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Abstract We call T' € B(H) consistent in Fredholm and index (briefly a CFI operator) if for
each B € B(H), TB and BT are Fredholm together and the same index of B, or not Fredholm
together. Using a new spectrum defined in view of the CFI operator, we give the equivalence of
Weyl’s theorem and property (w) for T" and its conjugate operator 7. In addition, the property
(w) for operator matrices is considered.
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1. Introduction

Throughout this note let B(H) (K(H)) denote the algebra of bounded linear operators
(compact operators) acting on a complex, infinite dimensional Hilbert space H. If T € B(H),
write N(T') and R(T) for the null space and the range of T'; o(T) for the spectrum of T}
mo0(T) = mo(T) Niso o (T'), where mo(T) = {A € C,0 < dim N(T — AI) < oo} are the eigenvalues
of finite multiplicity. An operator T' € B(H) is called upper semi-Fredholm if it has closed range
with finite dimensional null space and if R(T) has finite co-dimension, T' € B(H) is called a
lower semi-Fredholm operator. We call T' € B(H) Fredholm if it has closed range with finite
dimensional null space and its range of finite co-dimension. For a semi-Fredholm operator, let
n(T) = dim N(T) and d(T') = dim H/R(T'). The index of a semi-Fredholm operator T' € B(H)
is given by ind(T) = dim N(T') — dim H/R(T) = n(T) — d(T). The ascent of T, asc(T), is the
least non-negative integer n such that N(T™) = N(T™"!) and the descent, des(T), is the least
non-negative integer n such that R(T™) = R(T™*!). An operator T € B(H) is called Weyl if it is
Fredholm of index zero. And T € B(H) is called Browder if it is Fredholm “of finite ascent and
descent”: equivalently [6, Theorem 7.9.3] if T is Fredholm and T'— AI is invertible for sufficiently
small A # 0 in C. The essential spectrum o, (T"), the Weyl spectrum o, (T"), the Browder spectrum
ou(T'), the upper (lower) semi-Fredholm spectrum s, (T) (0sr_(T)) of T € B(H) are defined
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by ([6,7]): 0e(T) ={X € C: T — A is not Fredholm}, 0,,(T) = {A € C: T — Al is not Weyl},
op(T) = {) € C : T — Al is not Browder}, osp, (T) = {A € C : T — Al is not upper semi-
Fredholm}, osp (T) = {\ € C: T—\I is not lower semi-Fredholm}. The property of consistency
in Fredholm and index has been studied in [3]. Using a new spectrum defined in view of the
property of consistency in Fredholm and index, the main purpose of this paper is to give the
relation between the CFI property (see definition in Section 2) and Weyl type theorem. Also the
equivalence of Weyl’s theorem and property (w) is studied.

2. CFI operator and Weyl type theorem

We begin with a definition [3]: we say T' € B(H) is consistent in Fredholm and index (abbrev.
a CFI operator) or T has CFI property, if for each B € B(H), T B and BT are Fredholm together
and ind(T'B) = ind(BT') = ind(B) or not Fredholm together.

Let

p1(T)={X e C:T — Al is a CFI operator},

and let 01(T) = C\p1(T). Clearly, g € o1(T) if and only if T — Aol is semi-Fredholm but
T — Mol is not Weyl. By perturbation theorem of semi-Fredholm operator, ¢1(T") is an open
set in the spectrum o(T) of operator T. Let H(T) be the class of complex-valued functions
which are analytic in a neighborhood of o(T") and are not constant on any neighbourhood of any
component of o(T).

Weyl [13] examined the spectra of all compact perturbations of a hermitian operator on
Hilbert space and found in 1909 that their intersection consisted precisely of those points of the
spectrum which were not isolated eigenvalues of finite multiplicity. This “Weyl’s theorem” has
been extended to hyponormal and to Toeplitz operators [5], to seminormal and other operators
[2,4] and to Banach spaces operators [9, 10]. Variants have been discussed by Harte and Lee [8]
and Rakocevic [11].

We say that the Weyl’s theorem holds for T' € B(H) if there is equality

o(T)\ow(T) = moo(T).
Harte and Lee [8] have discussed a variant of the Weyl’s theorem: “the Browder’s theorem” holds
for T if

o(T) = 04 (T) Umoo(T).
What is missing is the disjointness between the Weyl spectrum and the isolated eigenvalues of
finite multiplicity: equivalently

ow(T) = op(T).

