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1. Preliminaries

In paper [1], Leonard gave some results on weakly sequentially complete set, compact set
and relatively sequentially compact set in I7(X) (1 < p < 00). It is well known that substitution
spaces PpB; are more general than [P(X). In this paper, we discuss the equivalent relation
among the reflexivity, weakly sequentially complete and bounded complete in full function spaces,
and obtain some results on weakly sequential compactness of subset and the property (u) in

substitution space PpB; that are generalization and supplement of the results in [1,4,5,13].

Definition 1.1 ([2]) Let S be an index set. A full function space B is a Banach space of (real
or complex) function f on S such that for each f in B, each function g satistying |g(s)| < |f(s)]
for each s € S is again in B and ||g]| < || f]|.

Definition 1.2 ([2]) Let B be a full function space on S, and for each s € S, let B, be a normed
linear space. Let Pg B, be the space of all those functions x on S such that

(1) z(s) € Bs for each s € S, and

(2) if f(s) = ||z(s)| for each s € S, then f € B.
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If for each x € PpBs, define ||z|| = || f]|, then PpB; is said to be the substitution space of
B in B.

Definition 1.3 ([3]) Let B be a full function space on S and f € B, D C S, fp(s) =
f(s), s€D

{ 0, seS\D

that ||f — fp|| < e, we say that f can be finitely approximated.

. Then fp € B. If for arbitrary € > 0, there exists a finite set D C S, such

Remark 1.1 Let B be a full function space on S. f € B can be finitely approximated, then
{s €S : f(s) # 0} is at most countable.

Let B be a full function space on S, where each function f € B can be finitely approximated.
Set

Y={g:V feB, Zg(s)f(s) is absolutely convergent,  sup |Zg(s)f(s)| < o0},
s€S FEBIIfI=1 ses

then Y is a linear space. Define

lgll = sup  |> g(s)f(s)l, geY.

feBIfI=1 5%

Y is also a full function space.

In the following, let B be a full function space on index set S, where each function f € B
can be finitely approximated, and Y is given as above.

By using the standard argument, the following representation theorems, i.e., Lemmas 1.1 and

1.2, were proved in [3].

Lemma 1.1 ([3]) ® € B* if and only if there is a unique g € Y such that ®(f) = > s 9(s)f(s)
for all f € B, and ||®| = ||g]|-

Lemma 1.2 ([3]) F € (PpB;)* if and only if there is a unique x* € Py B¥ such that F(x) =
> scg T (s)(x(s)) for all v € PpBs, and ||F|| = [|z*|.

Definition 1.4 A Banach space X is said to be weakly sequentially complete if for any weak-

Cauchy sequence (x,)n>1 C X, there is x € X such that z, Lz asn — oo.

Definition 1.5 A full function B is said to be bounded complete if f is a function on S with
sup{||fpll : D C S, D is finite} < oo, then f € B.

Definition 1.6 ([14]) A series Y-, x,, in Banach space X is said to be a weakly unconditional
Cauchy (wuC for short) series if suppcp || 2, ca Tnll < 00, where F' = {A C N : A is finite set}.
A Banach space X is said to have property (u) if there is some wuC series Y |y, satisfying
Tn — D1 Yi — 0 asn — oo for any weak Cauchy sequence {z,} C X.

There is an equivalent description of property (u) as follows: for any weak Cauchy sequence
{z,} C X, there exists a subsequence {z,,} C {z,} and a wuC series ) z, such that
X, —ZleziLOaskeoo.

Let X be a Banach space, 7(X) = {(yn) : Y_poy Yn is a wuC series in X} and B(X) = {v €
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X** : v is a point of w*-limit of some sequence in X }. Then 5(X) is a closed subspace of X**
(see [15]), and (m(X), || -]||) is a Banach space, where [||(yn)||| = supacr | 2nca Unll (see [16]).
Define .

T w(X) — BX). () = w' — im 3y,

N(T) = {(yn) € 7(X) : T((yn)) = 0}
and

T:7(X)/N(T) — B(X), T([(yn)]) = T((yn))-

Then T is a bounded linear operator and ||T'|| = 1. Moreover, if X has property (u), then T
is one-to-one onto operator with |7]| = 1 and u = |7} is called (u)-model of X. Obviously,
u >1 (see [13]).

