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Abstract By employing the fixed point theorem of cone expansion and compression of norm
type, we investigate the existence of positive solutions of generalized Sturm-Liouville boundary
value problems for a nonlinear singular differential equation with a parameter. Some sufficient
conditions for the existence of positive solutions are established. In the last section, an example
is presented to illustrate the applications of our main results.
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1. Introduction

In this paper, we consider the following nonlinear singular boundary value problem (BVP for
short)

u’(t) + A[f(t,u(t)) +q@)] =0 for ae. te(0,1), o
m—2 m—2 .
u(0) = b 0) =5 a6, eu) + (1) =5 b -

where ) is a positive parameter, a > 0,b > 0, ¢ > 0, d > 0 such that ac+bct+ad > 0, ; € (0,1), a;,
b; € (0,400),i=1,2,...,m—2 (m € Nand m > 3) are all constants, f : (0,1) x [0,00) — [0, c0)
is continuous and may be singular at t = 0,1, ¢ : (0,1) — (—o00, +00) is Lebesgue integrable and
may have finitely many singularities in [0, 1]. The precise meaning of singularity is given at the
end of this section.

I'in and Mosiseev [1] studied the existence of solutions for a linear multi-point boundary

value problem. Motivated by the study of II'in and Mosiseev [1], Gupta [2] studied certain
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three-point boundary value problems for nonlinear ordinary differential equations. Since then
more general nonlinear multi-point boundary value problems have been widely studied by many
authors (see [3-10] and some references therein) because multi-point boundary value problems
describe many phenomena of applied mathematics and physics.

In recent years, many authors have studied nonlinear differential equations with Sturm-
Liouville boundary value conditions or generalized Sturm-Liouville ones [7—11]. Especially Zhang
[10] studied the following generalized Sturm-Liouville boundary value problem

u”’(t) + h(t) f(t,u(t),u (t)) =0, te(0,1),

m—2

au(0) - 0/(0) = 5 asul€). cult) +du'(1) = 5 bau(e)

by applying the fixed point theorem due to Avery and Peterson. However the nonlinear term
f is nonsingular in [10]. As far as we know, the BVP (1.1) is seldom investigated. Inspired by
[8-10], our aim in the present paper is to establish the range of A, for which there exists at least
one positive solution for the BVP (1.1). In particular, we shall use the fixed point theorem of
cone expansion and compression of norm type to prove our main result. In the last section, an
example is presented to illustrate the applications of our main results.

By singularity we mean that the functions f(¢,u) and ¢(¢) in (1.1) are allowed to be un-
bounded at some points. In this paper, the function ¢(¢) is allowed to have finitely many singu-
larities in [0, 1] and to change sign and tend to negative infinity. We call u(t) € C[0,1]NC?(0,1)
for a.e. t € [0,1] if u(t) € C'[0,1] and v”(t) € C(0,1) for a.e. t € (0,1), where u(t) € C1|[0,1]
means that wu(t) is first-order continuously differentiable on [0, 1], and w”(¢t) € C(0,1) for a.e.
t € (0,1) means that there is a subset Z(C (0, 1)) of Lebesgue measure 0 such that u(t) is twice
continuously differentiable on (0,1)\Z. A function u(t) € C*[0,1] N C?(0,1) for a.e. t € [0,1]
is called a positive solution of the BVP (1.1) if it satisfies the BVP (1.1) and u(t) > 0 for any
t €10,1].

2. Preliminaries and several important lemmas

Let E = C10,1] be equipped with norm [Ju|| = max;c[o1] [u(t)|. Then (E, ||-||) is a real Banach
space. For convenience of readers, we provide some background materials in a real Banach space
E.

Definition 2.1 (see Definition 1.1.1 in [12]) Let E be a real Banach space. A nonempty convex

closed set P C E is called a cone if it satisfies the following two conditions:
(i) = € P, a >0 implies ax € P;

(ii) z € P, —x € P implies x = 0, where 0 denotes the zero element of E.

