}, its
corresponding bivariate finite vector set is VI, = {V4| Vi = V(z;,y;) € C%, (w4, y;) € IL )

_ N(:E,y) _ (Nl(xay)vNQ(xvy)a"'aN (Iay))
e = D) Ty — W

where Ni(z,y) (k=1,2,...,d) and D(z,y) are bivariate polynomials.

The problem of bivariate vector valued rational interpolation is to look for a vector valued

rational function R(z,y) which satisfies interpolation conditions

i Yj

= Vi) @y €[] @)
Note
R(x,y) = (Rl (x,y), RQ(% y)? e 7Rd(x7y))7 V(.’L‘,y) = (Vl (xu y)? VQ(xvy)v ) Vd(xvy))v

then the formula (2) can be written in the following form
Rk(x’ia yj) = Vk(x’ia yJ)7 k= 17 25 sy da (I’U yj) € Hz;y .

The study of interpolation problem (1), (2) was presented on the basis of Thiele-type vector
continued fraction [5]. But the algorithm demands that the vector in the denominator is not
zero vector in each step of computation, which cannot be predicted. Therefore, a lot of improved
methods come out [1], such as composition algorithm and so on. Since it needs to compute
the generalized inverse of vector, the degree of constructed vector valued rational interpolation
function is higher and the number of arithmetical operations is larger. To solve this problem,
the paper presents a new method of constructing vector valued rational interpolation function.
The algorithm does not require any condition for the given data, the rational interpolation
function can be presented by the formula and the denominator of vector valued rational function
is always greater than zero. The degree of the constructed rational interpolation function is
lower and the number of arithmetical operations required is not larger. The main idea of the
algorithm goes as follows: firstly, introduce two nonnegative integer parameters d; (0 < d; < m)
and ds (0 < da < n); Secondly, divide the rectangular mesh into pieces; thirdly, construct vector
valued polynomial P; ;(x,y) for each piece by using the bivariate polynomial Lagrange or Newton
interpolation formula; fourthly, construct the corresponding rational fraction primary function

B, j(z,y); finally, the interpolation formula in rectangular mesh is presented as follows

mfdl nfdz

R(x,y) = Z Z Bi,j(I,y)Pi,j (Iay) (3)

2. Preliminaries

Suppose a =9 <21 < - < Ty =b, c=yo <y1 < -+ < Yn = d, the formed rectangular
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mesh [)"" is given in the following array

(zo,yo) (z1,%0) - (Tm,Y0)
(ﬂﬁoiyl) (tTla'yl) (xm'uyl) (4)
(o, yn)  (T1,Yn) -+ (T Yn)-
Let
wi(x) =(x —x0) - (x —zi—1) (@ — Tig1) - (T — X)), 1=0,1,...,m, (5)
wi(y) =y —vyo) W —y-)Y—Yj+1) Y —yn), j=0,1,....n (6)

Then the formula (5) is a polynomial of degree m about variable z, while the formula (6) is a
polynomial of degree n about variable y. Moreover, their leading coeflicients are all 1.

If m and n are all odd, let

Q(x) = —wo(x) + w1 () —wa(2) + -+ — wmn-1(2) + W (2), (7)

Qy) = —Wo(y) +Wi(y) —W2(y) + -+ — Wp—1(y) + Wn(y)- (8)

Obviously, Q(z) is a polynomial of degree m — 1, while Q(y) is a polynomial of degree n — 1.

If m and n are all even, let
Q(z) = wo(z) — wi(2) + w2(x) —ws (@) + - — wn—1(2) + Wi (2), (9)
Qy) =wo(y) —wily) + Ta(y) —Ws(y) + -+ = Taz1(y) +Tn(y). (10)

Since the number of w; (x) as well as w; (y) is odd in the formulas (9) and (10), respectively, Q(x)
is a polynomial of degree m and Q(y) is a polynomial of degree n.

