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Abstract Let m be an integer and T be an m-linear Calderén-Zygmund operator, u, v1, ..., Um
be weights. In this paper, the authors give some sufficient conditions on the weights (u, vy) with
1 < k <'m, such that T is bounded from LP'(R", v1) X --- X LP™(R", vp) to L? *°(R", u).
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1. Introduction

In their remarkable works [1,,2], Coifman and Meyer introduced the multilinear Calderén-
Zygmund operator. Let m > 1, K(x; y1,...,ym) be a locally integrable function defined away
from the diagonal x = y; = y2 = - -+ = ¥, in (R™")™*F1 A > 0 and v € (0, 1] be two constants. We
say that K is a kernel in m-CZK(A, ~) if it satisfies the size condition that for all (x, y1, ..., ym) €
(R™)™+! with © # y; for some 1 < j <m,

A
e

and satisfies the regularity conditions that
Alx — 2’7

(le =yl + -+ |2 — Yml

K (25 Y15 ey Ym) — K (25 41,00y Ym)| < s (1.2)

whenever maxy<p<m | — yx| > 2|z — 2’|, and also that for each fixed k with 1 <k < m,

Alyr — 3"
(le —y1|+ - + |2 — Yml

B (23 Y1, s Uk ooy Ym) = K (25 Y15 s Y oo Ym)| < s (1.3)

whenever maxi<;<m | — y;| > 2|yx — y|- An operator T' defined on m-fold product of Schwartz
spaces and taking values in the space of tempered distributions, is said to be an m-linear

Calderén-Zygmund operator with kernel K, if T is m-linear, bounded from L% (R™) X --- X
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L (R™) to LY(R") for some qi, ..., gm € [1, o0] and g € (0, oo) with 1/¢ = >";", 1/qx, and for
some m-CZK (A, v) kernel K with positive constants A and -,

T(f1, s frm)(@) = / K(@; g1, ym) [ folur) dyrs oo, dym, (1.4)

()™ k=1

when fi,..., fru € L*(R™) with compact supports and = ¢ Ny supp fx. It is obvious that
when m = 1, this operator is just the classical Calderén-Zygmund operator and when m > 2,
this operator has intimate connection with operator theory and partial differential equations.
Grafakos and Torres [5] developed the idea used in Kenig and Stein [8], considered the behavior
on LY(R™) x --- x LY(R") for the operator T', and proved that an m-linear Calderén-Zygmund
operator is bounded from LP*(R™) X --- x LPm(R™) to LP(R™) for any pi, ..., pm € (1, co] and
p € (0, 00) with 1/p =37, -, ~,, 1/pk. Fairly recently, Lerner et al. [9] introduced a new maximal
operator and a multilinear AP(R”) weight condition, and obtained some interesting weighted
estimates for multilinear Calderén-Zygmund operators and the corresponding commutators. For
other works about the multilinear Calderén-Zygmund operator, see [4], [6] and [7].

The purpose of this paper is to establish some multi-weight, weighted weak type norm in-
equalities for the multilinear Calderén-Zygmund operator 7', in analogy with the two-weight,
weighted estimate for classical Calderén-Zygmund operator established by Cruze-Uribe, SFO
and Pérez [3]. To state our results, we first recall some notation.

By a weight w we mean that w is a nonnegative and locally integrable function. For a
measurable set E and a weight w, w(E) denotes the integral [, w(x)dz. For p € (0, 00),
LP(R™, w) denotes the usual weighted LP space with weight w and LP'*°(R", w) denotes the

weighted weak LP norm with respect to the weight w, that is,

LP2RY, w) = {f + [[fllLe:oe@n,w) < o0},

where and in the following,
n 1/p
1120y = sup Aw(fr € B ()] > A1)
>

Given a cube @, p > 1, § € R and a suitable function f, set

||f||L(logL)5,Q = inf{)\ >0: ﬁ 0 @bg‘s (e—|— @)dx < 1}.

Define the maximal operator M7, o ,ys by
Mpogys f() = ZUP I £l Log )5, @
ST

where the supremum is taken over all cubes containing x. Note that when § = 0, My (5415 is
just the standard Hardy-Littlewood maximal operator M.
Let u, v be a pair of weights on R". For o > 0, we say that (u, v) € A, (10g £)- (R"), if there

exists a positive constant C' such that for any cube Q,

1 o p—1
||U||L(logL)U,Q(@/QU p/p(x)da:) < C.
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For the case of ¢ = 0, we denote (u, v) € Ap,(R™) (see [3]).

Our results can be stated as follows.

