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Abstract Let F' be a field with char F' # 2, [ a maximal nilpotent subalgebra of the symplectic
algebra sp(2m, F'). In this paper, we characterize linear maps of [ which preserve zero Lie
brackets in both directions. It is shown that for m > 4, a map ¢ of [ preserves zero Lie brackets
in both directions if and only if ¢ = YcoTyAapans, where Ve, o1y, Aa, ¢a,ns are the standard
maps preserving zero Lie brackets in both directions.
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1. Introduction

One of the most active and fertile subjects in matrix theory during the past one hundred
years is the linear preserver problem (LPP). The earliest paper on such a problem dates back to
1897 (see [1]), and a great deal of effort has been devoted to the study of this type of questions
since then. One may consult the survey papers [2—4] for details. Linear preserver problem mainly
includes the following three types. The first type of this question is concerned with the study
of those linear maps preserving certain functions [5-7]. The second type is concerned with the
study of linear maps which preserve certain subsets [8-11]. The third type is concerned with the
study of linear maps preserving certain relations [12-22].

It is one of the linear preserver problems to classify commutativity preserving linear maps
on matrix spaces or algebras. A linear map ¢ on an algebra or a matrix space A is said to be

commutativity preserving in both directions when the condition ab = ba holds if and only if
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w(a)p(b) = p((b)e(a). Commutativity preserving linear maps on spaces of matrices or operators
have been considered by several authors [12-18]. There are several motivations to study this kind
of maps. Problems concerning commutativity preserving maps are closely related to the study
of Lie homomorphisms. Every algebra A becomes a Lie algebra if we introduce the Lie bracket
[a,b] by [a,b] = ab — ba for a,b € A. A linear map ¢ : A — B is called Lie homomorphism
if ¢([a,b]) = [@(a),#(D)] for every pair a,b € A. It is clear that every Lie homomorphism
preserves commutativity. The assumption of preserving commutativity can be reformulated as
the assumption of preserving zero Lie brackets. Let £ be a Lie algebra over a field, ¢ a linear
map of L. We say that ¢ preserves zero Lie brackets in both directions if for every pair x,y € L,
we have [x,y] = 0 if and only if [p(z), p(y)] = 0. In this paper, we obtain three types of linear
maps which preserve zero Lie brackets in both directions, but fail to preserve all Lie brackets.
Let F be a field with char F#£ 2 and F* the group consisting of all non-zero elements of F.
Let F™*™ denote the set of all m x n matrices over F, B the n x n identity matrix (E("™)
is abbreviated to E), gl(n, F) the general linear Lie algebra consisting of all n X n matrices
over F' with bracket: [X,Y] = XY —YX for X,Y € gl(n,F). For A € F"*" A’ denotes
the transpose of A. Let T(n, F) (resp., S(n,F)) be the subalgebra of gl(n, F') consisting of all

upper triangular (resp., strictly upper triangular) matrices, T*(n, F') the group consisting of all

0 F
invertible elements in T'(n, F'). Set I = 2 oo ) The symplectic algebra sp(2m, F) is
defined to be the subalgebra of gl(2m, F') consisting of all X € gl(2m, R) satisfying X'I = —TX.

A B
The conditions for < oD ) (A,B,C,D € F™*™) to be symplectic are that B’ = B, ¢/ =C

and D' = —A. Let
A B
l:{< ; AI>|AeS(m,F),BeFmX’”,B’:B}.

It is a maximal nilpotent subalgebra of sp(2m, F). In this paper, by using the main theorem of
[15], we shall describe all the linear maps of [ which preserve zero Lie brackets in both directions

for m > 4. The main idea of this paper is to reduce the problem on [ to that on S(m, F).

2. Preliminaries

For 1 <i <j <m, let E;; denote the 2m x 2m matrix whose (i,7)-entry is 1 and all other
entries are 0; E; _; the 2m x 2m matrix whose (4, j + m)-entry is 1 and all other entries are 0;
E_, _; the 2m x 2m matrix whose (j +m, i+m)-entry is 1 and all other entries are 0. For a € F,
1<i<j <m,set

Tij(a) = a(Eij — E_j ), Ty ={Tij(a)la € F}

T;,—j(a) = a(Ei—j + Ej i), Ti—; ={T;—j(a)la € F}.