Definition 2.2 (see Definition 2.1.1 in [12]) An operator is said to be completely continuous if

it is continuous and compact.
In this paper, we make the following assumptions:

(Hi) f:(0,1) x [0,+00) — [0, +00) is continuous and there exist constants 7y, pu, 0 < v <
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1 < 400 such that
o f(t,u) < f(t,0u) <6V f(t,u) for any (t,u) € (0,1)x [0,00) and 6 € [0,1]; (2.1)

(Hz) X is a positive parameter, q : (0,1) — (—o0, +00) is Lebesgue integrable such that
1 1
0< / g—(s)ds =11 < +o0 and 0< / G(s,8)[f(s,1) + q1(s)]ds = ro < 400,
0 0

where ¢4 (s) = max{q(s), 0}, ¢—(s) = max{—q(s),0};
(H;) a >0,b>0,¢>0,d>0,p=ac+bc+ad >0, & € (0,1), a;,b; € (0,400),
i=1,2....,m—2(meNandm >3), p— X" Zaip&) >0, p— " bi(&) >0, A <0,

where

m—2 m—2
- ; aip(&)  p— ; aip(&)

A =
o= owie) =T b
and
() =b+at, o(t)=d+c(l—1t), te]0,1].
Obviously 1 is non-decreasing on [0, 1] and ¢ is non-increasing on [0, 1].
Remark 2.1 The inequality (2.1) is equivalent to the following one
S f(tu) < f(t,0u) < o*f(t,u) forany (t,u)€ (0,1)x[0,00) and 6 € [1,+00). (2.2)

Remark 2.2 Typical functions that satisfy the above hypothesis of (H;) are those taking the

form

f(t,u) = Zpi(t)uli,
i=1
where p;(t) € C(0,1), p;(t) >0 fort € (0,1),0<l; < 400,i=1,2,...,n,n € N.

Remark 2.3 It is clear that a function ¢ satisfying the following conditions also satisfies (Hz).
For given points t1,t2,...,t;, ¢(t) — 0o (t = t;), ¢ = 1,2,...,j. Thus ¢ can have finitely many

singularities.

Lemma 2.1 (see Lemma 2.1 in [10] or Lemma 5.5.1 in [13]) If (H3) holds, then for y € C[0,1],

the BVP
u’(t) +y(t) =0, 0<t<l,

, - m—2 ‘ . , _m72 . ‘ (*)
au(0) — bu'(0) = ; a;u(&;), cu(l)+du'(1) = ; biu(&;)

has a unique solution

u(t) = / G(t, s)y(s)ds + A@)b(t) + Bly)e(t),

where
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m—2 1 m—2
e /0 Gleshu(s)ds p— '3 aplé)
A(y) X m__2 . _2 : (2.4)
S, / Gle (sl =% bip(&)
1=1 0
| -Eave T / (6.9)
B(y) = 5 - . (2.5)
p- z bt () z G(& 5)

Remark 2.4 Obviously A(y) and B(y) are nonnegative and nondecreasing in y if y(¢) > 0 for
t € ]0,1] and (Hsz) holds. Thus the unique solution of the BVP (x) is nonnegative if y(¢) > 0 for
t € [0,1] in Lemma 2.1.

For convenience, throughout this paper, we set

[ = min {@ ()

w(0)’ W}, V =max{G(t,s)|0<t<1,0<s<1}

m—2 —2
>oai p— > aip(&) -2 ap(&) X a
I = =1 =1 J = =1 =1
m—2 m—2 ’ m—2 m—2 ’
; bi - 2:21 bip(&:) p— ; bith (&) ; bi
M=V + Y()r VI n w(0)r V. J

A A
where 0 < 6 < ¥ < 1 are given constants, r; is defined in (Hg). It is obvious that I < 0, J < 0
and M > 0 if (Hs) holds
Let
P={ue B ult) 20, min ult) > lu).
te
Then it is clear that P is a cone of E

Proposition 2.1 Fort,s € [0, 1], we have

0 < G(t,s) < G(s,s). (2.6)
Proof By the monotonicity of ¢ and 1, it is evident that (2.6) holds. O
Proposition 2.2 For ¢ € [0,9], we have