Rakocevit [12] has looked at variants of “Weyl’s theorem” and “Browder’s theorem” in which

the spectrum is replaced by the approximate point spectrum: “the a-Weyl’s theorem” holds for
T if
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where we write o, (T) for the approximate point spectrum of T, 7§y (T") = mo(T) Niso o4 (T) and
Oea(T) =(Hoo(T+K) : K € K(H)}. It is well known that 0., (T) coincides with 0., (T) = {\ €
C:T—M ¢ SF_(H)}, where SF (H) = {T € B(H), T is upper semi-Fredholm of ind(7") < 0}.
“The a-Browder’s theorem” holds for 71" if

Oeq (T) =0ab (T)7

where 0 (T) = (oo (T + K) : K € K(H) Ncomm(T)}. We know that A ¢ 04,(7) if and only
if T — Al is upper semi-Fredholm and T — AT has finite ascent. We call 0., (T") and o4,(T') the
essential approximate point spectrum and the Browder essential approximate point spectrum,

respectively. T € B(H) is said [1] to satisfy property (w) if
0a(T)\Oea(T) = moo(T).

Property (w) implies Weyl’s theorem, a-Browder’s theorem, Browder’s theorem [1].
Let po(T) = {A € C: there exists € > 0 such that T'— uI is semi-Fredholm and

N(T = ul) € () RUT = uD)"] if 0< [~ Al < ¢}
n=1

and let o3(T) = C\p2(T), 0¢(T) ={A € C: R(T — AI) is not closed}.

Theorem 2.1 Weyl’s theorem holds for T € B(H),

= op(T) =1 (T)Uo(T)U{A€a(T) :n(T—AX)=0tU{XeC:n(T - \) =00}

— op(T) = (M) U{N € o(T) : n(T —A) = 0} U{N € C: n(T - ) = oo} U
[acco(T) (N oa(T)]-

Proof Suppose Weyl’s theorem holds for T'. Clearly o1(T) U oo(T)U{A € o(T) : n(T — AI) =
0}U{A € C: n(T—AI) = oo} C 03(T"), we only need prove o1(T)Uos(T)U{\ € o(T) : n(T—AI) =
0}U{N € C:n(T —A) = o0} D op(T). Let Ao & o1(T) Uaa(T)U{N € o(T) : n(T — N) =
0JUu{AeC:n(T —A) =o00}. Then 0 < n(T — Agl) < 00, Ao ¢ 01(T), and there exists € > 0
such that 7' — AI is semi-Fredholm, and N(T'— XI) C (\,_; R[(T — AI)"] if 0 < [X\g — A| < € since
o & ao(T). Since \g ¢ o1(T), it follows that T — I is CFI if € is small enough. The fact that
T — A is semi-Fredholm tells us that T'— AI is Weyl [3, Theorem 3.2]. Then T — Al is Browder
since Weyl’s theorem holds for 7. Thus N(T' — X) = N(T — \XI) C (.2, R(T — \XI)"] = {0}
(see [12, Theorem 3.4]), which means that T — AI is invertible if 0 < |A — Ag| is small enough.
That is Mg € isoo(T). This shows that A\g € mo(T") since 0 < n(T — A\I) < co. Since Weyl’s
theorem holds for T, it follows that T'— Al is Browder. Now we prove A\ ¢ (7).

For the converse, let \g € o(T)\0w(T). Then \g & o1(T) Uoa(T) U{X € o(T) : n(T — X) =
0}U{A € C:n(T — X\I) = oo}, that is A9 ¢ op(T"). This means that o(T)\ow(T) C 7o (T).

Let Ao € moo(T). It is easy to see that Ao ¢ o1 (T) U oo(T) U {X € o(T) : n(T — \I) =
0} U{X € C: n(T — AI) = co}. Then A\g ¢ 03(T), which means that A\g € o(T)\ow(T'). That is
mo0(T) C o(T)\ow(T).

Hence, moo(T) = o(T)\ow(T).

