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Abstract In the framework of reflexive Banach spaces satisfying a weakly continuous duality
map, the author uses the viscosity approximation method to obtain the strong convergence
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1. Introduction

Let E be a real Banach space with the dual space E*, and C' be a nonempty closed convex
subset of E. Denote by F(T) the fixed point set of a mapping T. If {z,} is a sequence in E,
then x,, — z (resp., z, — z) will denote strong (resp., weak) convergence of the sequence {z,}
to a point z € E.

Recall that a mapping T : C — C is said to be asymptotically nonexpansive mapping
with the sequence {k,} if there exists a sequence {k,} C [l,+o0) with k, — 1 such that
Tz — T™y|| < kyllz — y|| for all z,y € C and n € N, where T° = I, the identity mapping, and
N ={0,1,2,...} denotes the set of nonnegative integers.

In the framework of real reflexive Banach spaces with a weakly continuous duality mapping
J, associated with a gauge ¢, Ceng, Xu and Yao [1] in 2008 studied the following implicit
and explicit iterations with a finite family of asymptotically nonexpansive self-mappings {T;}¥
associated with the real sequence {k,} C [1, +00):

1 1-1t, tn

= (1— H)xn + o f(zn) + knTT’fl:cn (1.1)
and
1 1-¢, th
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where f is a contractive self-mapping, r,, = n (mod N), with the mod function taking values in

{1,2,...,N}. Under the following assumptions:

_ K — 1
& limt,=1 and lim -0, (1.3)

kn—a n— oo n—oo 1_tn

0<t, <

Ceng, Xu and Yao [1] used the viscosity approximation technique to obtain a strong convergence
theorem for the iterative schemes (1.1) and (1.2).

Up to now, many authors have been studying the similar iterative algorithms, such as Chang,
Tan and Lee, et al. [8], Yao and Liou [9] and so on.

Motivated by [1] and Chang, Lee and Chan [2], we obtain in this paper the strong convergence

theorem for the following iteration with infinitely many asymptotically nonexpansive mappings
{3y
Tl = @ f(20) + (1 — an)Th @y, (1.4)

Particularly, if {T,,}>, = {T1, T2, ..., Tn,T1, T2, ..., TN, Th,. ..}, a finite family of asymptoti-

N

cally nonexpansive mappings {7, },_1,

then the iterations (1.4) becomes the explicit iteration
Tni1 = an f(xn) + (1 — an)T)" 2.

In addition, another purpose of this paper is to replace the implicit (1.3) with some simple

conditions. We may assume lim,_ 2= =0 to replace (1.3), for example, a;,, = P

_ (n42)%+1
kn —_— W.

In this paper, we assume that E is a real reflexive Banach space with (topological) dual

and

E*. Let ¢ : Rt — RT be a strictly increasing continuous function such that ¢(t) = 0 if and
only if ¢ = 0. Such a function ¢ is known as a gauge with which we can define a duality map
Jo B — 2" by

Jo(x) ={j € E": (z,7) = |[zlle(l2l)) and [7] = ¢(ll=I)}-

From Browder [3], we know that E has a weakly continuous duality map if there is a gauge ¢
such that the duality map J, is weakly sequently continuous from FE, equipped with the weak
topology, to E*, equipped with the weak* topology. For instance, for each 1 < p < oo, the space
IP has a weakly continuous duality map with gauge ¢(t) = t*~!. In the case that ¢(t) = t for
all t € RT, we write the associated duality map as .J, called the normalized duality map. In the
framework of reflexive Banach spaces, J can be considered as single-valued. Indeed, we know
from Asplund Theorem, each reflexive Banach space E can be re-normed with an equivalent
norm such that both E and E* are strictly convex. Thereby, each reflexive Banach space can be

seen as a smooth Banach space, which implies J is single-valued.

Lemma 1.1 ([4]) If a real sequence {a,} C [0, +00) satisfies an+1 < (1 — p)an + 6n, V0 = ng,
where real sequences {v,} C (0,1) and {d,} C R satisty the following conditions:

o0 o0
On
. o L < '
nhrn Yo = 0; E Y = 00; 117rlnsup—7n <0 or E [0n] < 00

n=1 n=1

Then we have lim,, . a,, = 0.
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Lemma 1.2 ([5]) Let E be a Banach space satisfying a weakly continuous duality map, C

be a nonempty closed convex subset of E, and T : C — C be an asymptotically nonexpansive

mapping with a fixed point. Then I — T is semi-closed at zero, i.e., for each sequence {x,,} in C,

if {x,,} converges weakly to q € C and {(I — T)x,} converges strongly to 0, then (I —T)q = 0.
For the normalized duality map J, the following inequalities hold [6]:

2]* + 2(y, (2)) < [l +yl? < [l2]® + 2{y, j(z + ), Vi(x) € J(2), j(z+y) € J(z+y).
If J,, is the duality map associated with the gauge ¢, then we have

Lemma 1.3 ([7]) Let E be a real Banach space, and J, be the duality map associated with the
gauge . Set, fort > 0,

@(t):/o ©(s)ds.