G(t,s) > BG(s, s),

€ [0,1]. (2.7)
Proof Fort e [0,9] and s € (0,1), by (2.3), we obtain
Glts) | o (V0 SO)) L vl0) o)
Gloow) 2™ ) 50 2 G o)} =
If s=0and t € [f,9], by (2.3), we have

a(t.0) = M > 1 20 0)60) 20) 60,0,
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If s=1andt € [0, by (2.3), we get

_Y(M)e(1) 1 p(0) _ ¥
G(t,1) = — > > o) p(Le(1) = o) G(1,1).
Therefore, (2.7) holds. This completes the proof. O

Let
w(t) = / MG, ) (s)ds + AA(QL ) () + B(a_)g(t)],

where G(t,s), A(g—) and B(q-) are defined by (2.3)—(2.5), respectively. Obviously w(t) is con-

tinuous on [0, 1]. According to (Hz), we obtain

1
w(t) = / MGt $)q_ (s)ds + MA(q_)b(t) + Blg_)o(t)]

m—2 m—2
L (1) Ve o p= 2 aie(&)
< )\/ Vg_(s)ds + A , ) +
0 m— m—
=1 =1 (28)
m—2 m—2
— a; i Vr a;
Ap(0) z; V&) ' z;
A m—2 m—2
p— 21 bi(&) Vi 221 bi
=V ¢ ONVE 2OV
A A
so w(t) is well defined in E. By direct computation, we have
w’(t) + () =0 for a.e. te(0,1),
m=2 m—2
aw(0) —bw'(0) = > aw(&), cw(l)+dw'(1) = 3 biw(&),
i=1 =1
which implies that w(t) is a positive solution of the following boundary value problem
u’(t) + Ag—(t) =0 for ae. te(0,1),
m—2 m—2
au(0) —bu'(0) = Y- au(&), cu(l)+du'(1) = > biu(&).
i=1 =1
For any u(t) € C[0,1], let us define a function [-]* by
u(t), wu(t) >0,
[u(@®)]" =
0, u(t) < 0.
Now we consider the following BVP
! (8) + MF(E [u(t) — w(®)]*) + a5 (0] =0 for ae. € (0,1),
m—2 (29)

au(0) — bu'(0) = 3 au(&), cu(l)—!—du'(l)_mz_fbiu({i).

=1
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By Lemma 2.1, a function u(t) € C*[0,1] N C?(0,1) for a.e. t € [0,1] is a solution of the BVP
(2.9) if and only if u(t) is a solution of the following nonlinear integral equation

ult) = /0 AG(t, 8)[f (s, [u(s) = w(s)]*) + a4 ()]ds + MA(f + a9 (t) + B(f + a4 )e(t)], t € [0,1],

where f denotes f(s, [u(s) —w(s)]*), G(t,s), A(f + ¢4 ) and B(f+q. ) are defined by (2.3)-(2.5),
respectively.
Let

1
(Tu)(2) —/0 AG(L, 8)[f (s, [u(s) — w(s)]") + g4 (s)]ds+

NA(F +a0)9(®) + B(f +an)e(t), t€[0,1]. (210)
Obviously the existence of solutions of the BVP (2.9) is equivalent to the existence of fixed points

of the operator T in the real Banach space FE.

Lemma 2.2 Suppose that (Hy) holds, then f(t,u) is nondecreasing on u € [0,+00) for any
fixed t € (0,1).

Proof For any fixed ¢t € (0,1) and any u1,us € [0,4+00), without loss of generality, let 0 < uy <
uz. If up = 0, obviously equations f(¢,u1) = f(t,u2) = f(,0) hold. If us # 0, let do = ;;*. Then
we obtain 0 < dp < 1. It follows from (2.1) that

f(t,’lL1) = f(tv 50“’2) < 5gf(ta U’Q) < f(t7u2>a
i.e., f(t,u) is nondecreasing on u € [0, +00) for any fixed ¢ € (0, 1). This proves Lemma 2.2. O

Lemma 2.3 Assume that (Hy) and (Hs) hold. If z(t) with x(t) > w(t) is a positive solution of
the BVP (2.9), then z(t) — w(t) is a positive solution of the BVP (1.1).