In the same way, we can prove that Weyl’s theorem holds for T if and only if o,(T) =
a(TYU{A€ea(T):n(T—XN)=0tU{AeC:n(T — ) =00} Ulacca(T)oa(T)]. O
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Remark 2.1 “T (T*) satisfies Weyl’s theorem” cannot imply “Weyl’s theorem holds for T*
()"

For example, let T € B(f?) be defined by: T(x1,z2,23,...) = (0,21, %xg, %Ig, ...). Then
o(T) = ou(T) = {0} and mo(T) = 0, that is, o(T) \ 0w (T) = meo(T), which means that
Wely’s theorem holds for 7. But since o(T*) = 0., (T*) = {0}, while moo(T*) = {0}, that is,
o(T)\ 0w (T) # moo(T), which shows that Wely’s theorem fails for T*.

It is well known that T is called isoloid if isoo(T') C {A € C: n(T — A\I) > 0}.

Theorem 2.2 Suppose that both T and T* are isoloid and satisfy Weyl’s theorem,
<~ op(T)=01(T)Uoo(T)U{A e C:n(T —AN) =n(T* — \]) = o0}.
= op(T)=a(T)U{AeC:n(T —A)=n(T*—X) = o0} Ulacca(T)Noa(T)].

Proof Suppose that T and T™* are isoloid and both of them satisfy Weyl’s theorem. It is clear that

a1 (T)Uoo(T)U{N € C:n(T —AI) = n(T* = M) = 00} € 0(T). Let A\ & o1 (T)Uaa(T)U{\ €
C:n(T—XN)=n(T*— ) = oc}. Then n(T — A\oI) < 0o or n(T* — A\oI) < 00, also \g & o1 (T),
and there exists € > 0 such that 7' — AI is semi-Fredholm, and N(T — XI) C (", R[(T — A\I)"]
if 0 < |[Ao — Al < e. Let € be sufficiently small. Then T — A\ is Weyl [3, Theorem 3.2]. Since
Weyl’s theorem holds for T', we have that T'— Al is Browder. Then N(T — X\) = N(T — A\I) C
N, R(T — M\)™] = {0} (see [12, Theorem 3.4]), which means that 7' — A is invertible. That
is Ao € isoo(T). It is easy to see that A\g € mo(T') or Ag € moo(T™*) since both T and T* are
isoloid. Using the fact that Weyl’s theorem holds for T' and T*, we have that \g ¢ o} (T).

Conversely, suppose that o,(T) = 01 (T)Uoa(T)U{A € C:n(T — M) = n(T* — A]) = co}.
Let Ao € o(T)\ow(T). Then Ao ¢ o1(T)Uo2(T)U{A € C:n(T — A\I) = n(T* — M) = oo}, thus
Ao & ou(T). It implies that Ao € moo(T), that is, o(T)\ow(T) C meo(T'). For the converse, let
Ao € mo(T). Then \g & o1 (T)Uo2(T)U{N € C: n(T—AI) = n(T* =) = oo}, thus \g & o3, (T).
This shows that Ao € o(T)\ow(T), and we get mo(T) C o(T)\ow(T). Hence, Weyl’s theorem
holds for T'.

We will prove that T is isoloid. Suppose Ao € isoo(T), but n(T — M\I) = 0. It implies
N ¢ oi(T)Uoo(T)U{N € C: n(T — X) = n(T* — A\I) = co}. Then \g ¢ ou(T). Since
n(T — NI) =0, we know T — Ao! is invertible. It is in contradiction to the fact Ao € isoo(T).

Similarly to the above proof, it can be proved that Weyl’s theorem holds for T and T is
isoloid.

In the same way, we can prove that T and T™ are isoloid and satisfy Weyl’s theorem if and
only if 0(T) =o1(T)U{A e C:n(T — X)) =n(T* = A\]) = oo} U [acco(T)Noa(T)]. O

Remark 2.2 “Weyl’s theorem holds for 7' (T*)” does not imply “Property (w) holds for T
(T*)". For example, let A, B € B({?) be defined by: A(x1,z2,23,...) = (0,21, 22,23,...);
A 0
B
Then o(T) = 0, (T) ={N € C: [N\ < 1}, moo(T) =0, 0o(T) = {0} U{X € C: |\ =1}, and
0ea(T) = {X\ € C:|A| = 1}. Clearly, Weyl’s theorem holds for T' but Property (w) fails for T'.
In the following we explore when Property (w) holds for T

B(x1,x9,x3,...) = (1,0, 23, 24,...), and let T =
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Theorem 2.3 Property (w) holds for T and T* if and only if Weyl’s theorem holds for T and T*
and op(T) = 0o (T)Uoa(TY)U{A € C:n(T = M) =n(T*=X) = oot U{A € o(T) : n(T = \) =
0yU{r e o(T):n(T*— ) =0}.