Lemma 1.3 ([13]) Suppose Banach space X has property (u) and u is (u)-model of X. Let
{zn,} C X be a weak Cauchy sequence. Then for any ¢ > 0, there exists wuC series > -, yn
such that

(1) @n—> 1 yi — 0 asn — oo and

(2) suppep | Yiea vill € ulimpoo ||lzn|| + €, where F = {A C N: A is a finite set}.

In the following we introduce three special types of substitution spaces.

Let X be a Banach space with a basis {x,,}. {x,} is called a hyperorthogonal basis of X if
oo anxy is in X, then for |3,] < |an|, n=1,2,..., > " Buzy isin X and || > 7, Buay| <
| >0 anzy|. Let {X,} be a sequence of Banach spaces. Set Y = PxX,, = {y = (y1,y2,...) :
Yo € X = 1,2, 5% yallen € X} and yll = | 552, lgnllzall. By [5], we know that
Banach space X with the hyperorthogonal basis is a full function space, Y = Px X, is a special
substitution space of X,, in X, and each element x in X can be finitely approximated.

Let {X,} be a sequence of Banach spaces. For each p,1 < p < oo, the direct sum of those

spaces in the sense of [P is defined as follows

lp(X’n.) = {I = (II;IQa ceey Ty - ) 1Ty € X'n,; Z H.Ian < OO}

n=1

and
1
2l = O llal?)7.
n=1

P(X,) (1 <p < o0)is a special substitution space, and their full function spaces are I?. [P(X)
is a special case of the [¥(X,,) when X,, = X,n=1,2,....

Recently, Saito, Takahashi, et al. [6-12] introduced and studied the t-direction sum of
X1, Xo,..., Xy, while X7, X5,..., X, are Banach spaces. Let A, be the (n — 1)-simplex:
{(s1,82...,8n-1) € RT™" 1 81 + s34+ -+ 8,1 < 1}. Let ¥, be a set of all continuous
convex functions on A,,, and @ € V¥,,, which satisfies the following conditions:

(a) ¥(0,0,...,0)=1%(0,1,...,0) = =(0,0,...,1) = 1;

(b) ¥(s1,82,-s80-1) > (s1+ 824+ +80-1) X V(s s )
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(€) ¥(s1582,-s8p-1) = (L= 51) X (0, 122, ..., T250);

(d) 1/1(517 52504, Sn—l) > (1 - Sn—l) X 1#(1_3“1 1 1i7;;271 ’ 0)
The t)-direct sum (X1 ® Xo @ --- ® X,,)y is the direct sum of X1, Xo, ..., X, equipped with the

norm

@1, 22, an)lly = [l 22l - llzn Dy

with z; € X;,1 < i < n. By [6-12], we know that t-direct sum is a very important concept
by which many important geometrical properties in Banach space were obtained, and the usual

P-sum X @, Y, 1 < p < oo, is its special case. In fact, let

bolt) = {A—tP+Py5, i 1<p< oo,
b max{l —¢,t}, if p=oo.

Then 1),-direct sum X @y, Y is just the [)-sum X &, Y, namely

1 .
{lzl” + llylPyr,  if1<p<oo,
max{||z], [[y[}, if p = oo,

I )l = (@ 9)ll, = {

for (z,y) € X &, Y. Dowling [6] pointed out that t-direct sum is a special substitution space

and its full function space is C™.

2. Results and proofs

Let B be a full function space on index set .S. We always assume that for every s € S there is
f € B such that f(s) # 0. Thus xp € B for any finite subset D C S. Further valuation function
ds € B* and ||d,]] < m, where 65 = f(s), Vf € B.

The following lemma has been proved in [3]. We again give its proof for the sake of com-

pleteness.