Theorem 1.1 Let m and ¢ be integers with 1 < £ < m, T be an m-linear Calderén-Zygmund
operator, u, vy, ..., Uy, be weights. Suppose that p1,..., pe € (1, ), Pet1, .-y Pm € (1, 1 +y/n),
and for some & > 0, (u, vi) € A, (og pypx—1+s(R") for 1 < k < £ and (u, vi) € A, (R") for
{4+ 1 < k < m, then there exists a positive constant C, such that for all bounded functions
fi,--., fm with compact supports,

m
IT(f1y s fn) lLpr oo () < C H | fell Lox 7, vp)- (1.5)
k=1

We mow make some conventions. Throughout this paper, we always denote by C' a positive
constant which is independent of the main parameters, but it may vary from line to line. For a
measurable set I, x, denotes the characteristic function of E. Given A > 0 and a cube @), AQ
denotes the cube with the same center as (Q and whose side length is A times that of Q). For a
locally integrable function f on R™ and bounded measurable set E, (f)g denotes the mean value
of f over E, that is, (f)g = ﬁ fE f(z)dz. For a fixed p with p € [1, c0), p’ denotes the dual

exponent of p, namely, p’ = p/(p—1).

2. Proof of Theorem 1.1

We begin with some preliminary lemmas.

Lemma 2.1 ([3, Theorem 1.2]) Let T be a Calderén-Zygmund operator. Given a pair of weights
(u, v) and p, 1 < p < oo, suppose that for some § > 0, (u, v) € A, (105 yp—1+s(R™). Then T is
bounded from LP(R™, v) to L *°(R"™, u).

Lemma 2.2 Let m > 2, T be an m-linear Calderén-Zygmund operator with kernel K in m-
CZK(A, v) for some A, v > 0. Then for all positive integer | with 1 <1 < m and all bounded

functions fi, ..., fm—1 with compact supports, the operator Ty, .. ¢, defined by

.....

Tflr'wfmfl(fm_l"rl? ) fm)(x) = T(f17 ey fm)(x)

is an [l-linear Calderdn-Zygmund operator with kernel K in I-CZK (A HZ:ll | frll oo R ys )

This lemma is a combination of Lemma 3 and Theorem 2 in [5].

Lemma 2.3 ([3, p.424)] Let q € (1, 00), (u, v) € Ay (10g L)s—1+- (R") for some o > 0. Then for
any ¢ € [0, 0/q), there exists a positive constant C' such that

||ML(logL)5f||L<1’(Rn,v*q//Q) < C”f”LQ’(Rn,u*Q’/Q)-

Proof of Theorem 1.1 First, we prove the case that £ = m. We will proceed by an inductive
argument on m. By Lemma 2.1 we know that (1.5) holds for the case m = 1. Let m > 2 be a

positive integer. We assume that (1.5) holds if T is an [-linear Calderén-Zygmund operator with
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1<l <m—1.Let fi,..., fm be bounded functions with compact supports and
Il fillzes ®n, o) = I f2llLre@n,ve) = = = [ fmll Lom @7, 0,) = 1-
Our goal is to prove that there exists a positive constant C' such that for any A > 0,
u{z € R™ : |T(f1, ..., fm)(@)] > A}) < CAXTP. (2.1)

For each fixed A > 0, applying the Calderén-Zygmund decomposition to |f,|[P™ at the level
AP, we then obtain sequences of cubes {Q?,}; with disjoint interiors, such that

(i) For any fixed 7,

ol <= / [ fon(y)| dy < 2"NP/Pm, (2.2)
Qml /i,
(ii) |fn(x)] < CXP/Pm a6z € RM\U; QF,.
Set
I (@) = (@)X, 01, () + D (fm) i, X s, (@),
j
and

b (z) = Z (fm( ) — (fm)QJ XQJ ij

J
Lemma 2.2, together with the fact that [|gp|/r=®») < CAP/P» and the inductive hypothesis,
tells us that

m—1

W € R T (1 Frct 9)@) > N/2) £ Ol TT 1o,
<OXNP,

where p € (0, co) with 1/p = ZZZ; 1/p. For any j, a trivial computation involving the Holder
inequality in (2.2), shows that

(/j U;Lp;”/pm(x)dx) /P,

/ Vpm ro 1 ! 1/,
< A/t ( / m@lde) (= [ et @)
Qhn Qml /i,
_ , 1/ (PmP)
< AP/t ( / ) P () x

1 _ 1/, - 1/ (P Pr)
(lQJ | v pm/pm( )dl’) ’ (/ ”mpyn/pm(l“)dx) o ;
Qi 2

and so
—_p 1/ :n ’ 1/ ;n
(/ vmpm/pm(x)dx) P S/\—p/pm(/ |fm(x)|pmvm(x)dx) P >
i Qi

1 ! pM/pin
(|Qj o vmpm/pm(:t)dx> . (2.3)
ml| JQ
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Let Q= j 4n@J . The estimate (2.3), via the Holder inequality, leads to that

u(2) <CA~ WMZ l;"g |)/ | fom ()|

_ u(4n@?, 1/pm — Dl /P 1/pm
e p/meW( [ @i ([ i )
J m m m

<CO\P/Pm \~P/P)n Z/ N (@)|Pro, (x)da x
Qi
j

4nQ’ 1 ! m /P
u( nc?]m) ( - . ,Umpm/Pm (l’)dw)p p
[4nQm| MQml| i,

SC}\_p/pm A"P/P Z/ , | fon (@) ]P0 () da < CATP. (2.4)
— JQL,
J

If we can prove that

u({z € RNQ: |T(f1, o frnt,bm)(@)] > A/2}) < CAP, (2.5)

the inequality (2.1) then follows from (2.2), (2.3) and (2.4) directly.
We now prove (2.5). Note that for any o > 0,