We have the following conclusions:

(i) For all z,y € E and j € Jy(x +y), ®(|lz + y||) < @(||z||) + (y,7). In particular, for
x,y € B and j € J(z +y), |z +yl? < |[z]* +2{y, ).

(ii) For A € R and for nonzero x € E, J,(Ax) = sgn(X)(@(|A|||z|))/||=]])J ().

2. Main results

Firstly, we may give the assumptions on the framework of spaces. Assume that E is a real
reflexive Banach space with a weakly continuous duality mapping J, associated with a gauge ¢.
In addition, we also assume lim;_, 4 @ =d € (0,4o0].

There exist plenty of spaces satisfying all the assumptions above. For example, each [P (1 <
p < 2) satisfies all the assumptions above. In addition, each real reflexive Banach space with
the weakly continuous normalized duality mapping J also satisfies all the assumptions above, for
in this case ¢(t) =t for all t € RT. It is also known that all Hilbert spaces admit the weakly
continuous normalized duality mapping J.

Assume {T,} is an infinite family of asymptotically nonexpansive mappings of C into E.
Recall that {T,,} is a family of asymptotically nonexpansive mappings with a common sequance
{kn}, if there exists a common sequance {k,} C [1,4+00) with lim,,_. k, = 1 such that for each
2,

1T =Tyl < knllz —yll, Va,yeC.

Particularly, when {7} is a finite family of asymptotically nonexpansive mappings, {T;,} must
have such a common sequance {k,}. Throughout this section, we also assume the sequence

{T,}52; has such a common sequence {k,}. We shall consider both the implicit iteration:
Zn =anf(zn)+ (1 —an)Thzn, Yn =N, (2.1)

and the explicit iteration

c
To €L, Vn e N. (2.2)
Tpyr = an f(2n) + (1 = )Ty,
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Theorem 2.1 Suppose that {T,}52, is an infinite family of asymptotically nonexpansive
mappings of C into C, having a common sequence {ky,}. Assume, > >~ (k, —1) < co and
F =:N;2, F(T;) # 0. Suppose that {z,} C C is defined by the implicit iteration (2.1), where
N € N is a constant, f : C — C is a given contractive mapping with the contractive con-

stant 0 < a < 1, {a,} C (0,1) is a real sequence with lim, .o ap, = 0, Y7 (o, = 00 and

kn—1 — 0

limp o0 2=

Then the sequence {z,} defined by (2.1) converges strongly to the unique solution z € F for

the following variational inequality in F':
(f=Dz,J(x—2)<0, Ve e F (2.3)

if and only if
lzn — Tizn|| — 0, forallie N. (2.4)

Proof Firstly, it is not difficult to prove that there exists a natural number N such that for any
n > N, there exists a unique element z, € C satisfying (2.1).
Secondly, we verify the necessity of Theorem 2.1.

Indeed, if {z,} converges strongly to z € F, we have
lzn = Tiznll < 20 — 2l + | Tiz — Tizn|l < (L 4 k1)]lzn — 2] — 0. (255)

Finally, we verify the sufficiency of Theorem 2.1.
At first, we prove that {z,} defined by (2.1) is bounded.
Indeed, for any given x € F, it follows from Lemma 1.3, (2.1), ®(0) = 0 and the convexity of
® (so that ®(ts) < t®(s) for all t € [0,1]) that
B([lzn — 2]l) < (ana + (1 = an)kn)®(||lzn — z[|) + an(f(2) =z, Jo(2n — 2)).

Then we have

e _ail - an)knq)(”'zn —z[]) < (f(x) — =, J%’(Z" - ),

knp—1 knp—1

(L= a— "0 (|20 — ) < (ko —a—

)®([lzn — zl)) < (f(2) = 2, Jo(2n — 2)).