For 1 <i <m, set
Tii(a) = a(By — E—i i), Ti={Tu(a)la € F};
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Ti-i(a) = aEi i, Ti—i ={Ti-i(a)la € F}.

Let v = { A0 | A e S(m,F)}, w={ 0 B>|B€mem,B’—B}. Then

0 A 0 0

l = v+ w. The center of v is T',, and the center of [ is T _;.
Denote by 7 the set of all linear maps of [ that preserve zero Lie brackets in both directions
and by 7" the set of all bijections in 7. Denote by 1 the identity map on [. It is clear that for

¢ € T and a linear function f from [ to F, the map ¢+ f: X — ¢(X) + f(X)T1,-1(1) isin 7.

Lemma 2.1
(i) If p € T, then Kerp C T _;.
(ii)) ¢ € T’ if and only if p(T1,_1(1)) # 0.
(iii) If p € T', then p(T1,—1(1)) = T1,-1(c) for some c € F*.

Proof (i) If X € [ such that p(X) = 0, then for any ¥ € | we have [p(X),p(Y)] = 0. So
[X,Y] =0, ie., X is in the center T, _; of [.

(ii) Clearly, if ¢ is bijective, we have ¢(T7 _1(1)) # 0. Conversely, if ¢(T1,-1(1)) # 0 and
¢ is not bijective, then there exists some non-zero X € [ such that ¢(X) = 0. By (i) we have
X =T1,-1(c) with some ¢ € F*. Tt follows that ¢(77 _1(1)) = 0, a contradiction.

(iii) The assertion follows from the fact that 77 _; is the center of [ and (ii). O

3. Standard maps of v

It is obvious that v is isomorphic to S(m, F'). Cao et al. [15] have described the linear maps
preserving commutativity in both directions on S(m, F). We now transfer them to v for later

use. v has the following standard maps that preserve zero Lie brackets in both directions.

(a) ¥y X — cX, where cis a constant in F*.

(b) opp: X+ PTLXP, where P = ? A,Oil with A € T*(m, F).

(€) Moy :X+— X+ f(X)T1m(1), where f: v — F is a linear function from [ to F.

(d) w=lorw: X = < gl —(ll’ ) — ( —R(;4’R RZR ) where R = B + Eo -1 +

+Em 12+Em1
(e) (”) forbe F,i=1,m and j = 1,2, are defined by

' X = SiciciemTii(ai) = X + To (bara);
Mz(,ml) X =Yi<icjemTijaij) = X + T m—1(bam—1,m);
Mz(,u) : X =Yi<icjemTij(aij) = X + Tom(baig) + T3 (bais);
i X = SicicjemTiai) = X + Tim—2(bam—1m) + Ttm—1 (bm—2,m)-
We call the linear maps of types (a)—(e) defined above standard maps. By Lemmas 2.2, 2.3

and Theorem 1.1 (see [15]), we have the following theorem.

Theorem 3.1 Let m > 4. Then a linear map ¢ of v preserves commutativity in both directions
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if and only if ¢ is of the form

2 12 1 11
o = Vo courwuy™ ust? ™ i, .,

where Yy ¢, Oy, W, ulgzﬁ), /‘l(;i2)7 ul();nl), ul(il), TNy, ¢ are the standard maps of v.

4. Standard maps of [

We now define some standard maps of [ which preserve zero Lie brackets in both directions,
then we use them to prove the main theorem of this paper. It is easy to check that the following
linear maps of [ are all in 7 when m > 4.

(i) % : X — ¢X, where ¢ is a constant in F*.
) B ( A AB
(i) or: X — T 1XT, where T = ,
0 A-!
(ili) ny: X — X + f(X)T1,-1(1), where f is a linear function from  to F.
(iv) Let a = (a1 az az) € F1*3. Xy : X = El§i<j§m T;i(aij) + Elgkglgm T —1(bri) —
X +T5 _2(a1a12 + agaiz + azagz) + 1o, _3(azaiz).
X = A B A dB for d e F*
(v) ¢q:X = 0 A — 0 A or d € F*.
It is clear that op is a Lie automorphism of [, which is called the inner automorphism induced
by T. If f is a linear function satisfying the additional conditions: f([X,Y]) =0 forany X,Y €

and 1+ f(T1,-1(1)) # 0, then 7y is also a Lie automorphism of 7, called the center automorphism.