In order to obtain a unified form, w;(x) can be expressed in the following form

i—1 m i—1 m
wix)=[Je-z) [[ @-2) =" [[@—a) ] (zx—2)
1=0 k=i+1 1=0 k=i+1
= (=1)"""u(z), i=0,1,...,m, (11)
where -
u;(x) :H(:v—xl) H (xp —x), 1=0,1,...,m. (12)
1=0 k=i+1

No matter m is odd or even, the formulas (7) and (9) can both be expressed in the same

form as follows

Q) = Y u(a). (13)

where wu;(z) is given in the formula (12).

With the similar method, the formulas (8) and (10) can be expressed in the unified form
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where
Jj—1 n
wi) =Jw-w I[ -9, i=01,....n. (14)
1=0 k=j+1

Introduce nonnegative integer parameters di (0 < dy < m) and ds (0 < ds < n), so that the

mesh (4) is divided into several pieces. One of them is shown as follows

(z4,95) (Tit1,95) 0 (Tivd, Y5)
(i, y'j+1) (Tit1 ,. Yjt1) o ($i+d1.a Yj+1) (15)
(@i, Yjtds)  (Tit1:Yjtds) - (Titdys Yjtds)s

i=0,1,...,m—dy; j=0,1,...,n — da. Then the formulas (12) and (14) can be changed into

the following forms

1—1 m
uz(x):H(I_xl) H (.Ik—.f), izoalv"'vm_dlv (16)
1=0 k=i+d;+1
7j—1 n
w)=[Jw-w) ] w-v. i=01....n-d. (17)
1=0 k=j+da+1
Note
m—d1 ’ﬂ—dg m—d1 ’ﬂ—dg
D(.y) = [[ [] w@w@ = [ II wi@wv, (18)
i=0 j=0 i=0 ;=0
where
u; j(z,y) = ui(v)u;(y). (19)

In the formula (16), the constructed sum function E;i—()dl u;(z) > 0 was proved in [11]. For
u;j(y), there is completely similar conclusion, namely Z;z:_g *u;(y) > 0. Therefore in the formula
(18), the given bivariate polynomial D(z,y) > 0.

If g(x,y) € Qr(2), where Q(2) denotes the set of all the bivariate polynomials of degree k

about the variable z,y, respectively, then

k
gz, y) = ay)a (or Y a(x)y"),
=0

=0

where ¢;(y) is a polynomial of degree k about variable y.

Lemma 2.1 Take m = n = k in the mesh point set (4), then the bivariate polynomial q(x,y)
which is determined by (k + 1)? points in rectangular mesh (4) is unique.

Proof Suppose there are two different polynomials ¢; (z,y) and ¢a2(x,y), which are determined
by (k +1)? points in rectangular mesh (4). y =y; (j =0,...,k) is an equation of a straight line

which parallels with the abscissa axis. Considering

n(z,y) = q(z,y) — ¢2(z,y),
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one can obtain
n(i,y;) = q1(zi,y;) — g2(i,y;) = 0.

While n(z,y;) = Zf:o gi(y;)x' is a polynomial of degree k about variable z, there are k + 1
zero points on the straight line y = y;. Therefore ¢;(y;) =0,1=0,1,...,k; j =0,...,k. But
g1(y) is a polynomial of degree k about variable y for arbitrary [, which has k + 1 zero points, so

91(y) = 0. Thereby n(x,y) = 0, namely q1(z,y) = ga(2,y).

3. Interpolation formula for bivariate vector valued rational function

The given vector rectangular mesh is arranged in the following array

T = Tg T =T T =T,
y=v V(zo,) V(r1,%) - V(Tm,v0)
y=v1 V(zo,y1) V(zi,y1) - V(zm, ) (20)
Y=1Yn V(anyn) V(Ilayn) T V(Imayn)'