Proof Suppose that Property (w) holds for T and T*. We only need to prove o(T) = doq (T) U
oa(T)U{N € C: (T — M) = n(T* — M) = 00} U{\ € o(T) : n(T — AI) = 0} U {\ € o(T) :
n(T*—XI) = 0}. Clearly we have o1 (T)Uo2(T)U{A € C: n(T—XI) = n(T* =) = oo} U{A €
o(T):n(T—X)=0}U{r e o(T) :n(T*=XI) =0} Cop(T). Let Ao ¢ 0o1(T)Uox(T)U{A € C:
n(T — M) = n(T* — AI) = 0o} U{A € o(T) : n(T — \I) = 0} U {\ € o(T) : n(T* — AI) = 0}. We
claim that A\g ¢ 01(T). Otherwise, we have \g € 01(T), then ind(T—XoI) > 0 or ind(T'—XAoI) < 0.
Thus Ay € 04(T) \ 0ea(T) or Ao € 04(T*) \ 0ea(T*). Since Property (w) holds for 7' and T,
we know that 7' — Ao/ is Browder. It is in contradiction to the fact that ind(7T" — AgI) > 0 or
ind(T — AoI) < 0. By Ao ¢ 02(T), there exists € > 0 such that T — AI is semi-Fredholm, and
N(T —XI) C (o, RI(T—AI)"]if 0 < |[Ao — A| < €. Let € > 0 be small enough. Since A ¢ o1(T),
it follows that 7' — AI is Browder. Then N(T'— X) = N(T — \XI) C (,—, R[(T — AI)"] = {0},
which means that T — AJ is invertible. This shows that Ag € isoo(T). Then Ay € mpo(T) or
Ao € moo (1) since n(T — Aol) < oo or n(T* — A\gI) < oo. Using the condition that Property (w)
holds for T and T*, we know T — A\l is Browder. Thus Ay ¢ op(T).

Conversely, suppose Weyl’s theorem holds for T and T* and o, (T') = do1(T)Uo2(T)U{\ € C :
n(T—A) =n(T*=XI) = co}U{A € o(T) : n(T—AI) = 0}U{A € o(T) : n(T*—AI) = 0}. We have
that moo(T") = 0(T)\ 0w(T) C 04(T)\ 0ea(T) and moo(T*) = o(T*)\ 00 (T™*) C 00 (T*)\ 0ca(T™).
We only need to prove o4(T) \ 0ea(T) C moo(T) and o4(T*) \ 0ea(T*) C moo(T*). Let Ay €
0a(T) \ 0ea(T). It is easy to see that n(T* — A\I) # 0, then Ao ¢ 9o1(T)Uoo2(T)U{X € C :
n(T = X)) =n(T*=X)=cc}U{XN€a(T):n(T —-N)=0tU{N € o(T) : n(T* = X\) = 0}.
This shows that Ao ¢ o(T"), then \g € moo(T'), that is 04(T) \ 0ea(T) C moo(T). Also we can
prove that o, (T*) \ 0eq(T*) C moo(T™). O

Theorem 2.4 Property (w) holds for T if and only if op(T) = 9o1(T) U o2(T) U {X € o(T) :
n(T—XN)=0U{ e C:n(T—-A)=occ}U{NeC:n(T — ) >d(T — A)}.