) with A € T*(m, F) and B = B'.

0 rE
If d ¢ (F*)%, then ¢4 is also an automorphism but not an inner automorphism. . and A, are

“1E 0
If d = r? for some r € F*, then ¢y is the inner automorphism of I induced by < " .

all nonsingular linear maps preserving zero Lie brackets in both directions, but generally they

are neither Lie automorphisms nor Lie anti-automorphisms.

5. The main results and their proofs

Throughout this section, we assume without loss of generality that ¢ is bijective and m > 4.
In fact, if ¢ is not bijective, we have ¢(T1,_1(1)) = 0 by Lemma 2.1 (ii). Let f be a linear
function from [ to F such that f(71,-1(1)) # 0. Then ¢ + f € T’ again by Lemma 2.1 (ii).
Thus ¢ can be replaced with ¢ + f. For s C I, we denote by C(s) the centralizer of s in [, i.e.,
C(s)={Y €l|[X,Y]=0,VX € s}. In order to prove the main result in this paper, we need to

give some lemmas first.
Lemma 5.1 Let ¢ € 7'. Then w defined in Section 2 leaves stable under .

Proof Let p = > i<i<j<m Ti,—;. If we can prove that p leaves stable under ¢, then w, being
i+j<m+1
the centralizer of p in [, also leaves stable under . So for our goal, it suffices to prove that p is

invariant under ¢. It is clear that the set

B={T;,_;(1)|1<i<j<mi+j<m+1}
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is the canonical basis of p. So we only need to show that ¢(X) € p for any X € B. It is not
difficult to check that dim C(X) > gm(m+1)+ gm(m —1) — (m —1) for any X € B. Since ¢ is
bijective and preserves zero Lie brackets in both directions, we have dim C(¢(X)) = dim C(X),
S0

dimC(p(X)) > -m(m+1) + %m(m —1)—(m—1) for any X € B. (1)

N =

In the following, we first prove that for any X € B, p(X) must be in w.

If there exists some X € B such that ¢(X) ¢ w, then we can assume that ¢(X) =
Zl§i<j§m T;i(aij) + W with some ag # 0 for 1 < s <t < m and W € w. Let ig,j0 be
such that a;,;, # 0 and a;, ; = 0 for all £ < jo and aj ;, = 0 for all £ > iy. Set

m—jo
My = EC™ — " Ty o vk(ag s aio jork),
k=1
io—1
My = E@m) 4 Z Tk 4o (a;);oak,jo%
k=1
m—jo m—jo

Jo
vy = E Tjojorr + ) Ti—jo + E Ty, —(jo+h)-
k=1 =1 h=1

Then vy is a subspace of I, and voNC (o, 0n, (X)) = {0}. Obviously, I 2 voBC(op, o, 9(X))

and dimwvg > m. So
1 1
dim C(p(X)) = dim C(opon, (X)) < im(m +1)+ im(m —1)—m. (2)

This contradicts (1). So ¢(X) € w for any X € B. That is to say ¢(p) C w.
It is easy to see C(p) = w, C(w) = w. It is not difficult to check that p(C(p)) = C(p(p)). So

p(w) = p(C(p)) = Clp(p)) 2 C(w) = w.

Since ¢ is a bijective linear map and preserves zero Lie brackets in both directions, we have
plw) =w. O

Let ¢ € T'. Since w is stable under ¢, ¢ induces a linear map P of [/w by B(Y) = WY) for
Y € l. Now we prove that P is a bijective linear map and preserves zero Lie brackets in both

directions by the following lemma.

Lemma 5.2 If ¢ € 7', then § defined above is a bijective linear map and preserves zero Lie

brackets in both directions.

Proof It is clear that P is a linear map. By Lemma 5.1, we have p(w) = w. If (X) =0, i.e.,
— - A B
»(X) € w, then X € w. So X = 0. This implies that $ is bijective. For any X = 0 o €
¢ D A 0 0 B c 0
land Y = el let X; = , Wi = , Y = A
0o - 0 -4 0 0 0 -C
0 D —_— = .
Wy = ( 0 I [X,Y] =0, 1e., [X,Y] € w, then [X1,Y1] = 0. We have [p(X1),¢(Y1)] = 0.

