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1. Introduction and results

In this paper, a meromorphic function means that the function is meromorphic in the whole

complex plane. We also assume that the reader is familiar with the usual notations of Nevanlinna

theory [1–3]. Moreover, the standard definition of logarithmic density can be found in [4].

Recently, a number of papers [5–17] focused on the complex difference and complex q-

difference. These papers also investigated the existence and the growth of meromorphic solutions

of difference equations and q-difference equations.

The classical paper on the Schröder equation

f(qz) = R(f(z)),

where q ∈ C, |q| 6= 0, 1, and R(f) is a rational function in f , is due to Ritt [18].

In the important collection [19] of research problems, Rubel raised the question: What can

be said about the more general equation

f(qz) = R(z, f(z)), (1.1)

where R(z, f) is rational in both variables?
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Gundersen et al. obtained the following result in [11].

Theorem A Suppose that f is a transcendental meromorphic solution of an equation of the

form (1.1), with |q| > 1 and meromorphic coefficients of growth S(r, f). Then we have that

ρ(f) = log d
log |q| , where d = degf R.

An important paper relative to the above problem is due to Bergweiler [7]. The authors

considered linear q-difference equation

n
∑

j=0

aj(z)f(qjz) = Q(z), (1.2)

where q ∈ C, |q| 6= 0, 1, n ∈ N, the coefficients aj(z), j = 0, 1, . . . , n and Q(z) are rational

functions, and a0(z) 6≡ 0, an(z) ≡ 1. It was shown that the equation (1.2) has some similarity

to the genearalized Schröder equation (1.1), but it has also somewhat different aspects. Two

important results on the growth of meromorphic solutions were proved in [7] as follows.

Theorem B All meromorphic solutions of (1.2) satisfy T (r, f) = O((log r)2).

Theorem C All transcendental meromorphic solutions of (1.2) satisfy (log r)2 = O(T (r, f)).

Recently, we considered more general q-difference equations than the above equations in [17],

which are of the forms
n

∑

j=1

cj(z)f(qjz) = R(z, f(z)) =
P (z, f(z))

Q(z, f(z))

and
∑

λ∈I

dλ(z)f(qz)iλ,1f(q2z)iλ,2 · · · f(qnz)iλ,n

∑

µ∈J

eµ(z)f(qz)jµ,1f(q2z)jµ,2 · · · f(qnz)jµ,n
= R(z, f(z)) =

P (z, f(z))

Q(z, f(z))
.

Note that all meromorphic solutions of Riccati q-difference equation and linear q-difference

equation, both with rational coefficients, are of order zero, respectively by Theorems A and B.

This fact shows that it is of great importance to investigate meromorphic solutions of order zero

of q-difference equations.

In this paper, we consider the value distribution of meromorphic solutions of order zero of

some kind of q-difference equations.

Theorem 1 Suppose that f is a non-constant meromorphic solution of order zero of a q-difference

equation of the form

∑

λ∈I

cλ(z)f(qz)iλ,1f(q2z)iλ,2 · · · f(qnz)iλ,n =
P (z, f(z))

Q(z, f(z))

=
ak(z)(f(z))k + ak+1(z)(f(z))k+1 + · · · + as−1(z)(f(z))s−1 + as(z)(f(z))s

b0(z) + b1(z)f(z) + · · · + bt(z)(f(z))t
, (1.3)

where I = {(iλ,1, iλ,2, . . . , iλ,n)} is a finite index set, and iλ,1 + iλ,2 + · · · + iλ,n = σ > 0 for all

λ ∈ I, and q ∈ C\ {0, 1}. Moreover, suppose that 0 ≤ k ≤ s, ak(z)as(z)bt(z) 6≡ 0, that P (z, f)

and Q(z, f) have no common factors, and that all meromorphic coefficients in (1.3) are of growth
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of o(T (r, f)) on a set of logarithmic density 1. If

max{t, s − σ} > min{σ, k}, (1.4)

then

N(r, f) 6= o(T (r, f)) (1.5)

on any set of logarithmic density 1.

Theorem 1 shows that f , the meromorphic solution of (1.3) satisfying all conditions in The-

orem 1, has a relatively large number of poles to some extent. By strengthening the condition

(1.4) in Theorem 1, we obtain the following stronger assertion, which means that the pole density

of f can be comparable to the growth of f to some extent.