Proof Suppose Property (w) holds for T'. The inclusion do1(T)Uoe(T)U{X € o(T) : n(T =) =
Ju{reC:n(T—-X) =00} U{AeC:n(T—X)>d(T - X))} Co,(T) is clear. For the
converse inclusion, let Ao ¢ do1(T)Uoe(T)U{N € o(T) :n(T —AI) =0}U{A e C:n(T—-\) =
ooU{A e C:n(T =) > d(T—XI)}. Then 0 < n(T —XoI) < 0o, n(T —XoI) < d(T —AoI), and
Ao ¢ 001 (T). We assert that \g ¢ o1(T). Otherwise, we get \g € 01(T), then X\g € 04 (T)\0ea(T).
Thus T — Ao is Browder since Property (w) holds for T, it is in contradiction to ind(T'— AoI) < 0.
Then Ao € int p1(T"). Using the fact that Ao ¢ 02(T"), we can prove that A\ € isoo(T"). Then
Ao € moo(T) since 0 < n(T — Aol) < oo. Since property (w) holds for T' and T*, T — Aol is
Browder, that is, A\g ¢ op(T).

Conversely, suppose o(T) = 9o1(T) Uoo(T)U{N € o(T) : n(T —XI) =0} U{X € C:
n(T—MN)=o00}U{Ne€eC:n(T—A)>d(T—M\). Let \g € 04(T)\0ea(T). Then Ao ¢ 0oy (T)U
oo(TYU{A € o(T) :n(T—AX)=0}U{A e C:n(T—=AI) =o0tU{A € C:n(T—X\) > d(T—\),
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which implies that Ao ¢ op(T). We get Ag € moo(T'), that is, 04(T) \ 0ea(T) C moo(T). For the
converse inclusion, let Ag € moo(T"). Then n(T — XoI) < d(T — NoI). Thus A\g ¢ do1(T)Uoo(T)U
{AeaT) n(T—-MN)=0U{AeC:n(T—A)=occ}U{AeC:n(T—-N)>dT-N)}. It
follows that A\g ¢ o(T), then Ao € 04(T) \ 0ea(T), that is, moo(T) C 04(T) \ 0ea(T). Therefore,
property (w) holds for T'. O

Remark 2.3 “Property (w) holds for T' (T*)” does not imply “Property (w) holds for T* (T)”.
For example let T € B(¢?) be defined as in Remark 2.2. We know that o,(T) = 0.,(T) = {0}
and mo(T) = 0, which means that Property (w) holds for T. But since moo(T*) = {0} and
0a(T*) = 0ea(T*) = {0}, we know that that Property (w) fails for T*.

Let po(T) = C\oo(T)(ps(T) = C\os(T)). Similarly to the proof of Theorem 2.3, we can

prove the following

Theorem 2.5 T and T* are isoloid and satisfy property (w) if and only if o,(T) = do1(T) U
o(TYU{AeC:n(T — X)) =n(T* = X)) = oo} U{[p(T)U ps(T)] N (T)}.

3. Weyl type theorem for operator matrices

The study of upper triangular operator matrices arises naturally from the following fact: if
A is a Hilbert space operator and M is an invariant subspace for A, then A has the following

2 x 2 upper triangular operator matrix representation:
x % N N
A= 0 MeM-— Mo M-,
*

and one way to study operator is to see them as entries of simpler operators. The upper triangular
operator matrices have been studied by many authors [14,15]. When A € B(H) and B € B(K)

A C
are given, we denote by M¢c an operator acting on H & K of the form Mq = 0o B | where
A 0
CeB(K,H). IfC=0,let My = B

Wely’s theorem (property (w)) may not hold for a direct sum of operators for which Weyl’s
theorem (property (w)) holds. In this section, using the new spectrum set o1(T") and o2(T), we
explore the Weyl’s type theorem (property (w)) for 2 x 2 operator matrices. We begin with [16,

Lemma 3.1].

Lemma 3.1 For a given pair (A, B) of operators, if both A and B have finite ascent, then for
every C € B(K, H), Mc¢ has finite ascent.

Theorem 3.1 Let A € B(H) be such that 0c1(A) U o2(A) = 0(A) and let B € B(K).