0
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So
[p(X), p(Y)] = [p(X1 + W), p(Y1 + Wa)]
= [p(X1), o(Y1)] + [o(X1), o(W2)] + [p(W1), 0(Y1)] + [p(W1), 0(W2)]
= [p(X1), o(W2)] + [o(W1), p(V1)] € w
Thus

[B(X),5(Y)] = [p(X), o(Y)] = [o(X),(Y)] = 0.

Conversely, o' € T". So ¢! can also induce a linear map @1 of I/w by ¢=1(Y) = ¢~ 1(Y).

Similarly to the above, we can also get if [X,Y] = 0, then [p=1(X),o~1(Y)] = 0. So if
[@(X),5(Y)] = 0, then [p~1(F(X)), o T (®(Y))] = [X,Y] = 0. That is to say % preserves
zero Lie brackets in both directions. O

Now we give the main result of this paper.

Theorem 5.1 Let m > 4. A linear map ¢ of | preserves zero Lie brackets in both directions if

and only if ¢ is of the form
© = 1o, /\a(bdnfv

where Y., 07,, Aa, @d, 1y are the standard maps preserving zero Lie brackets in both directions.
The “if” part of the theorem is clear. For the “only if” part, we will prove it for the case

m > 5 and the case m = 4, respectively.

Proof Since I/w is isomorphic to v, we may directly view [/w as v. So by Theorem 3.1, @ can

be written in the form:

— 2 1 11
= bocovropy” 1l ™ M, g,

where ¥, ¢, oy, W, ulgzﬁ), ugj‘f), ul();nl), ul(il), 7y, ¢ are the standard maps of v. It is easy to see
that 1. = e, 0p1 = T7. S0 07 e o = wuéfz)uéiz)u;(,;’“)uﬁl)n 7+ Denote o' ¢ o by 1.

In the following, we assume that m > 5 and we will give the proof step by step.
Step 1. There exist Ty = E?™) + 8§, and T, = E?™) + S, with S;, S5 € v such that

oo, ¢1(Ti;(1)) = T;5(1) (modw) for 1 <i < j <m.

It is easy to see that 1 (Tim (1)) Tim(c) + Wy for some ¢ € F* and Wy € w. Since

T1,—m(1) € p, we may write ©1(T1,-m(1)) as
01 (T1,—m (1

) = Z T, — (i)

1<i<j<m
i+j<m+1

It follows from [p1(T1m (1)), p1(T1,—m(1))] # O that z1,,, # 0. If w # 1, then ¢1(T1,m-1(1)) =
—f(T1,m-1(1)) T (1) — T (1) + W for some W € w. By applying @1 on [T1,m—1(1),T1,—m(1)
= 0, we have that x1,, = 0, a contradiction. So w = 1. That is to say

2 12 1 11
o1 = wy, gy g g
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For 2 < i < j < m — 1, we can assume that ¢1(7;;(1)) = T3;(1) + f(Ti;(1))Tim (1) + Wi;
for some W;; € w. By considering the action of @1 on [T;;(1),T1 - (1)] = 0, we have that
f(Ti;(1)z1m =0and a2 = x5 =0for 1 <k <j,j+1<I1<m. That is to say

01(T1,—m(1)) =T1,—1(z11) + Th,—2(x12) + To,—2(x22) + T1,—m(T1m ),
01(T55(1)) = T;5(1) (modw) for 2 <i<j<m-—1.

For 4 < k < m — 1, by operating ¢1 on [T1x(1),T1,—m(1)] = 0, we get that f(T1x(1))z1m = 0,
which means that f(T1x(1)) = 0. By applying ¢; on [Ti3(1),T1,—m(1)] = 0, we have that
f(T13(1))z1m = 0 and b3z1y, = 0, which means that f(7T13(1)) = b3 = 0.

Suppose ¢1(T3,-m(1)) = > 1 <icjom Ti—j(ij). By applying o1 on [T1x(1), T3 —n(1)] = 0 for
4<k<m-1,weget ysp =y =0for 1l <s<kand k+1<1<m. So p1(T5,_m(1)) =
Zlgigjgs T5,— 5 (Yig) +T1,—m (Y1m) + T2, —m (Y2m ) + T3, —m (Y3m) +Tin,—m (Ymm). Since Ts (1) & p
and ¢1(p) = p, we have that Yo, Ysm and ymm cannot be zero simultaneously. By considering
the action of ¢1 on [Th12(1), T3 —m(1)] = 0, we have biyam = b1Ysm = b1¥mm = 0. So by = 0.