Theorem 2 Suppose that

max{t, s − σ} ≥ min{σ, k} + σ (1.6)

and other assumptions in Theorem 1 hold. Then

N(r, f) = T (r, f) + o(T (r, f)) (1.7)

holds on a set of logarithmic density 1.

The following Example is an example on Theorems 1 and 2.

Example The function

f(z) =

∞
∑

n=1

zn

2
1

2
n(n+1)

is a transcendental entire function of order zero [20]. Since it satisfies the equation

f(2z) = z + zf(z),

we have by Theorem B that

T (r, f + 1) = T (r, f) = O((log r)2). (1.8)

Set g(z) = 1
f(z)+1 , then it satisfies the equation

g(2z) + g(4z) =
z(2z + 1)g(z) + 2(z + 1)g2(z)

2z3 + z(4z + 1)g(z) + (2z + 1)g2(z)
,

where s = t = 2, k = σ = 1, showing that g satisfies the conditions of Theorems 1 and 2. By

(1.8) and the details of [21, p.47-49], we have that

N(r, g) = N(r,
1

f(z) + 1
) = (1 + o(1))T (r, f + 1) = (1 + o(1))T (r, g),

showing that g satisfies the results of Theorems 1 and 2. Therefore, Theorems 1 and 2 may hold.

Remark 1 (1) Clearly, the equation (1.1) is a special case of the equation (1.3), where σ = n = 1.

(2) The condition (1.4) cannot be omitted in Theorem 1. For example, we consider the

function

f(z) =

∞
∑

n=1

zn

2
1

2
n(n+1)
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in the above Example again. It satisfies the equation

f(2z)f(4z) = 2z2
(

1 + z + (2z + 1)f(z) + zf2(z)
)

,

where s = 2, k = t = 0, σ = 2 contradict (1.4). Clearly, (1.5) fails for this case. But the condition

(1.4) is not necessary for Theorem 1. For example, the function

f(z) =
1

∞
∏

i=0

(1 − qiz)
, 0 < |q| < 1

is a transcendental meromorphic function [15]. On the one hand, it satisfies the q-difference

equation

f(qz) = (1 − z)f(z),

where s = k = σ = 1, t = 0 contradict (1.4). But by the details of the proofs of Theorems B and

C, we have

M1(log2 r) ≤ N(r, f) ≤ M2(log2 r),

and

K1(log2 r) ≤ T (r, f) ≤ K2(log2 r),

for some constants M2 ≥ M1 > 0, K2 ≥ K1 > 0. Thus, (1.5) holds without any exceptional set.

(3) The assumption concerning meromorphic coefficients in Theorems 1 and 2 cannot be

omitted. For example, the function f(z) = 1 − z satisfies the equation

f(qz) =
f(z) − qz(1 − z)

f(z)
.

Clearly, the coefficient −qz(1 − z) is not of growth o(T (r, f)). Thus, though the assumptions

(1.4) and (1.6) are satisfied, (1.5) and (1.7) fail.

2. Lemmas for proofs of theorems

Lemma 1 ([6]) Let f be a non-constant zero-order meromorphic function, and q ∈ C\ {0}.

Then there holds

m(r,
f(qz)

f(z)
) = o(T (r, f))

on a set of logarithmic density 1.

Lemma 2 ([2]) (Valiron-Mohon’ko) Let f(z) be a meromorphic function. Then for all irreducible

rational functions in f ,

R(z, f(z)) =

m
∑

i=0

ai(z)f(z)i

n
∑

j=0

bj(z)f(z)j

with meromorphic coefficients ai(z), bj(z), the characteristic function of R(z, f(z)) satisfies

T (r, R(z, f(z))) = dT (r, f) + O(Ψ(r)),
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where d = max{m, n} and Ψ(r) = maxi,j{T (r, ai), T (r, bj)}.

Lemma 3 ([4]) If T : R+ → R+ is an increasing function such that

lim
r→∞

log T (r)

log r
= 0,

then the set

E = {r : T (C1r) ≥ C2T (r)}

has logarithmic density 0 for all C1 > 1 and C2 > 1.

Remark 2 ([7]) We shall also use the observation that

N(r, f(qz)) = N(|q|r, f) + O(1)

holds for any meromorphic function f and any non-zero complex constant q.

