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Abstract A sufficient condition is obtained for the minimality of the complex exponential system
E(AM) = {Ze** :1=0,1,...,mn, —1; n=1,2,...} in the Banach space L consisting of
all functions f such that f~¢ € LP(R). Moreover, if the incompleteness holds, each function in
the closure of the linear span of exponential system E(A, M) can be extended to an analytic
function represented by a Taylor-Dirichlet series.
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1. Introduction

Following Deng [1], a system E = {e,, : n = 1,2, ...} of elements of a Banach space X is called
(i) incomplete in X if spanF # X; (ii) minimal in X if for alln = 1,2,..., e, € span(E — {e,}),
where spanF is the linear span of the system E and spanF is the closure of spanF in X. The
incompleteness of the system E in X is equivalent to the existence of a non-trivial functional f
in the dual Banach space X* of X which annihilates the system E, i.e., f(e,) =0,n=1,2,....
The minimality of the system E in X is equivalent to the existence of a system of conjugate
functionals {f, : n =1,2,...} in X*, i.e., fn(em) = Onm (Kronneker delta, i.e., d,, = 1, while
Onm = 0 for n # m). The system {f,} is also called a biorthogonal system of the system E.

Let a(t) be a continuous function R and satisfy

—2~ =00, ag=limsup 0] < 0. (1)

t—oo t——o00 |t|

Let

Lh={f:1flla= (/Z |f(t)ea(t)|pdt); <o}, 1<p<+oo.
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Then L2 is a Banach space. Let A = {\, : n = 1,2,...} be a sequence of distinct complex
numbers in the open right half plane C,, = {z =z + iy : & > ao} and satisfy
a; = limsup |6,] < g (2)
n—oo
Let M = (m,, : n=1,2,...) be a sequence of positive integers and suppose that there exists an
increasing positive function ¢(r) on [0, c0) satisfying
ag = limsup g(r)r ' logr < oo (3)
T —00

and

D(q) = lim sup TL(T‘ + Q(T)) — TL(T‘)
r—00 q(r)
where n(t) = 32| | <; ™M is the counting function of A and M. With these sequences A and M,

< 00, (4)

we associate the system of complex exponentials
E(AM) = {th"terMt ik =1,2,... ,myn=12,...}

The condition (1) guarantees that F(A, M) is a subset of LE. The author in [2] has obtained

some results on completeness of E(A, M) in L?.

Theorem A ([2]) Let a(t) be continuous on R, convex on [ty,00) for some constant to and
satisfy (1). Suppose that A = {\, : n =1,2,...} is a sequence of distinct complex numbers in
C,, satisfying (2) and M = (m,, : n=1,2,...) is a sequence of positive integers. If there exists
a positive and increasing function ¢(r) on [0,00) such that (3) and (4) hold, then E(A, M) is
incomplete in L? if and only if there exists a € R such that

+o0
J(a) = /0 Wdt < 00, (5)
where
Y M €08 i s ),
) =< i (6)
0, otherwise .

In this paper, we study the minimality of E(A, M) in L?, the main conclusions are as follows:

Theorem Let a(t) be continuous on R, convex on [ty, 00) for some constant tg and satisty (1).
Suppose that A = {\, : n=1,2,...} is a sequence of distinct complex numbers in C,, such that
(2) and

45 = lim inf inf{log |\ — \n| 1 k # n} S o )

n—o0 log |\, ]
hold. Suppose that M = (m, : n = 1,2,...) is a sequence of positive integers and there
exists a positive and increasing function q(r) on [0, 00) such that (3) and (4) hold. If E(A, M) is
incomplete in L, then E(A, M) is minimal and each function f € span E(A, M) can be extended
to an entire function g(z) represented by a Taylor-Dirichlet series

oo Mmp—1

g(z) = Z Z an p2"er. ()

n=1 k=0
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Remark Some similar results were obtained in [3-5].