Qp
—1

= 0 that there exists a natural number nq such that

kn—1<1—a
Qi 2

It follows from lim,, ., %=

, Vo= n. (2.6)

Thus,
2

@120 — ) < 7o (@) = 2, gz — ), V2 (2.7)
Noticing that (2.7) holds actually for all duality map J,, we may take the normalized duality J
in particular (in this case ®(¢t) = %) Then we get by (2.7)
4 4
l2n =27 < T (@) = 2, (20— ) < T |[£ (&) — ] -z — 2], ¥ > i,
which implies {z,} is bounded. Hence, both {f(z,)} and {T)z,} are bounded. It follows by the

reflexivity of Banach space E that there exists a weakly convergent subsequence {z,,} C {z,}
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such that

zZn, ~2€C, as i— oo.

i

Then by (2.4) and Lemma 1.2, we get z € F.
Next, we shall prove that z is just the unique solution of variational inequality (2.3) in F.
Indeed, for any given x € F, it follows by (2.1) that
([|zn — 2]) < (o + (1 = an)kn)@([|zn — 2|) + an(f(2n) = 2n, Jo(2n — 2))

Thus,
(1—ap)(kn —

n

(zn = f(zn); Jo(2n — 1)) < 1)‘1>(||Zn — x]). (2.8)

Now in (2.8), by replacing z, with z,,, passing through the limit as ¢ — oo, and by the bound-

edness of {z,}, lim, e @, = 0, and lim,, kg[—;l = 0, we conclude
limsup(zn, — f(2n,); Jo(2n, —2)) <0, V2 € F. (2.9)

Taking « = z in (2.7), by 2z,, — z and the weak continuity of .J,,, we can get that
2
O, = #l) < T2 {f(2) = 2, oo, = 2)) = 0, a5 i = o0,
-«
This implies
Zn,

i

—z, as i— 00. (2.10)
It follows by (2.9), (2.10) and the weak continuity of J, that
(z = f(2), Jp(2 — 2)) = limsup(zn, — f(2n,), Jp(2n; — 7)) <0, Vo € F, (2.11)
which implies z is a solution of the variational inequality (2.3) in F' since J(z — x) is a positive-
scalar multiple of J,(z — x) by virtue of Lemma 1.3.
Next, we prove that z is the unique solution of the variational inequality (2.3) in F'.
Indeed, if u is another solution of variational inequality (2.3) in F, we can get by (2.3) the

following two inequalities at the same time:
() =, J(z = w)) 0 (f(2) = 2, J(u—2)) <O.
By adding up the two inequalities above, we get
(1= a)llu =zl < (I = flu— (I = f)z,J(u~2)) 0. (2.12)

Thus, we have u = z, and hence z is the unique solution of the variational inequality (2.3) in F.
Finally, we can prove z, — z as n — oo since {z,} is sequentially compact and each cluster
point of {z,} equals z. This completes the proof of Theorem 2.1. O
Next we turn to study the explicit scheme (2.2). We need the strong convergence of implicit
scheme (2.1) to prove the strong convergence of the explicit scheme (2.2). This is quite a routine
argument (see e.g., Ceng Xu and Yao [1]). In the following Theorem, we may similarly assume
the condition (2.4) holds, which implies z,, — z as n — oco. In this section, we denote by z the

unique solution in F(T') for the variational inequality (2.3).

Theorem 2.2 Suppose that {T,}52, is an infinite family of asymptotically nonexpansive
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mappings of C' into C, having a common sequence {k,}. Assume, > - (k, — 1) < oo and
F = N2, F(T;) # 0. Suppose that {x,} C C is generated by the explicit iteration (2.2),

where f : C — C is a given contractive mapping with the contractive constant 0 < a < 1,

{an} C (0,1) is a real sequence with lim, oo, = 0, Y0 o, = oo and lim, o kgzl = 0.
Assume, in addition, the condition (2.4) holds (or z, — z).

Then the sequence {x,} generated by (2.2) converges strongly to the unique solution z € F
for the variational inequality (2.3) in F' if and only if

|z — Tizy|| — 0, for all i € N. (2.13)

Proof Similarly to (2.5), we can easily verify the necessity of Theorem 2.2. In what follows, we
verify the sufficiency of Theorem 2.1 by eight steps.
Step 1. We claim that {x,} generated by iteration (2.2) is bounded.
Indeed, considering of z € F, we get by (2.2)
i1 — 2 < (in(1 = o) + @) 2 — 2] + anlf(2) - 2] (2.14)

Similarly, there exists some natural number ng such that

kn,—1 11—«
Denote
pn =kn —1, ¥neN, (2.16)
then we get by (2.15) and (2.16)
1—
(1 — an)kn + aan <1 —ap - 2a, Yn > no. (2.17)
Then it follows by (2.14) and (2.17) that
2||f (=)

—4| }, Vn = ng.

lzns1 = 2l < max{fjzy — 2|, =7 ——

Mathematical induction yields

21 f(z) — z
EOEE IRV,

which implies {z,,}22 4 is bounded. Hence, both {T"x,} and {f(z,)} are bounded. Thereby, we

can assume that there exists a constant M > 0 such that

[€nt1 = 2| < max{[|zn, — ]|

1 @)l + 1Tzl + [l < M, Vn = 0. (2.18)
Obviously, there exists a subsequence {z,, } C {x,} such that

limsup((f — I)z, Jo(xn — 2)) = llinolo«f — Dz, Jp(Tn, — 2)). (2.19)

n—oo
Moreover, it follows by the boundedness of {z,,} and the reflexivity of Banach space E that
there exists a subsequence {zy, } C {zn,} such that