Proof Suppose that z(t) is a positive solution of the BVP (2.9) such that x(t) > w(t), then
from (2.9) and the definition of []*, we have

() + M f(t, [z(t) —w(®)]) + g+ ()} =0 for ae. t€(0,1),

m—2 m—2 (211)
ax(0) — bz'(0) = 2 a;x(§), cx(l)+de’(1) = z::l bix(&)-
Let u(t) = z(t) — w(t). Then v’ (t) = 2" (t) — w"(t) for a.e. ¢t € (0,1), which implies that
z"(t) =u"(t) — A\g_(t) for a.e. t € (0,1).
Thus (2.11) becomes
u’ () + A[f(t,u(t)) + g+ (t) —g—(¢)] =0 for ae. te€(0,1),
m—2 m—2 (212)
au(0) — bu'(0) = 2 a;u(&;), cu(l)+du’(1) = ; biu(&;).

Noticing ¢(t) = ¢+(t) — ¢—(¢t) and (2.12), we know that wu(t) is a positive solution of the BVP
(1.1), i.e., z(t) — w(t) is a positive solution of the BVP (1.1). This proves Lemma 2.3. O

Lemma 2.4 Assume that (Hy)-(Hs) hold. Then the operator T : P — P is well defined and
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T : P — P is a completely continuous operator.

Proof For any fixed u € P, choose 0 < 7 < 1 such that n||u|| < 1, then we obtain n[u(t)—w(t)]* <
nu(t) < n|lul| < 1. Thus by (2.1)—(2.2) and Lemma 2.2, we have

f@ @) —w®)]") < (%)“f(t,n[U(t) —w®)]") <n7HfEnllull) < ullVfE 1), (2.13)

Hence for any ¢ € [0,1], by (2.6), (2.10), (2.13) and Lemma 2.2, we get
1 ~ ~
(Tu)(t) = /0 AG(t, 5)[f (s; [u(s) = w(s)]") + g4 (s)]ds + ALA(S + ¢4)9(t) + B(f + ¢+) ()]
< /\/O s, 8)[m" w7 f(5,1) + a4 ()} ds + Mp(1) - A(F + q1) + Ap(0) - B(f + a4

1
<MK /0 G(s,)[f(5,1) + g4 (s)lds + Ap(1) - A(f + 1) + Ap(0) - B(f + q4)

m—2 m—2
o [ Gl )l F (s ) +as()ds p— X aiel€)
< afry + 20D :j2 1 =
b [ Gl o) b as s S huple)
=1 i=1
ooy | 5 ) S [ G o, 1) + s o)
A m—2 m—2 1
p= S he) " [ G600 + i (s)ds
=1 i=1 0
m—2 1 m—2
S | KGs)lfs 1) +an(s)lds p= 2 a(s)
< AKro 4 )\1/)A(1) i=1 0 i=1 n

; b / KG(s,9)[f(5:1) + 5 ()}ds —mizbmsi)

S e S w [ KG9 +aysas

Ap(0)
A m—2
o= S b)) S b / KG(s,9)[f(5:1) + g1 (9)ds
i=1 =1 0
m—2 m—2
Kry >0 ai p— X aip(&)
— AKry + —WA( ) - - +
m—2 m—2
Ap(0) - Zgl aip(&) Ko Zgl a;

m—2 m—2
p— ; bi(&) Ko Z:l bi

MW (Dro KT Ap(0)ro KJ
A +

:/\KT2+ A

< 400,
(2.14)
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where K = 07" #||ul]|”Y + 1. Thus T': P — E is well defined. Next for any v € P and ¢ € [0, 1], by
(2.6) and (2.10), we obtain

1 ~ ~
(Tu)(t) = /O AG(t, s)[f (s, [u(s) —w(s)]") + g4 (s)]ds + A[A(Sf + g )9 () + B(f + ¢1)e(t)]

< /0 AG(s, 8)[f (s, [u(s) = w(s)]*) + g4 (s)lds + Mp(1) - A + q1) + Ap(0) - B(f +q4).
Then we have
1 ~ o~
[Tu] < /0 AG (s, 8)[f (s, [u(s) —w(s)]") +q4(s)]ds+ (1) A(f +q+4) +Ap(0)- B(f +q4). (2.15)