1 C
™ dy; < — M .
L. o=, e —gre Wl < e e M (@)

By the vanishing moment of b7, and the regularity (1.3), we see that for z € R™\(Q,

s s ) S| /( I A R A AT

cj )
< | | | fe(yr)ldyr -+ - dym—1[67, (Y)Y
Z/n/ (R)m—1 Zk 1 |:E yk| anr'V

<o [T M) [ %W () i

<0 [ M) M (@), (2.6)

where for each fixed j, ¢/, and [(Q7,) are the center and side length of @7, and M,, is the

Marcinkiewicz function defined by

Z ”b] ”Ll(R" { (QJ )}’Y XRn\Q(JJ).

J |n+

It is well known that if (u, v) € A,.(R™), then the Hardy-Littlewood maximal operator is bounded
from L"(R™, v) to L™ >°(R", u). Therefore,

u({z € R : Mfy(z) > \P/P}) < OA? /R @)l () (2.7)
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On the other hand, an application of the Holder inequality shows that for any weight w,

Malauto)ds < 3 [0 (1Q1) |

B\4nQd, |2 — chn|n Y

w(z)
R\ Q
< OZHbanLl(Rn) inf Mw(y)

j yeQ”;n

< C'/ | frn(z) | Mw(z)dz

< Cllfmllzrm @, o) 1MWy =t rom -

We thus have by a standard duality argument and Lemma 2.3 that

u({z € RMN\Q: My, (z) > AP/Pm}) < OX7P / (Mo ()P u(z)dz

R7\Q
Pm
= C’)Fp( sup Mm(x)w(:z)dx)
”w”LPm ®n, u*pm/pm) R™M\Q
< OV fnl B 2:8)
Combining the inequalities (2.6), (2.7) and (2.8) yields
m—1
u({z €RNQ: [T(fi, s fon1, b (@) > M2D) < 3 u({z € R+ Mfy > W/oe}yt
k=1
u({z € R™\Q : My, (x) > AP/Pm /2})
<CA7P

and then establishes (2.5).
Now, we turn our attention to the case 1 < ¢ < m. Let py € (1, 1 +v/n) with £ < k < m,
fi,--., fm be bounded functions with compact supports and
[ f1llLer e, v1) = I f2llo2@®n,v) = - = [ fnllLom @, v,,) = 1.

For each k with /+1 < k < m and each fixed A > 0, applying Calderén-Zygmund decomposition
to |fx| at the level AP/P* we obtain sequences of cubes {Qi}j, gk, b, and bi which are similar
to that of the case £ = m. Then, Lemma 2.2 and (1.5) with £ = m give us that

({:E €R": | (fla' oy ffu Go+1y -0y gm)(l')' > )\/2})

m
<m“HMMNWJHM%W

k=1 £+1

< O\~ Pe H \Pep/p <O\,
0+1
where p, € (0, c0) with 1/p, = Zi:l 1/pk. Set E = Upy1<pem U; 4nQ7. Tt is proved that
u(E) < CA7P. Thus, the proof of (1.5) in this case is reduced to proving
u({z € R"\E : |T(f1, -, fo Pet1y ey hm)(@)| > A/2}) < CA7P, (2.9)

where hy € {gk, br} for k with £ + 1 < k < m, and at least one hy = by.
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We only prove (2.9) for the case hy,, = by, since the other cases can be dealt with in a similar

way. Again, we can easily obtain that for x € R"\E,

|T(f17"'7 ffu hf-‘rla"'a hm—17 | < CH Mfk H th ( )

- k=041
Note that for any fixed k with £+ 1 < k < m,

()] < | fr()] + CoAP/Px,
with Cy a positive constant. It then follows that
u({z € R™: Mhy(x) > (Co + D)AP/P}) <u({x € R™ : M fi(z) > A\P/Pr})
< C')\fp/R | fx ()PP oy (z)d. (2.10)

On the other hand, a straightforward computation, along with the Holder inequality and the
estimate (2.3), leads to that

J |v/m
M@tz <3 ol e [ e

Rr\E |;[; — c]mln‘f‘V

Q%™
<CZ/ | fm (y)] yz . PanQh T /zqua w(z)dz

<CxTPPn Ny /Q @) om (y)dyx
j m

Rn\E

1 o o
(g L, v/ @a

pIRELE LY "
R u\xr)ar
= 12140 QN[ /™ Jarangi,

<O S [ )l o )y 3 2 )
Y Qm
J

=1

Pm /p:n
X

<oxe [ )
This, via (2.10), in turn implies that

u({z € RMN\E: [T(f1,.s fo, hesr, ooy Bn—1, bin) ()] > A/2})

L m—1
<> u({w €R™: Mfi(x) > WP+ Y u({z € R": Mhyg(z) > NP )+
k=1 k=0+1
u({z € R\E : My, (x) > (14 Cp)FLmAP/Pm /2})

< CA\7P.
The proof of Theorem 1.1 is completed. O
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