Introduce two nonnegative integer parameters d; (0 < d; < m) and dy (0 < do < n).
Considering a piece of the mesh (20)

r =T T = Ti+1 T = Ti+d,y
Y=Y V(xi, yj) V($i+1,yj) T V($i+d1 ) yj)
y=vyjr1  V(@i,yir1) V(@i yia) o V(Tiga,yi) (21)
Y="Yj+rd V(@isYjrdr) V(Tir1,Yjrdr) - V(Titdy Yjrds)s

i=0,1,...,m—dy; j =0,1,...,n — da. For the corresponding piece (21), one can obtain the
following interpolation formula by making use of interpolation formula of Lagrange polynomial

i+dy j+da2
Pij(x,y) =Y Y L@ k@)V(zs ), (22)
s=i k=j
where I4(x), I;(y) are primary functions of Lagrange type of the univariate polynomial interpo-
lation.
Obviously, P; ;(z,y) is a bivariate vector polynomial, whose degree does not exceed d; about
variable x, and whose degree does not exceed do about variable y.
For the mesh point set which is obtained by deleting the piece of mesh point set (21) from

the mesh point set (20), one can define the following polynomials (see (15)—(18))

1—1 m
uz(x):H(I_xl) H (.Ik—x), izoalv"'vm_dlv (23)
1=0 k=i+di1+1

Jj—1 n

wi@W)=[[w-w JI @-v, i=01,....n—d, (24)

1=0 k=j+do+1
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m—dy n—ds m—dy n—ds
D(z,y) = Z; Z; wi (7, y) = Z; Z; ui(x)u;(y)- (25)

Making use of w;(z), u;(y) and D(z,y), one can construct a rational fraction function as

follows
)= i (z)u;(y)

B; j(z,y) = Diz.y) | =0,1,....m—dy; j=0,1,...,n—ds. (26)

One can prove that B; j(x,y) possesses the following properties

#0, (x5, y:) € (15),
1) Bij(zs,ye) .
=0, otherwise.

In fact, from the formula (23), when s = i,i 4+ 1,...,i 4+ di, u;(xs) # 0; or else, u;(zs) = 0.
In the same way, when ¢t = 5,5+ 1,...,5 + do, u;(y) # 0; or else, u;(y;) = 0. Then from the
formula (25), one can obtain that property (1) is true.
One can obtain the following property by direct verification
2) Y I Bj(,y) = 1
Multiply P; j(z,y) in the formula (22) by rational fraction function B; ;(z,y) in the formula
(26), and then summarize them. In this way, one can obtain the following bivariate vector valued

rational function
m—d1 n—dg

R(x,y) = Z Z Bi,j(I,y)Pi,j (Iay) (27)

Theorem 3.1 For the given rectangular mesh set (20), the vector valued rational function which

is determined by the formula (27) satisfies the following interpolation conditions
R(x;,y;) = V(zi,y;), i =0,1,...,m; j=0,1,...,n
Proof Suppose I ={0,1,...,m —dy}, I’ ={0,1,...,n — dz}. For an arbitrary point (z4,y3),
0 <a<m;0< 6 <nin rectangular mesh, let
Jo={i€el:a—di<i<a}, Jg={iel :p—dy<j<p}

Then when i € J,, j € Jg, according to the formulas (16) and (17), one can obtain

ui(r) =0, i # o ui(ra) #0, i =

u;i(ys) =0, j # B u;lys) #0, j=0.

Hence D(zq,yp) = >irp i Py 512 ui(za)u;(ys) # 0. Since J, and Jz are nonempty sets, we
have

m— d1n dg

R(xaayﬁ) = Z Z uz T u] yﬁ Pi,j(xouyﬁ)

Ia,yﬁ =0 j5=0

S S i )uj (y)
D(xav yﬁ)

The formula (27) is an interpolation formula of bivariate vector valued rational function,

V(xouyﬁ) V(xouyﬁ)

and the bivariate polynomial in the formula (25) is always greater than zero. The vector valued
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rational function constructed by the formula (27) not only keeps the feature of univariate vector
rational interpolation, but also possesses the advantage that it is easy to compute and the degree
is lower.

The specific algorithm goes like this:

1) According to the specific demand, choose di and do, then compute P; ;(z,y) by the
formula (22);

2) Compute u;(z) and u;(y) by the formulas (23) and (24), then compute D(z,y) by the
formula (25);

3) Give the expression of B; ;(z,y) by the formula (26);

4) Compute Y7 " >0 © B, i(z,y)Pi;(x,y) = Rz, y).