Thus for any v € P and t € [0, 9], by (2.7), (2.10) and (2.15), we get

W) (0
/0 a ~w(s)]*) + g (5))ds £ AAG+ 4 06(0) + BIF+ a2 )(0)]

> [ NG, ) w1 + a9+ AO) - AT+ )+ Xol0) - BT+
= [ PG ) w1 + a1 s + 2D AT + a0+
2 OB +a,)

1
> 5{ [ AG(s, 9115 [u() — w(s)]") + 4 (5)ds + Xo(1) - AT+ 01) + Xp(0) - BT+ a)}
0

> B||Tull
This implies that T : P — P is well defined.

Let D C P be any bounded set. Then there exists a constant L > 0 such that ||z|] < L for
any z € D. Thus for any z € D and s € [0, 1], we have

[2(s) — w(s)] <a(s) < Jall ST <L+ 1. (2.16)

By (2.2), (2.16) and Lemma 2.2, for any € D and s € [0, 1], we obtain that

fs, [w(s) —w(s)]") < fs, L+ 1) < (L+1)"f(s,1). (2.17)
From (2.6), (2.10), (2.17), (Hz) and Lemma 2.2, proceeding similarly to the above (2.14), we can

have

(T)(t) = /0 AG(t,9)[f (5, [2(s) = w(s)]*) + g ()]ds + MA(f + @) (t) + B(f + a+) ()]

P ¢(0)]
<L+ 1+ 1](1+ B
S AL+ 1)* +1](1+ —3= + =3
Therefore, T(D) is uniformly bounded.
Next we shall show that T'(D) is equicontinuous on [0, 1]. For any z € D and ¢t € (0,1), by

(2.10), (2.17) and Lemma 2.2, we obtain

| S

)<+oo for any z € D.
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c [t
A= 2 [ b as) (£ fe(s) — w(s))") + g (s
PJo
a [* ~ ~
p /t [d+ (1= $)][f (s, [x(s) —w(s)]") + g4 (s)lds + a- A(f + q1) —c- B(f +q4)
H ‘e
<A(L+1) +1]{/0 b+ as)[F (1) + a4 (9)ds+

/t%[d+c(1—s)][f(s,1)+q+(8)]ds}+a~A-A(f+q+)+c-A-B(f+q+). (2.18)

Exchanging the integral order and combining with (Hg), we have
1

/1{/t C(b—l—as)[f(s 1) +q4(s )]ds+/ a[d-i-C(l—s)][f(s 1)+ q.(s )]ds}dt
/ds/ Cb—i—as f(s,1) +q4(s dt—l—/ ds/ [d+c(1—3)][f(s,1) + qs(s)]dt

S

:/0 AU =8)bas) o1y s )]ds+/ asld + e = 9 14(5.1) + 4 (s)]ds

p ’ ’
1 _ s as
S/O [d + (1 p)](b+ ) (£(5,1) + gy (s))ds+
/ (bt as)ldt el =) s 1) 4 g0 (s)ds
; p
1
=2 [ Gls.9)(F1) + g (9))ds = 20 < (2.19)

Thus for any = € D, by (2.18) and (2.19), we obtain that

/01 ‘%(Tx)(t)‘dt

1 ~ ~
§2/\[(L+1)“+1]/0 G(s,9)[f(s,1) + qr(s)]ds+a- AA(f +q+) + ¢ AB(f + q+)

al ¢
§2)\r2[(L+1)”+1](1+2A+2CA) < 4oo.

From the absolute continuity of integral, we know T'(D) is equicontinuous on [0, 1]. Thus accord-
ing to the Ascoli-Arzela Theorem, T'(D) is a relatively compact set.

At the end, from the continuity of f, it is easy to check that T : P — P is continuous.
Therefore, T': P — P is a completely continuous operator. This completes the proof of Lemma
24. O

The following theorem plays an important role in proving our main results.