Lemma 2.1 ([3]) Let B be a full function space and each function f € B can be finitely ap-
proximated, and linear spanning of valuation functionals span{ds : s € S} be dense in B*. If
is in PgB, and {z"} is a sequence in PgBy, then " < 2 as n — oo if and only if

(1) {l|z™||} is bounded, and

(2) x"(s) = x(s) asn — oo, s € S.
Proof For fixed s, ps(x) = x(s),z € PpBg. Then

2 xgspll el

ps(z)|| = [lz(s)]| = = '
Ips (@)1 = [l (s)l] x| el

Hence, “only if” part is true.

For the “if” part, let * € PyB§, D be a finite subset of S, and g(s) = ||z*(s)| for each
s € §. Then g € Y (where Y is given as Lemma 1.1) and [z* — 2} || = [lag pll = llgs\pll;
where 2%, (s) = z*(s),s € D, and 25, (s) =0, s € S\ D. Since span {0 : s € S} is dense in B*,
equivalently span {xs) : s € S} is dense in Y, then for g € Y and any e > 0, there is a finite set
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Dy C S such that [[g — > .cp a(s)x(s) ]| <e. Also Y is a full function space, so

Z a(s)xsll <e.

s€Dg

Therefore, we have [|z* — 27}, || <e.
Let D be an arbitrary finite subset of S. Evidently, x, = > . a(s)x(s}. By Lemma 1.2,
we obtain that
wp(a™ —x) =Y @ (s)(@ " (s) - a(s)).
seD
By (2) we have x%,(2(™ — x) — 0 as n — oo. Since {z% : 2* € Py B}, D is an arbitrary finite
subset of S} is dense in Py B, it follows from (1) that (™ = 2 . O

Lemma 2.2 Let B be a full function space and each function f € B can be finitely approximated,
and span{ds : s € S} be dense in B*. (f™),>1 C B is bounded. If {f™(s)} is a Cauchy number
sequence for each s € S, then {f"},>1 is a weak-Cauchy sequence.

Proof Let ® € B*. Since span{(5 : s € S} is dense in B*, for each & > 0, there exists Zle ;s
such that ||® — Zl 1 @ids, || < 557, where M = sup,, ||f"||.

Because {f™(s)}n>1 (s € S) is a Cauchy number sequence, we may take a large enough
N € N such that

, m,n > N.

Wl ™

k k
| eida) (™) = (s ) (™) <
Therefore
k
[@(F™) = @] <|2(™) = (O s ) ()| +
k - k k
| b)) = ade )| + | (D b ) () = @)

k k k
<D =D aids |- 1™+ 1) @i f™ (i) = S (s)) + 1D = D aid,
=1 i=1

i=1
sup || £ +

7
<= + oo sup |7 ==

By the arbitrariness of € and &, (fn)nZI is a w-Cauchy sequence. O

Theorem 2.1 Let B be a full function space and each function f € B can be finitely approxi-
mated. If B is bounded complete, then B is also weakly sequentially complete.

Proof Let {f"},>1 C B be a w-Cauchy sequence. Then {®(f")},>1 is a Cauchy number
sequence for each ® € B*. Specially, {f"(s)}n>1 (Vs € S) is convergent. Set f(s) = lim,, f™(s),
Vs € S. Then f € B.

In fact, for any arbitrary finite set D C S, we have

1ol =1 Fexgall = 11 D lim ™ (s)xgsyl

seD seD
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=tim | 3 F(s)xq | = lim | 7| < T 7
seD
<sup [ f"]| < oo.

Since B is bounded complete, f € B.

For any g € B*, then g(h) = Y g(s)h(s) (h € B), which is absolutely convergent. Since
seS
each h € B can be finitely approximated, we may set

U{s €S fF(s)#0,f(s) #0} = {s1,50,...}.
k=1
So - -
g(f™) = _g(s) (s, a(f) =Y glsi)f(s:)-
i=1 i=1
Write ¢ = (g(s1)f™(s1),9(s2)f"(s2),...) € ly. For V¢* = (a1, ag,...) € lw, then

(e =) =D aig(si) (FF(si) — f1(s1))
=1

=3 aig(si)(fF = f)(si), k,leN.
=1

Denote
(t) = {aig(si), t=s4,1 €N,
0, t# s;,1 €N,
Since g € B* and {q;} is bounded, g € B*. Thus c*(cf — c!) = g(f* — f!).