Tn, =~p€C, as k— 0. (2.20)

Then we know by (2.20), (2.13) and Lemma 1.2 that p € F.
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Step 2. We claim that
limsup((f — I)z, Jo(zn, — 2)) < 0. (2.21)

n—oo

Indeed, in view of p € F' and by replacing « with p in (2.11), we get

((f =Dz, Jo(p — 2)) <O.

Then one can get by (2.20) and the weak continuity of J, that

limsup((f — 1)z, Jy(an — 2)) = ((f = D)z, J(p — 2)) <. (2:22)
Step 3. For any to > 0, we claim lim; ., @ is a positive real number.

Indeed, since ¢ : Rt — RT is a strictly increasing continuous function such that o(t) = 0 if

and only if t = 0, we know that @ is continuous in any bounded closed subinterval of (0, +00).

Thus, we have lim;_,q, @ = %ZO) > 0.

Step 4. We shall prove
limsup((f — Iz, J(xp4+1 — 2)) < 0.
Indeed, the boundedness of {x,,} yields the boundedness of the real sequence {{(f—1I)z, J(zp+1—
z))}, and hence limsup,, , . ((f — I)z, J(2n4+1 — 2)) is some constant.
It is obvious that there exists a subsequence, say, {zy,} C {z,} such that

limsup((f — 1)z, J(zn — 2)) = klingo«f =Dz, J(xn, — 2)). (2.23)

From (2.22), (2.23) and Lemma 1.3(ii), we have
li G — D)z, Iz, — 2)) < i D)z, Jo(zn — 2)) < 4
1n sup ||I ZH klm <(f )27 (xnk Z)> = lmsup<(f )27 sa(xn Z)> = 0. (22 )
k—oo ng —0o0 n—oo
It is obvious that there exists a subsequence {x,,} C {zy,} such that

kooo  Nny —2ll - imee |2, — 2]

Obviously, we can see it by Step 3 and the assumption lim;—, o+ @ =d € (0,400] that

(i £ = 21D
=5z, =

Then, by (2.23)-(2.25), we have proved

) € (0, +0o0].

limsup((f — Iz, J(xp+1 — 2)) < 0.

Denote
I = max{((f - I)Za J(InJrl - Z)>50}7 VneN.

Step 5. We claim that n, > 0, Vn € N, and that n, — 0, as n — oco. Indeed, for arbitrarily
given € > 0, there correspondingly exists n. such that ((f —I)z, J(@n41 — 2)) < € for all n > n..
Then we know that 0 < 7, < ¢ for all n > n.. Hence, one can get 1, — 0 by the arbitrariness

of €.
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Step 6. We prove x,, — z € F, as n — o0o. Indeed, it follows by (2.2) that
[2n41 = 212 < (1= an)?ki |z — 2[1? + anallzn — 2] + [2n1 = 2[I*) + 2007

Thereby,
o (1 — an)?k2 + aay,
1-—aq,

2
lomes — 2|7 < o,

= 2|2 4 22l 2.26
= 2] + S22 (2:26)

Denote v, =k, — 1, Vn € N. It is obvious that lim, o 2= = 0, limy, o v = 0 and v, > 0,
Vn € N. Thus, there exists a natural number ns such that
Up, 11—«

0<—<
an

and 1<k, <2, as n > no.
Thus, we have
(1 — an)?k2 + aa, < (1 —aay) — an(l —a) + (4a2 +v2), as n > no.

Hence, we can get by (2.26) and the boundedness of {x,,}

20 + (4o, + i) (M + ||2]))?

ln s = 212 < (1 = (1 = @) am — 21 + =

as n = na.

20+ (402 +12) (M 4] 2])?

T , we have proved |z, — 2|2 — 0 by

Now, taking v, = (1 — &)y, 0, =

Lemma 1.1. Therefore, the proof of Theorem 2.2 is completed. O

Remark Particularly, when {T,,}>2, = {Th, T%,..., TN, Th, 1%, ..., TN, T4, ...}, a finite family

of asymptotically nonexpansive mappings {T},})_;, then the iterations (2.1) and (2.2) become

the implicit iteration z,, = ay, f(2n) + (1 — )T} 2, and the explicit iteration 41 = o, f () +
(1 =0an)T} . Thus, our main results improve and extend the corresponding main results of [1],

[2] and some references therein.
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