It is worthwhile to point out that one can construct vector valued rational functions of
different types by choosing d; and ds in the formula (27), say, choosing d; = m and ds = 0,
namely, dividing pieces based on the array row makes the formula (22) change into the following

form
m

Poi(@,y) = S L (@)Vieey), G=0,1,....n. (28)
s=0

The formula (25) changes into the following form

n

D(z,y) = Z u; (y). (29)

In the similar way, choosing d; = 0 and do = n, namely, dividing pieces based on the array

column makes the formula (22) change into the following form

n

Pio(z,y) Z V(zi,yx), i=0,1,...,m. (30)

The formula (25) changes into the following form

m

Dla.y) = Y uile). (31)

In actual computation, we make the convention that

—k k-1

[[t-t)=1 J[ti-t)=1,k>1keZz
i=0 1=k
Example 1 Given data
IOZ—Q .Il:—l IQZO

Yo =0 (0,0) (12,6) (2,2)
=2 (=2,2)  (12,6) (24,24).
With the algorithm in [12], one can obtain

3y — 2%, 4% — )
(3—2y)2+ (y—1)?

R(z,y) =(x +y—2)(z +y—1)[
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(102 + 20) (6 +y + 10,8x—2y+10)]+

(6x 4y +10)2 4 (8z — 2y + 10)?
(z+y+2)(z+y+D+y)A—z,y—1).

Divide pieces based on the array row, here m = n = 2, d; = 2,dy, = 0. From the formula

(28), one can obtain
Poo(r,y) = (—112% — 212 + 2, =52% — 92 + 2), Pgy(z,y) = (6,0),
Poa(r,y) = (—2? + 11lx + 24, 72* + 252 + 24).

From the formula (29), one can obtain

2

D(x,y) =Y ui(y) =¢> —3y+2+2y—y° +¢> —y=9> -2y +2.
=0

From the formula (26

~~

, one can obtain

(v* — ).

S|~

(2y — y*), Boa(z,y) =

Sl =

(y* =3y +2), Bo(z,y) =

Sl =

BO,O (Ia y) =

From the formula (27), one can obtain

2
R(Ia y) = Z BOJ- (Ia y)POJ (xv y)
j=0

1
:5(—12x2y2 — 10zy? 4 3422y + 20y% + 52xy — 2222 — 18y — 42z + 4

20y + 16zy> + 82%y — 102% + 2zy + 26y> — 18z — 30y + 4).
Through direct verification, one knows R(z;,y;) = V(x;,y;) (1,7 = 0,1,2), and R(z,y) is

independent of arbitrarily adjusting the array row.

Divide pieces based on the array column

1
R(z,y) PR v

82%y? + 28xy° — 4x?y — 4a® — 22xy + 26y% — 62 — 30y + 4).

(—622y? + 2222y + 2xy* + 14y° 4 28xy — 102% — 18z — 6y + 4,

Direct verification shows that R(z;,y;) = V(xi,y;) (4,5 =0,1,2), and R(z,y) is independent of
arbitrarily adjusting the array column.
Choose d; = 2, do = 1, and the mesh is divided into two pieces. In this way, the formula

(22) changes into the following form

i+2 j+1
Pii(@,y) =Y > L@@ V(zs, ), i=0; j=0,1.

s=1i k=j

Then substituting data into the above formula, one can obtain
Poo(z,y) = (112%y — 112% + 21oy — 21z + 4y + 2, 522y — 52 + 9y — 9z — 2y + 2),

Po1(z,y) = (—2%y + 1oy 4+ 2° — 112 + 18y — 12, 72y + 25zy — To? — 25z + 24y — 24).
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From the formula (25), one can obtain

1
D(w,y) = uily) =2-y+y=2.
j=0

Vector valued rational interpolation degenerates into vector polynomial interpolation. In order
to get rational interpolation function, we can zoom up (down) ug(y) or u;(y) properly. The
simplest method is to zoom up (down) ui1(y) to U1 (y) = 2u1(y) = 2y (or U1 (y) = Fui(y) = 3¥).
But it is necessary to make sure that ug(y) + u1(y) = 2 +y (or uo(y) + U1(y) = 2 — 3y) is
positive in the interval which includes interpolation intervals. Take D = 4773’, from the formula
(26), one can obtain By o(z,y) = Q_Ty, Boi(z,y) = %. One can obtain the following formula by
substituting the above data in the formula (27)

R(2,9) = 35 (Poo(#:5)(2 ~ 1) + Poa(z,0)30).