Theorem 2.1 (see Theorem 2.3.4 in [12]) Let K be a cone in real Banach space X. Let
Q and Qo be two bounded open subsets in X such that 0 € Q; and Q; C Q». Let operator
A: KN (Qy\ Q) — K be completely continuous. Suppose that one of two conditions

(i) ||Aullx < |lu|lx, Yu € K NOQy and ||Aul|x > |Jullx, Yu € K NOQs;

(i) ||Aullx > |ullx, Yu € KN OO and || Aul|x < |lullx, Yu € K NI,
is satisfied. Then A has at least one fixed point in K N (Q2\ ;). Here 0 denotes the zero element
of X, and ||v||x denotes the norm of element v in X.



810 J. B. YANG and Z. L. WEI
3. Main results
In this section, we give our main results and an example to demonstrate their applications.

Theorem 3.1 Suppose that (Hy)-(Hs) are satisfied. Assume that there exists a constant T

satisfying
2 — v -1
T > [M/ G(o,s)ds}
2 0
such that
min I(t,u) >7T for u> M. (3.1)
te[o, 9] U

Then there exists A\g > 0 such that for any A € (0, o], the BVP (1.1) has at least one positive
solution u* € P, where \ satisfies

VTl

Ao = min{l, B-rs - [(max{M/B,1})" + 1]}5

here r1 and ro are defined in (Hs).
Proof For any [ > 0, we set
Q={uecP:|ul|<l}, OU:={uecP:|ul|=I}

Let

_M I VTl
r—?, /\o—mln{l, 6-r2~[(maX{M/5,1})“+1]}’

where r1 and ro are defined in (Hs). Since u(t) > B|jul| = Br for any u € 99Q,, by (2.8), we have
u(t) —w(t) > Pr—AM =M — XM > M(1—X) >0 forany uwe dQ, and A€ (0, o]
Noting that 0 < u(s) —w(s) < u(s) < ||ul]| = r < max{r,1}, by (2.2) and Lemma 2.2, we get
(s, [u(s) —w(s)]*) < f(s,max{r,1}) < (max{r,1})*f(s,1) for any u € 99Q,. (3.2)
Hence for any ¢ € [0,1], u € 9, and X € (0, Ao], by (2.6), (3.2) and Lemma 2.2, we obtain
(TU)(t)l
= /0 AG(t, 5)[f (s, [u(s) = w(s)]*) + g4 (s)]ds + AA(f + g1 )0(t) + B(F + : ) (1))

< )\0/0 G(s, s)[(max{r, 1})" f(s,1) + g4 ()]ds + Aoo(1) - A(f + q5) + Aow(0) - B(f + g4

1 o~ o~
< )\oKo/O G(s,8)[f(5,1) + g+ (s)]ds + Mp(1) - A(f + q+) + Xow(0) - B(f +q+)
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m— 1 m—
S [ et s max(r ) s )+ as0las 0 S ais(e)
< XoKore + ——— O"/J( ) ;:_12 01 ml_:; +
; bi/o G(&, s)[(max{r,1})"f(s,1) + q+(s)]ds  — ; bip(&i)
m—2 m—2 1 ey 1 d
ro| 5 €S [ G mar 175, 1) 4 a9
A m—2 m—2
p— ; bitp (&) ; / G (&, s)[(max{r, 1})* f(s,1) + q4(s)]ds
m—2 1 m—2
oty | 5 % ) oG M)+ arlds o= @)
< AoKoro + —OA ;:_12 01 7:_:21 +
S0 [ KaGlss)lfs )+ as(olds =5 biels)
=1 0 i=1
m—2 m—2 1
- Z aip (&) E a; KOG(SaS)[f(5a1)+Q+(S)]dS
)\090(0) i=1
A m—2 —
p- 5 nwe) T / KoG(s,9)(s.1) + 01 (5)ds
m—2 m—2
Kora 30 ai p— > aip(&)
= N Kora + )\012(1) ;:jz mlf; +
Kora Z:l bi  — Z:l bip(&)
m—2 K m—2
qop(0) | i M) B o
A m—2 m—2
p— ; bip(&)  Kora z:l bi
— oKors & )\01/1(12" Kol n Aog( Z2K0J ra Koo ( 1/1(3] n @(K)J)
V() | (0)] Vi
= ’“2K0(1+ A A ) B 7o [(max{M/B,1})" + 1]
_ % . (wl + V”K(l)l + V”Z(O)J) - % "
where Ko = (max{M/3,1})* + 1. Thus for any A € (0, Ao, we have
ITu| < |u|l for any u € Q. (3.3)