By operating ¢ on [T1x(1),T1,—(m-1)(1)] =0 for k =2,3,...,m — 2,m, we know that there

exist 211, 21,m—1 € F such that

01(Th,—(m-1)(1)) = T1,~1(211) + T1,—(m-1)(Z1,m—1)-

It is clear that 21,1 # 0. Considering the action of 1 on [T, 2., (1), Th,—(m-1)(1)] =
0, we get bszi,m—1 = 0, which implies that by = 0. By considering the action of ¢; on
(Trn—1,m(1), T1,—(m-1)(1)] = 0, we obtain b2 m—1 = 0, which means that b = 0.
Since [Trm(1) = Thym—1(1), T1,—m(1) + T1,—(m—-1)(1)] = 0 for 2 < k < m — 2, by applying
1 on the two sides of the above equation, we have z1,, — 21, m—1 = 0 and f(Tkm(1))T1m =
0. So f(Tkm(1)) = 0. Now considering the action of 1 on [T1m(1) — Th m—1(1),T1,—m(1) +
T, —(m-1)(1)] = 0, we have z1,, — 21,m—1 + f(Tim(1))T1m = 0. So f(T1m(1)) = 0. Let
Ty = E®™ + f(T15(1)) Tam (1),
Ty = E®™ — f(Trn—1,m(1)T1m—1(1).
Then
J;;ail(pl(Tij(l)) =T;;(1) (modw) for 1 <i < j<m.
Denote 0;210;11901 by ©s.
Step 2. There exist a = (a1 ag az) € F1*3 and T = E@m) L W with W € w such that
A tortoa(Ti(1)) = Tij(1) (mod Ty, —y) for 1 < i < j < m.
Suppose that

e2(Triii (1) = o)+ > Taal)), 1<i<m—1. (3)

1<k<I<m

By applying @2 on [Th2(1),T5:(1)] =0, 4 <t < m, and [T;,41(1),T1s(1)] =0, 2 < i <m — 1,
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2 < s <m and s # i, we get that

p2(T12(1)) = Ti2(1) + ZTl “i(al)) + To—2(aly) + To —s(aly) + T5 _s(aly),

@2(Ti,i41(1)) = Tiiga (1) + ZTk Silag) + D Ti(al)) + Ty (al).

For j #¢—1,i+ 1, by considering the action of 2 on [T; ;4+1(1), Tj j+1(1)] = 0, we get agfj)-ﬂ =

fi)lj Choose
m (k-1 i—1
EC "’ZTlf a‘lk i)"’ Z Ti—j(a 513)
2<4i<j<m
Then
07 02(Tia(1) =Tia(1) + T1 1 (=all)) + T, 2(a8y) + T _s(aSh) + T _s(afy), (4
ozt 2 (Tiis1(1) =Tip1 (1) + T o1 (af)) + Ti il — 2a(5Y, ). (5)

Denote 0;31<p2 by ¢3. For 1 <k <l <mand!—k # 1, suppose that

o3(Tu(1) = Tu()+ > T (0%")
1<s<t<m
For 1 <i<m—1andi#1l,k—1, by applying 3 on [T (1), T;:+1(1)] = 0, we have that the
entries in the (i + 1)-row of w3(Ty(1)) are all zero except b( 3).
For 2 < k <1 <m—1, by applying ¢3 on [Tj+1(1), T1(1)] = 0 and [T (1), T1,+1(1)] =0,

respectively, we get b(lg) = b(13) =0, bglllzrl = bl(ilf 141 = 0 and bgkllil = b,(ckllil = bl(ill) 141 = 0.