2. Proof of Theorem
In order to prove Theorem, we need the following technical lemma:

Lemma 1 ([1]) Suppose that A = {\, = |\,]e?» : n = 1,2,...} is a sequence of distinct
complex numbers in C,, satisfying (2), and M = (m,, : n = 1,2,...) is a sequence of positive
integers. If there exists a positive and increasing function g(r) on [0,00) such that (3) and (4)
hold, then for each b > 0, the function

G = @) TT (o)™ exp (oot o)

z
Re A, >b 1+X_n [An]

is analytic in the half-plane C_, = {z = xz + iy : © > —b} with zeros of orders m,, at each point

An(n=1,2,...) and satisfies the following inequality:
|Gy(2)| < exp{|z|\(2r) + Alz| + A}, 2z € C_y, (10)

where \
z— mn
@)= ] (7") ,

(BeAa|<b z+b+1

Moreover, for each positive constant Ay and ey > 0,
|Gy (2)| = exp{zA(r) — Alz[ — A}, z € C(Ao,20), (11)
where C(Ag,c0) = {2z €C_p: |2 = A| > 6pyn=1,2,...}, 6, = 0|\, n=1,2,....

Proof of Theorem By (7), there exist positive constants g and Ay and disjoint open discs
D, ={z:]z— X\ < 0n} (n = 1,2,...), where §,, = Mjﬁ :n=1,2,.... If M(A\,E) is
incomplete in L2, by Theorem A there exists a real number a such that (5) holds. If J(a) < oo
for all a, where J(a) is defined by (5) (for example, if A(r) is bounded, then J(a) < oo for all a),
then there exists a sequence {r, :n=1,2,...} with r,,41 > 14 2r, (n=1,2,...) such that
e t 1
A N RS
, 1+ ¢2 2n
It follows that there exists a set A = {\, : n = 1,2,...} such that the following conditions hold:

i) A(r) is unbounded on (0, 00), where
~ 1 ~ ~ ~
Ar) =2 T (r>X1), and A\(r) =0 (r < \1);
An<r 7"

il) lminf, . o(Ant1 — An) > 0;
iii) inf{[Am — An| :m,n=1,2,...} > 0 and

+oo a(A(®)+A(t))
0 Wdt < 0.

So we can assume that A(r) is unbounded (if necessary, replace A(r) by A(r) + A(r)), and (5)
holds for a = 0 in the following. Let ¢(t) be an even function such that ¢(t) = a(A(¢)) for ¢ > 0.

iv)
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Let u(z) be the Poisson integral of 2p(t), i.e.,

u(z) =2 /M 2 g (12)

T 2+ (y—1)?
Then u(z 4 iy) is harmonic in the half-plane Cy = {z = « + iy : > 0} satisfying

x 2¢(]2])
u(z 2—/ —————=dt =¢(|z]), = >0.
(2) 2 — oo T2y~ TP (I21)
Therefore, there exists an analytic function g(z) on Cy such that Re g(z) = u(z) > ¢(|z]) (x > 0)
and
lim r~! max{Re g(b+ re?) : |0 < g —e} =0, (13)
for each b >0 and € € (0, 5). Let b > ap + 2 and let
Go(2)
= ) evp{—g(z+b 14
wo(2) = g, 1o P9z 00} (14)

where Gp(z) is defined by (9). Then ¢,(2) is analytic in C_, = {z = = + iy : * > —b}. Since
o(r) > (z = 1)(A(r) —a) — a*(z — 1) for r = |z| with A\(r) +a > to (if A(r) is bounded, we can
take a real number a such that A(r) +a > tp), by (14), there exists a positive constant Ay such
that

1 .
lon(2)| < 7282 exp{a®(z — 1) + Aoz}, = > —b (15)

holds, where o* is the Legendre transform of « (see [6]). Let A, ; be the coeflicient of the

principal part of the Laurent series for the function ;j(t) in D, — {A\n}, i.e.,

eA2z il Anj ~
Sﬁb(z) = Zl 7(2: — )7\71)3 + (pn(Z)a (16)

where @, (2) is analytic in D,,. Then by Cauchy’s formula,

A= L/ e (z—A) " 1dz (17)
2w J =, ©0(2) " '
According to (11) and (13),
max{|A, ;| : 1 <j<m,} <exp{—Re A A(|]A\n|) + ARe A, + A}. (18)