Let R > 2r. Then R > % and M < %. For any s € [,9], u € 0Qg and A € (0, o], by
(2.8), we have

u(s) —w(s) > BR—AM >2M — MM = (2-\M > M (3.4)
and

ABR  (2—-X)BR
2 2 '

u(s) —w(s) > BR— A\M > SR —
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Hence for any u € 9Qg and A € (0, \o], by (3.1) and (3.4)-(3.5), we obtain
e - [ XG0, )15, [u(s) — w(s)]*) + a5 ()]s + NAT + a0 )6(0) + B + a1 )p(0)]
> [ AG0.9176s u) ~ wo)) + a1 ()
-/ UG08, (5 [us) — w(s))ds > / UAG(8,9) T [uls) — w(s)] - ds

2/ AG(@,S)~T~%-¢S:R-T-M/ G(0,s)ds > R = ||u]|.
0 0
Thus for A € (0, Ao], we get
I Tu|| > (Tu)(8) > ||u|| for any u € 0Qkg. (3.6)

By (3.3), (3.6) and Lemma 2.4, according to Theorem 2.1, we know that T has at least a
fixed point u* € Qg \ Q.. Thus for any A € (0, Ao}, by (2.8), we have

W (t) —w(t) > B+ [u*] =AM > §-7 — AM = M — AM > 0.

It follows from Lemma 2.3 that u*(¢) —w(¢) is a positive solution of the BVP (1.1). This completes
the proof of Theorem 3.1. O

Corollary 3.1 Suppose that (Hy )—(Hs) hold. Assume that there exist constants 0 < 61 < 91 <1
such that
f(tw)

lim min ———* = +oo0. (3.7)
[|ul| >+oo t€[B1,91] U

Then for X sufficiently small, the BVP (1.1) has at least one positive solution u* € P.

Proof Obviously (3.7) implies that (3.1) is satisfied. Thus by Theorem 3.1, we know that
Corollary 3.1 holds. This completes the proof of Corollary 3.1. O

Example 3.1 Consider the following singular second order BVP

3

1

(¢ At2(1—¢ 1/2 3/2 _ -
O+ A[B -0 42 = 53
1 1

2(0) - 2/(0) = a(3), =(1) + (1) = 52(3),

where A is a positive parameter,a =b=c=d=a; =1, by =1/2, & = 1/2,

=0 for a.e. t€(0,1)
—1/i)2/3 1)
t 1/ (3.8)

:_%Z(t 1/i)2/3° flt,z) =31 - )(I1/2+:z:3/2),

=1

Let v = %, = % Then (H;) is satisfied. By calculation, it is easy to obtain that

1 1
- :/0 G(S,S)[f(571) —|—q+(8)d8] = g‘/o (S+ 1)(2 — 8)82(1 — S)dS = %
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Thus (Hz) holds. By direct computation, we get
3 9 9
p=ac+bc+ad=3>0, p—arp(&) = 3 >0, p—hp(&) = 1 >0, A= ~2 < 0.

Hence (H3) is satisfied. Take § = 1/4, 9 = 3/4, then we obtain that
0O @), 5 3
f=min{—=, —=}==, V=max{G(,s)|0<t<1, 0<s<1}=—,

Y1) VI n e(0)rVJ

I:—%,J:—&JW:VH+ x R~ 5.8425
So we have
M . Viry
r= 9348, N = mln{l, T AT 1]} ~ 0.5171.
Since
lim  min f(t,2) = 400,
llzll—+ooteld,9] X

for any A € (0, Ag], by Corollary 3.1, we know that the BVP (3.8) has at least one positive
solution z* € C[0,1] N C%(0,1) N P for a.e. t € [0,1] with ||z*| > 9.348.

Remark 3.1 This paper generalizes and improves some well-known results [10-11].
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