By applying ¢3 on [T12(1),Ti3(1)] = 0, we get ag; =0 and aél) = bg2 ), By operating @3 on

[T1x (1) + T1u(1), Tia41(1) = Trg41(1)] = 0 for 2 < k <1 < m — 1, we get b(k R b(k R

al(ll) 2al(l 11l)+1 =0. So ¢(Tr(1)) can be rewritten as
p3(T12(1)) =Tia(1) + Ty, —1(—ay) + To,—2(a8y)) + Tz —s(asy),
s (Tas(1)) =Tas(1) + T 71<a13> + T,—2(afy) — 2a(}),
s (T13(1) =Tia(1) + Th, 1 (b)) + T, 2(6557),
©3(Ti,i+1(1)) =T5,i41(1) + Th —1(6151)) for3<i<m-—1,
03(Tw (1)) =T (1) + Ty _1(b§1”) for2<k<l<mandl#k+1,
@3(Ty (1)) =Ty (1) + T1,71( ) for 4 <1 <m.

Set a = (a1 a2 az) with a; = aé;), az = a%),ag = aéé) - 2a§ ). then

Aatos(Ti2(1) = Tia(1) + Th -1 (—aly),
Ates(Thin (1) = Toiga (1) + Th 1 (af)) for2<i<m—1,
At os(Tr(1) = T (1) + Ty 1 (B57) for 1<k <l<mandl#k+1.

That is to say
A or) o (Tii(1) = Tij(1) (mod Ty —q) for 1 < i < j < m.
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Denote A\, o3 by ¢4.
Step 3. There exist some b,d € F*, Ty = EG™) 4+ Tim(bd~1) and a linear function from [ to
F such that

o5 or, 00 = ny.

Suppose ©a(Tk,—1(1)) = > icicicm TS,_t(cgfl)). Since T7 1 is the center of I, we have
ws(Th,-1(1)) = Tl)_l(cglll)) with 65111) €F* For2<s<m,1<k<I<mands #kl,
by applying ¢4 on [T15(1), Tk,—i1(1)] = 0, we get that the entries of p4(T},—;(1)) in the s-row and

(s +m)-column are all zero. That is to say

0a(T1, (1)) =T1, 1 (S5 + Ty _o(5) + T i (D) for 2 < 1 < m, (6)
a(Tk,—1(1)) =T, -1 (c53”) + 1w (3)) + T oa(el”) + Tho (el +
T k() + T () for 2 < k < 1 < m, (7)
ea(To, k(1) =T1 1 () + Ty () + T 4 (c59) for 2 < k < m. )
( )For 3(<)l < m, by applying ¢4 on [T12(1)—T1;(1),T1,—2(1)+T1,—;(1)] = 0, we get 0(12) = CS”,
02122 =¢;  =0.

For 2 < k <1 < m~—1, by operating ¢4 on [Ty (1) = T7,141(1), T, —1(1) +T1,—141)(1)] = 0 and
[T11(1) = Thp1(1), Toe,—1(1) + Ty —(141)(1)] = 0, respectively, we have that cgkl) (]Zl) = cglfl) =
cl(lkl) =0 and c(kl) c&{}fll).

For 2 < k < 'm — 2, by applying w4 on [T1,,(1) — Te.m—1(1), Th,—m (1) + T, —(m-1)(1)] = 0

and [T1 pm—1(1) = T1x(1), Ton—1,—m(1) + Th—m(1)] = 0, respectively, we have cUm) = ckm) _ ),
km 1,m—1 m—1m km m—1,m km m—1,m km

cl(cm = Cg,m—l )7 Cg,m—l )= gk )705n—1,m = cl(cm " and an 1 _(7)71 = cl(ck ' =o0.

(m—1,m) __ _

By operating ¢4 on [T1,(1) — T12(1), Tn—1,-m(1) + T _(m-1)(1)] = 0, we get c3,,
Jm—Lm) _ g mtm) _ (2m )
mm — Y Pm—1m T “2m-1 -

For 2 < k <m — 1, by applying ¢4 on [T11(1) — Tk x+1(1), Tk, (1) + T1 —(k41)(1)] = 0, we

have that cgl,z ) — 0 and c(kk) cglklfll).
By operatmg @4 ON [Tlﬁm(l) Tlg(l) — ng(l),Tm),m(l) + Tgyfm(l) =+ lefg(l)] = 0, we get
that e = 2™ = of19) and clmm) — (2

Let b= c%m), d= 052 ) Then
oa(Te1(1) =Ty _1 () + Ty _y(d) for 1<k <l<m—1and (k1) #(1,1),
Pa(Th—m(1)) = Tt —1(cy™) + Th —m(d),

04 (Tho—m (1)) = Ty 1 (™) 4 Tho_n(d) + To_(b) for 2 < k < m.