Note that A is independent of x and A,,. Now consider the analytic functions in C_,

mp—k
. Ap ki ,
Hnﬁk(Z) = gﬁb(Z) exp{—Agz} l:E - m, k= O, 1, ey My — 1, n = 1,2, [N (19)
By (15) and (18), we have, for z > —b,
|Hpk(2)] < FRpE exp{a®(x — 1) — Re \pA(JAn]) + ARe A\, }. (20)
z

Let
1 +oo »
hpi(t) = — H, . (iy)e "¥'dy.
k(1) Tw/, k(1Y) Yy
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Then hy, i (t) is bounded and continuous on R. By Cauchy’s formula,

1 oo .
P (1) = ﬁ/ H, i (z +iy)e” @9y, x> —b,

* = q, for z > —b, we obtain

By (20) and the formula of the Legendre transform (a*)
i (£)e* | < exp{A + ARe A, — Re Mo A(JAn ) — [¢]}- (21)

The function h,, ;(t)e** can be regarded as the Fourier transform of H, j(z + iy). Consequently,

1 [
Hn7k(2) = E/ hnﬁk(t)etzdt, Rez > —b.

Next we will prove that

)

1 [t
HY(\)) = 0njbua, e, —/2/ N Rk (£)At = G, (22)
T J—00

where [ € {0,1,...,m; — 1}, k € {0,1,...,my, — 1}, n,j € N. It is obvious that if j # n, then
Hr(i)k()\j) =0(1=0,1,...,m; —1). If j = n, then by (18), for z € D,,

Mp A
o — Aoz n,l
Hy k(2) = po(2)e” ™ Z B — )l
I=k+1
)engz (Z B )‘n)k Aaz A

v R Wi w D)

k

= pp(2

—A)F too
— % + Z Bn,l(Z— /\n)l7

l=m,
where k = 0,1,...,m, —1; n =1,2,... . This proves (22). Define a linear functional T}, ; on
span E(A, M) by

I
Thr(P)=anr = — a;thnp(t)tle?itdt
wP) =ane == [ S asihstt)
for each exponential polynomial P(t) =3, ajtlerit € span E(A, M). By (21),
| Tk (P)| < 2||P||a exp{A + ARe X, — Re \p A(|An]) }

Hence T,  is a bounded linear functional on E(A, M), so by Hahn-Banach theorem T, 5, can be

extended to a bounded linear functional (denoted by T, ) on L2 and

Tkl = | Tnkll < Cn =2exp{A+ ARe A, — Re My A(|An])}- (23)
So {Th ;1 <k <my,n=172,...}is a biorthogonal system of E(A, M) in (L?)* and E(A, M)
is minimal in L?. If f € span F(A, M), there exists a sequence of exponential polynomials

j
P;(t) = Z aﬁhktke’\"t € span E(A, M)

such that
i [1f = Pyl =0, (24)
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where a,, . = Ty 1 (f). Since [T k(f)] < |Thkllllflla and A(r) is unbounded on (0, c0), by(21),
the function g(z) defined by (8) is an entire function. Note that

|an,7€ - aZL,kl = |Tn7/€(f) _Tn,k(Pj)l < Cn”f - Pj||a7 n=12...

For any real numbers a,b (a < b), we have

b 1
([ 1070 = gtene=Opae)” < I = Pyl + 1175 = gl

J mnp—1 b 1
< ||f — PjHa —+ Z Z |an,k _ ai)“(/ eRe)\ntf;Da(t)tk;Ddt) p+
n=1 k=0 a
+oo mp—1 b 1
Z Z |an k|(/ eRCA"t*P““)t’“Pdt) Y
n=j+1 k=0 a
J mnl _ +oo 1
< ”f_PjHa{l—i_Z Z ||Tn,k||6Re>‘"b(1+|a|+|b|)k(/ e—pa(t)dt>p}+
n=1 k=0 —00

+oo myu—1 +oo 1
9 32 D0 Tl ot ol ([ em0ar)”,

n=j+1 k=0 -
Letting j — oo, by (21) and (24), we obtain that f(x) = g(z) for each x € R. This completes
the proof of Theorem. O
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