According to the hypothesis, we obtain that {¢"},>1 is a w-Cauchy sequence in I;. Since
is weakly sequentially complete, ¢* - ¢ as n — oo for some ¢ € l;. Certainly, c — ¢;, as
n — 0o, Vi € N. So ¢ = (g(s1)f(s1),9(s2) f(s2),-..)-

Take ¢* = (1,1,...) € l. Then

g(f") =D g(si)fM(s:) = (") — e (e) = Y g(sa) f(s:) = 9(f)
i=1 i=1

as n — oo. By the arbitrariness of g, f* — f as n — 0o, which shows that B is weakly

sequentially complete. O

Now we give two main results in this paper.

Theorem 2.2 Let B be a full function space and each function f € B can be finitely approxi-
mated. Then the following properties of B are equivalent:

(1) B is reflexive;

(2) B is bounded complete and span{ds : s € S} = B*;

(3) B is weakly sequentially complete and span{d, : s € S} = B*.

Proof (1) = (2). Suppose B is reflexive. Then span{ds : s € S} = B*. Indeed, if ® €
B*\span{d, : s € S}, then there exists f = J(f) € B** = J(B) such that ®(f) =1, ¥(f) =0
for any ¥ € span{ds : s € S}.
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Let {s € S : f(s) # 0} = {s1,S2,...}. By Lemma 1.1, there exists ¢ € Y such that
O(f) = 22721 9(si) f(s:). But

Zg(sz')f(sz') = (9(s0)8s) (f) =0,

i=1
ie., ®(f) =0, a contradiction. This means span{d, : s € S} = B*.

Let f be a function on S with sup{||fp|| : D C S, D is finite set} < co. Define D1 < Dy <
Dy C Dy. Then T' = {D : D C S, D is finite set} with partial order < is a directed set and
{fp:D €T} is anet of B.

Since B is reflexive, there exists a subnet {fp, : D’ € I} and g € B such that fp, — g,
where I is a cofinal subset of I'. Then fp/(s) — g(s) (s € S). Given s € S, denote D = {s}.
Then there is D, € TV satisfying D, > D, i.e., s € D,. Whenever D’ = D,, fp/(s) = f(s).
Therefore f(s) = g(s). That is f = g € B. Thus B is bounded complete.

(2)= (3). It is obtained by Theorem 2.1.

(3)= (1). Assume {fr}r>1 C U(B). Let

U{s €5 frls) #0} = {s1,52,...}.
k=1

By the diagonal method, we can choose a subsequence { fx, };>1 C {fr}r>1 such that
lim fr,(s;) = s, VieN.
j—oo
According to the condition span{ds : s € S} = B*, {fx;} is a weak-Cauchy sequence by Lemma

2.2. So, there is f € B such that f, Y fasj — oo, and || f|| < 1, which shows B is reflexive. O

Theorem 2.3 Let B be a full function space and each function f € B can be finitely approx-
imated. If B is weakly sequentially complete and span{d, : s € S} = B*. Then K C PpB; is
relatively weakly sequentially campact if and only if

(1) K is bounded;

(2) Ts(K) is relatively weakly sequentially compact in By for any s € S| where Ts : PgBs —
Bs, Ts(y) = y(s), Vy € PpBs.

Proof We only prove the sufficiency.
Let K C PgB;s be bounded and {y*};>1 C K. Set

U{s €S, y*(s) #£0} = {s1,52,...},
k=1

then {y*(s;)}x>1 C B, (j € N) is relatively weakly sequentially campact. We may assume that
y*(s;) = ys, € B, as k — oo for any i € N (otherwise, we can choose a subsequence of {y*}1>1
by the diagonal method). Then

l[ys; I < hTmHy’“(sj)ll, jeN.

Since {||y*||}x>1 is bounded, there exist {y*};>1 C {y*}r>1 and sequence of numbers



894 Z. H ZHANG and C. Y. LIU

(as;)j>1 such that lim; . [[y* (s;)|| = s, for any j € N. Denoting
aS'u t:S‘,.EN,
g(t) = { ; 73
07 t 7é S5, S N,
and f*(s) = [ly* (s)||, we have
fFi(s) — g(s) as i — o0, VseS.