Choose d; = dz = 0, namely not dividing pieces. From the formulas (22)-(24), one can obtain
D(z,y) = (y*—2y+2)(x®+2x+2). At the moment, P; j(z,y) = V(z;,y;),i=0,1,2; j =0,1,2.
From (25) and (27), one can obtain

1
R(z,%) :5(—6332;,2 + 322y + 16xy® + 40y* + 322y — 2022 — 36y — 362 + 8,
162%y* + 562y* — 8x2y — 44ay + 52y* — 8z — 60y — 122 + 8).

From Example 1, one can obtain that the bivariate vector valued rational interpolation
functions are different when choosing different nonnegative integer parameters d; and do. The
fact demonstrates that the general uniqueness of vector valued rational interpolation function is
not true, and that the uniqueness is determined by the method adopted. The type of interpolation
function is based on choosing parameters d; and da, but there is one common ground that the
numerator polynomial of vector rational fraction function is a bivariate vector polynomial whose

degree is m about variable x and also whose degree is n about variable y.

4. Uniqueness and characterization theorem

From the above discussion, one can obtain that the type of vector valued rational interpo-
lation function is related with the method adopted. The constructed bivariate vector valued
rational interpolation function is unique when the same method is adopted. We will discuss

about square field (m = n) in the following part.

Theorem 4.1 When d; and ds are determined, the bivariate vector valued rational interpola-

tion function is unique in the formula (27).

Proof Suppose there are two vector valued rational functions which satisfy interpolation con-

ditions as follows
1 n—d1 n—asz
ri(z,y) = = Z ui(2)u; (y)Pij (@, y),

Dl(xv y) i=0 j=0
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and
n— dln dg

S uilw)us ()P (2. y).

i=0 j=0

M

ra(z,y) = D2xy

As for given (n + 1)? points, from Lemma 2.1, one can obtain Di(z,y) = D2(z,y), and
D(zi,y;) >0 (i,j=0,1,...,n).

Let
1 n—d; n—ds .
R(:E, y) =1 (Ia y) - I‘Q(ZE, y) = 5 Z Z UZ(I)U’J (y)(Pl,J (Ia y) - Pi,j (Ia y))v (32)
i=0 j=0
namely
n—dy n—ds
Z Z wi(zs)u; (y)(Pij (25, 1) — Pij(ws,y1)) = 0. (33)

i=0 j=0
It is noticed that the formula (33) is a bivariate vector polynomial, each component of which is
a polynomial of degree n about variable x and y, respectively. According to the proof method
in Lemma 2.1, one can prove that they are always zero. Therefore, ri(z,y) = ra(z, y).

It is easy to prove the following theorem.

Theorem 4.2 Suppose the bivariate vector valued rational interpolation function R(x,y) is
defined in the formula (27).

1) If m —dy, n — dy are all even, then R(x,y) is of type [(m +n)/(m +n — d; — da)].

2) For m — dy, n — dg, if one is odd and the other is even, then R(z,y) is of type [(m +
n)/(m+n—dy —ds —1)].

3) If m — dy, n — dy are all odd, then R(x,y) is of type [(m +n)/(m +n —dy — d2 — 2)].

In Example 1, m = n = 2. If one chooses d; = 2 and dz = 0, then R(z,y) is of type [4/2]; If
one chooses d; = dy = 0, then R(x,y) is of type [4/4].