Let Ty = EG™ 4+ Ty,,(bd™"). Then

67 or,pa(T1 —m(1)) = Tr,_1(d7 (e} — 2b)) + Ty _m(1),

6a " omipa(Th, (1) = Ty 1 (d " el}?) + Th, (1),

where 1 <k <l <mand (k1) # (1,1),(1,m).
Let f(Ti2(1)) = —d—2al¥, f(Tii1(1)) = d= 1l for 2 < i < m — 1, f(Ti(1)) = d= 1\
for 1 <k<l<mandl#k+1, f(Tr_1(1)) = d etV — 1, f(T1_(1)) = d=2(i™ — 20),
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f(Ts,—e(1)) = d’lcgslt) for 1 <s<t<mand (s,t) # (1,1),(1,m). Then ¢;10T4<p4 = ny.
Above discussion shows that

1 1

-1 -1 -1 -1 _ -1 _—1,-1,__
bq oA, or, g, O, O Ve T =nf.

Let Ty = TTyToT5T, '. Then
© = Yeory AaPdry-

Now we prove the theorem for the case m = 4. Suppose that

(T —a(D) = Y Ti ),
1<i<j<4
;<5

then similarly to Step 1, we can prove that z14 # 0. By applying ¢ on [T23(1),T1,-4(1)] = 0,
we have f(TQg(l))$14 =0 and 13 = T3 = 0. So f(TQg(l)) =0. fw 7§ 1, then

ng(Tlg(l)) = —Tlg(bg) - T24(1) - f(T13(1))T14(1) + W for some W € w.

By operating 1 on [Th13(1),71,—4(1)] = 0, we get 214 = 0. This contradiction means that w = 1.
Again by applying ¢1 on [T13(1),T1,—4(1)] = 0, we have f(T13(1))x14 = bsz14 = 0, which implies
that f(Tlg(l)) = b3 =0.
Since T1 _3(1) € p, we may write
P1(Th (1) = > Tij(yig)-

1<i<j<4
i+j<5

By considering the action of ¢ on [T14(1),T1,—3(1)] = 0, we have that y14 = 0. Since [T13(1),T1,-3(1)]
# 0, we have that y13 and y23 cannot be zero simultaneously. By operating ¢1 on [T24(1), 71, —3(1)] =
0, we get that y13b4 = y23b4 = 0. So by = 0.

By applying @1 on [T24(1) — T23(1), T1,-4(1) + T1,-3(1)] = 0, we get that y»3 = 0 and
214 — Y13 = f(T24(1))z14 = 0. So f(T24(1)) = 0. By operating 1 on [Th4(1) — Th3(1),T1 —4(1) +
Ty,_3(1)] = 0, we have that x14 — y13 + f(T14(1))z14 = 0. So f(T14(1)) = 0. By applying ¢ on
[T54(1),T1,-3(1)] = 0, we get that y13ba = 0. So ba = 0.

Suppose that ¢1(T3,-4(1)) = >°1<;jcjcs Ti—j(2i5). Since T3 _4(1) ¢ p, we have 224, 234
and z44 cannot be zero simultaneously. By applying 1 on [T12(1), T3 _4(1)] = 0, we have that
b12z04 = b1234 = b1244 = 0. So by = 0.

Let

Ty = E® + f(T15(1)Tos(1), To = E® — f(T34(1))T13(1).
Then

or o7t e1(Ti;(1)) = T;5(1) (mod w) for 1 <i < j < 4.

Denote U:leailcpl by ¢o. For this @2, we can prove that there exist some a € F'*3, Ty =
E® 4+ W with W € w, b,d € F* Ty = E® + Ti4(bd~') and a linear function f from [ to F'

such that gb;lan /\;10;31<p2 =17y in the same way as Steps 2-3 in the case m > 5. We omit the
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a}laila;lwc’lgp = ny. Also let

repeated arguments. Now we have proved that gb;lan /\gla; ! 3

3
Ty = TTyToT3T; . Then
¢ = Ycory Aaphiany. O
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