(1) If Weyl’s theorem holds for M¢, for some Cy € B(K, H), then it holds for M¢ for every
C € B(K, H);

(2) If property (w) holds for M¢, for some Cy € B(K, H), then it holds for M¢ for every
C € B(K, H).
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Proof (1) For any C € B(K, H), suppose Mo — Aol is Weyl but not invertible. From

I 0 I C A—)XI C
Mo — Mol =
0 B-— Xl 0 I 0 I

we know A — Aol is upper semi-Fredholm, B — Agl is lower semi-Fredholm and A — A\oI is
Fredholm if and only if B — A\gI is Fredholm. Since A — AgI is upper semi-Fredholm, there is
Ao & 0o1(A)Uos(A). Tt follows that Ay ¢ o, (A), which means that A— M\l is Weyl. Then B— Aol
is Fredholm and hence ind(M¢c, — Aol) = ind(A— Aol ) +ind(B—NoI) = ind(M¢ — AoI) = 0. This
shows that Mc, — Aol is Weyl. But since Weyl’s theorem holds for M¢,, it follows that M¢c, — Aol
is Browder, that is asc(A — MgI) < oo and des(B — A\gI) < co. Thus A — Aol is Browder since
A— Aol is Weyl. The fact that both M¢, — Aol and A — Aol are Browder tells us that B — A\g[ is
Browder. This proves that Mc — Aol is Browder. Now we get that o(M¢c)\ow(Me) C moo(Me).

For the reverse inclusion, first suppose \g € moo(M¢). Then 0 < n(M¢e — Ml) < oo and
there exists € > 0 such that Mc — Aol is invertible if 0 < |A — A\g| < e. It follows that A — A
is bounded from below and B — Al is surjective if 0 < |\ — Ag| < €. Then A ¢ 9o1(A) U o2(A).
Thus A — Al is Weyl and hence A — AI is invertible. This implies B — AI is invertible too. Hence
Ao € isoo(Mc,). We will show that 0 < n(M¢g, — Aol) < co. First of all observe that there is a

general inclusion
N(Mc —XI) C(A—=XNI)THON(B = MNI)] @ N(B — \ol),

which forces N(A—XoI)® N (B —XoI) to be nontrivial because otherwise N(M¢c — Aol) would be
trivial, a contradiction. Now we must show that N(A — A\gI) ® N(B — A\oI) is finite-dimensional.
But since N(A— X oI)® {0} C N(M¢c — Mol), it follows that n(A—NgI) < co. Thus we only need
to prove that n(B—XoI) < 0o. If n(B—MXgl) = oo, without loss of generality, suppose Ag € o(A),
then Ag € isoo(A), which implies that Ay ¢ do1(A) U o2(A4). Thus A — Aol is Browder. Now
there are two cases to consider.

Suppose that CN(B — \gI) is finite-dimensional. Then N(C') must contain an orthonormal
sequence {y;} in N(B — A\oI). But then (31) € N(M¢ — AoI), which means that N(M¢ — Aol)
is infinite-dimensional, a contradiction.

Suppose that CN(B — \oI) is infinite-dimensional. Since A — \oI is Browder, R(A — \oI)*
must be finite-dimensional. Therefore CN (B — AoI) N R(A — AoI) is infinite-dimensional. Now
we can find an orthonormal sequence {y;} in N(B — AoI) for which there exists a sequence{x;}
in H such that (A — X\I)xz; = Cy; for each i = 1,2,.... Then (—1131) € N(M¢ — XoI), which
implies that N(M¢ — Aol) is infinite-dimensional, a contradiction again.

From the preceding proof, we know that 0 < dim[N(A — X\oI) ® N(B — \oI)] < oo. The
fact that N(Mc — AoI) € (A —XI) " [CN(B — X\oI)] @ N (B — \oI) implies n(M¢c — A\oI) < oo.
If N(Mc — AoI) = {0}, then N(A — \I) = {0}, which means that A — \oI is invertible.
Thus 0 < n(B — Al) < co. Let yo € N(B — Mol) and yo # 0. There exists xyp € H such
that (A — XoI)xg = Coyo, because R(A — M\gI) is surjective. Then (f;) € N(Mc — Mol),
a contradiction. Hence Ao € moo(M¢,). Since Weyl’s theorem holds for M¢,, it follows that
Mc, — Aol is Browder. We can prove that A — Aol is Browder, so is B — A\gI. Hence M¢ — Aol
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is Browder. Thus Ay € o(M¢)\ow(M¢). Now we prove that Weyl’s theorem holds for M¢ for
each C € B(K, H).