5. Error estimation

Theorem 5.1  Suppose R(z,y) = Y ;" 4 >0 “ B, j(x,y)P;;(x,y) is a bivariate vector
function which satisfies interpolation conditions in the formula (2), and V (x,y) € Ch+42+2[q p]x
[e,d], then ¥Y(z,y) € [a,b] X [¢,d], we have

m—di; n—dz
(—1)m=d W, 8d1+1
V 3 Z,
($7y> R(I,y) ( 1+1)' D JJ y ; ; a 9redi+1 (5 )
m—d; n—ds
(1) w, ottt
(d2+1'ny > D (- () et ¥ (@15~
=0 j=0
(_1)m+n7d17d2 Wm(I)wn(y) midl nid2( 1)i+j Hdhi+dz+2 V(E _)
(di + 1) (de +1)!  D(z,y) i=0 j=0 oty v

where giugi € [a’7b]7 njuﬁj € [Cu d]7

Wiy +1(7) = (. —2) (T — Tig1) (T = Titdy )y Waot1(¥) = (U = Y)W — Yj1) - (Y = Yjtda)s
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wmn(z) = (z —wo)(x —m1) -+ (# —2m), wn(y) = W —y)(y —v1) - (¥ — yn)-

Proof We have

m— dln dg

V(z,y) = R(z,y) = Z ZBZny Pij(z,y)
=0 j5=0
M e i, y) (Vi y) — Py ()
D(z,y)

Using the bivariate vector Newton error formula
Wa,+1(z) 9htl Wa,+1(y) 042+t
A4 —P,; _Ldit1\ ) A4 Y1) Vv _
({E, y) 5] (xv y) (dl 4 1)[ 8$d1+1 (57 y) (d2 + 1)| 8yd2+1 (:Z?, 77)

wd1+1( )wd2+1(y) ghatdat2 (E —)
(d1 + 1)(ds + 1)! dzdi+igyda+i ¥ &

Therefore
m—d1 n—dg
(_1)m7d1 wm(x) ) 8d1+1
V —_ = —1 ¢ Za
(x7y> R(Iay) (d1+1)' D(.’L’,y) Pt jzo( )uj( )a di+1 (5 )
m—d1 n—dg
(=1)"" wa(y) ; 9dat1
—1)u(2) ———V(z,m;)—
(@+mpwmiﬂjﬂ()“”awﬂ(fm
Ut o (only) §GE gy S
(di+Dl(d2 + 1)t D(z,y) = = Dz t1gydati ¥ i)

where &, €, € [a,b],n;,7; € [c,d],
wi+1(2) = (@ — ) (T = Tig1) (T = Titd,), W +1(Y) = (Y = Y)W — Yj+1) - (Y = Yjtda )
wim () = (x —z0)(x —21) - (T — ), wn(Y) = (Y — Yo)(y —y1) -+ (¥ — Yn).

For example, as for the bivariate vector function V(z,y) = (%,cos(%(m + y))) whose

interpolation nodes are listed as follows
o = xr, = 1 ro = 2
y=0 (0,1) (30 (3-1)

y2:2 (25_1) (%,0) (%

Choosing d; = 0, do = 2, from the formula (27), one can obtain bivariate vector valued
rational interpolation function as follows

(Hxty — Yoy + 2y + 22 — La? —:c2y + 222y + 229> —2:vy—2:v—2y+2)

Rl(xvy): —2.’I]+2

With the algorithm of the branched continued fraction in [5], one can obtain a bivariate vector
rational interpolation function Ro(x,y). Making use of these two methods, one can obtain error

estimation values listed in the following Table 1.
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(z,y) V(z,y) —Ri(z,y) V(z,y) — Ra(z,y)
(0.4,1.6) (0.1100,-0.1694) (1.9865,0.3370)
(0.8,0.8) (0.0464,2.1377%e-004) (0.1475,-0.4525)
(0.8,1.2) (0.0257,-0.0369) (0.0085,0.3775)
(0.8,1.6) (0.0050,0.0125) (2.5352,1.3702)
(1.2,1.2) (0.0051,2.1377%e-004) (0.0117,0.6352)
(1.2,1.6) (0.0275,0.0510) (2.5759,2.5066)
(1.6,1.6) (0.0612,0.0808) (2.4939,3.5852)
(1.6,1.8) (0.0774,0.0513) (2.3751,-0.6472 )

Table 1 Error Estimation Values

From Table 1, one can obtain that the approximation effect by adopting the method presented

in this paper is much better than the approximation effect with the method in [5]. In addition,

there are three advantages about the method presented in this paper: 1) It is easy to compute;

2) The number of arithmetical operations required is less and 3) The degree is lower.
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