3. Proof of Theorem 1

To prove our theorems, we propose to follow the main idea in the proof of the case of difference

equations [22]. Denote

Uq(z, f(z)) =
∑

λ∈I

cλ(z)f(qz)iλ,1f(q2z)iλ,2 · · · f(qnz)iλ,n .

Noting the assumption concerning the coefficients and the assumption that iλ,1+iλ,2+· · ·+iλ,n =

σ for all λ ∈ I, we have by Lemma 1 that

m(r,
Uq(z, f)

fσ
) = o(T (r, f)) (3.1)

on a set of logarithmic density 1. Moreover, by applying Lemma 2 to both sides of (1.3), we have

that

T (r,
Uq(z, f)

fσ
) = T (r,

P (z, f)

fσQ(z, f)
) = T (r,

fk(ak + · · · + asf
s−k)

fσQ(z, f)
) = dT (r, f) + o(T (r, f)) (3.2)

on a set of logarithmic density 1, where

d = max{t + σ, s} − min{σ, k} = max{t, s − σ} − min{σ, k} + σ (3.3)

by the assumption that P (z, f), Q(z, f) have no common factors. By combining (3.1)–(3.3) and

(1.4), we have that

N(r,
Uq(z, f)

fσ
) = dT (r, f) + o(T (r, f)) ≥ (σ + 1)T (r, f) + o(T (r, f)) (3.4)

on a set of logarithmic density 1.

Suppose now on the contrary to the assertion of Theorem 1 that

N(r, f) = o(T (r, f)) (3.5)

on a set of logarithmic density 1. Since f is of order zero, we have by Lemma 3 that

N(Cr, f) = (1 + o(1))N(r, f), C > 1 (3.6)
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on a set of logarithmic density 1. Thus, by (3.6), the assumption (3.5) and Remark 2, we have

that

N(r, Uq(z, f)) ≤ σN (max{|q|, |q|n}r, f)+o(T (r, f)) ≤ σ(1+o(1))N(r, f)+o(T (r, f)) = o(T (r, f))

(3.7)

on a set of logarithmic density 1, whenever |q| ≤ 1 or |q| > 1. Furthermore, we have by (3.7)

that

N(r,
Uq(z, f)

fσ
) ≤ N(r, Uq(z, f)) + σN(r,

1

f
) = σN(r,

1

f
) + o(T (r, f))

≤ σT (r, f) + o(T (r, f)) (3.8)

on a set of logarithmic density 1. Thus, we have a contradiction that (3.4) and (3.8) hold

simultaneously on a set of logarithmic density 1. Thus, (1.5) holds on any set of logarithmic

density 1. 2

4. Proof of Theorem 2

By (3.6), (3.7) and the assumption concerning the coefficients, we have that

N(r,
Uq(z, f)

fσ
) ≤ σ((1 + o(1))N(r, f) + N(r,

1

f
)) + o(T (r, f))

≤ σ(2T (r, f) − m(r, f)) + o(T (r, f)) (4.1)

on a set of logarithmic density 1.

On the other hand, we have by (3.1) and (3.2) that

N(r,
Uq(z, f)

fσ
) = dT (r, f) + o(T (r, f)) (4.2)

on a set of logarithmic density 1, where d is defined by (3.3).

Thus, we have by (4.1), (4.2) and (1.6) that

m(r, f) = o(T (r, f)),

that is

N(r, f) = T (r, f) + o(T (r, f))

on a set of logarithmic density 1. 2

Acknowledgement The authors are grateful to the referees and editors for helpful suggestions

to improve the readability of the paper.

References

[1] HAYMAN W K. Meromorphic Functions [M]. Clarendon Press, Oxford, 1964.

[2] LAINE I. Nevanlinna Theory and Complex Differential Equations [M]. Walter de Gruyter & Co., Berlin,

1993.

[3] YANG Lo. Value Distribution Theory and New Research [M]. Beijing Press, Beijing, 1982. (in Chinese)

[4] HAYMAN W K. On the characteristic of functions meromorphic in the plane and of their integrals [J]. Proc.

London Math. Soc. (3), 14(a): 1965, 93–128.



704 X. M. ZHENG and Z. X. CHEN

[5] ABLOWITZ M J, HALBURD R G, HERBST B. On the extension of the Painlevé property to difference
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