(2) For any C € B(K, H), suppose A\g € 0¢(Mc)\0ea(Mc). Then A — Aol is upper semi-
Fredholm. We assert that A — Aol is Weyl and B — A\o! is upper semi-Fredholm, this is an
immediate consequence of doq(A) U o2(A) = 0y (A). It follows that ind(M¢, — AoI) = ind(A —
Xol) + ind(B — AI) = ind(M¢c — AoI) < 0. From the general inclusion N(M¢ — Agl) C
(A—=XoI)"LHCN(B — X\oI)] ® N(B — M\oI) and the condition that n(M¢c — A\gI) > 0, we get that
0 < dim[N(A — AoI) & N(B — Al)] < co. We claim that n(M¢g, — Aol) > 0. Otherwise, let
N(Mc,—MoI) = {0}. Then A—\oI is invertible. This shows that 0 < dim N(B—XoI) < co. Let
Yo € N(B — M\oI) and yo # 0. Using the fact that R(A — \oI) is surjective, we know that there

is zp € H such that (A — M\gI)xg = Cozg. Then (_ISO) € N(M¢, — Mol), it is in contradiction

to the assumption that N(Mc¢, — AoI) = {0}. Then n(M¢c, — AoI) > 0, which means that Ao €

0a(Mcy)\Oea(Me,). Since property (w) holds for M¢,, Mc, — Aol is Browder. Similarly to the

proof (1), we get that Mo — Ag! is Browder. Now we have proved o,(M¢c)\oeo(Mc) C moo(Me).
Conversely, similarly to the proof (1), we can prove that moo(M¢) C o(Mc)\ow(Me).
From the above proof, property (w) holds for M¢. O

Acknowledgment The authors are grateful to the referees for helpful comments concerning

this paper.

References

[1] AIENA P, PENA P. Variations on Weyl’s theorem [J]. J. Math. Anal. Appl., 2006, 324(1): 566-579.
[2] BERBERIAN S K. An extension of Weyl’s theorem to a class of not necessarily normal operators [J]. Michigan
Math. J., 1969, 16: 273-279.

3] CAO Xiaohong. Weyl spectrum of the products of operators [J]. J. Korean Math. Soc., 2008, 45(3): 771-780.

4] BERBERIAN S K. The Weyl spectrum of an operator [J]. Indiana Univ. Math. J., 1970/1971, 20: 529-544.

5] COBURN L A. Weyl’s theorem for nonnormal operators [J]. Michigan Math. J., 1966, 13: 285-288.

6] HARTE R. Invertibility and Singularity for Bounded Linear Operators [M]. Marcel Dekker, Inc., New York,

1988.

[7] HARTE R. Fredholm, Weyl and Browder theory [J]. Proc. Roy. Irish Acad. Sect. A, 1985, 85(2): 151-176.

(8] HARTE R, LEE W Y. Another note on Weyl’s theorem [J]. Trans. Amer. Math. Soc., 1997, 349(5):
2115-2124.

[9] ISTRATESCU V I. On Weyl’s spectrum of an operator (I) [J]. Rev. Roumaine Math. Pures Appl., 1972,
17: 1049-1059.

[10] OBERAI K K. On the Weyl spectrum [J]. Illinois J. Math., 1974, 18: 208-212.

[11] RAKOCEVIC V. Operators obeying a-Weyl’s theorem [J]. Rev. Roumaine Math. Pures Appl., 1989, 34(10):
915-919.

[12] TAYLOR A E. Theorems on ascent, descent, nullity and defect of linear operators [J]. Math. Ann., 1966,
163: 18-49.

[13] WEYL H. Uber beschrénkte quadratische Formen, deren Differenz vollstetig ist [J]. Rend. Circ. Mat.
Palermo., 1909, 27: 373-392.

[14] HAN Youngmin, DJORDJEVIC S V. a-Weyl’s theorem for operator matrices [J]. Proc. Amer. Math. Soc.,
2002, 130(3): 715-722.

[15] LEE W Y. Weyl’s theorem for operator matrices [J]. Integral Equations Operator Theory, 1998, 32(3): 319-
331.

[16] CAO Xiaohong, MENG Bin. Essential approximate point spectra and Weyl’s theorem for operator matrices
[J]. J. Math. Anal. Appl., 2005, 304(2): 759-771.