According to the hypothesis that span{d, : s € S} = B* and the weak sequential completeness
of B, we obtain that f* * g € B as i — oo. Let
T t=s5,j€N,
y(t) = {O,J t#s5,5€N,
and f(s) = |ly(s)||- Then |f(s)| < |g(s)] by (1). So f € B and y € PgBs. In virtue of Lemma
2.1, y* L yask — o0 O
By Theorems 2.1 and 2.3, we have

Corollary 2.1 ([3]) Let B be a full function space and each function f € B can be finitely
approximated. If B is bounded complete and Span{ds : s € S} = B*. Then K C PgB; is
relatively weakly sequentially compact if and only if

(1) K is bounded;

(2) Ts(K) is relatively weakly sequentially compact in By for any s € S.

By Theorem 2.3, we can also obtain the following result.

Theorem 2.4 Let B be a reflexive full function space and each function f € B can be finitely
approximated. Then K C PpB; is relatively weakly sequentially compact if and only if

(1) K is bounded;

(2) Ts(K) is relatively weakly sequentially compact in By for any s € S, where T : PpBs —
Bs, Ts(y) = y(s), Vy € PpBs.

By Theorem 2.4, we can obtain the following three corollaries.

Corollary 2.2 ([4]) Let X be a reflexive Banach space with the hyperorthogonal basis and { X, }
be a sequence of Banach space. Px X, is the substitution space of X, in X. Then K C PxX,
is relatively weakly sequentially compact if and only if

(1) K is bounded;

(2) T,.(K) is relatively weakly sequentially compact in X,, for anyn € N, whereT,, : Px X,, —
X, Th(x) = 2y, Yo = (21,22, ..., 2Zp,...) € PxX,.

Corollary 2.3 Let X,, be a Banach space,n =1,2,...,1 <p < co. Then a subset K C IP(X,,)
is relatively weakly sequentially compact if and only if

(1) K is bounded;

(2) T,(K) is relatively weakly sequentially compact in X, for any n € N, where T, :
P(X,) = X, Tn(z) = zp, Yo = (21,22, .., Tp, . ..) € IP(X,).

In particular, the subset K C IP(X) is relatively weakly sequentially compact if and only if
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(1) K is bounded;
(2) T,.(K) is relatively weakly sequentially compact in X, where T,, : I?(X) — X, T,,(x) =
T, VT = (21,22,...,%p,...) € IP(X) (see [1]).

Corollary 2.4 Let X1, Xo,...,X,, be Banach spaces, and ¢ € ¥,,. Then K C (X; ® X2 ® - -
- ® Xy)y, where (X1 ® Xo @ - - - @ X))y Is a ¢-direct sum, is a relatively weakly sequentially
compact set if and only if

(1) K is bounded;

(2) T;(K) is relatively weakly sequentially compact in X;, 1 = 1,2,...,n, where T; : (X7 ®
Xo® - @Xp)y = Xi, Ti(x) =2, Ve e (X1 0 Xo® - - - D X,).

Theorem 2.5 Let B be a full function space on S and each function f € B can be finitely
approximated. If PgBs has property (u), then By also has property (u) for every s € S.

Proof Let s € S, {z},>1 be weak Cauchy sequence in B,. Set
" xy, t=s,
’ (t)_{o, t#s,
then 2™ € PpB,(Vn € N) and {z"} is weak Cauchy sequence.
Since PpB, has property (u), there exists wuC series Y .-, y' in PgB, such that z" —
Syt =5 0(n — oo). Therefore 27 — 31" y'(s) — 0 as n — oo. Also

I3 v ()lx syl )
sup 1Y " vics I—Sup e2 < sup 1Yyl < oo,

= eF Ixgsyl Ixtsill aer ™ =

s0 Y2 y'(s) is wuC series in Bs.
Under certain conditions, if every By has property (u), then PgB; also has property (u). O

Theorem 2.6 Let B be a bounded complete full function space and each function f € B can
be finitely approximated, and span{ds : s € S} = B*. If By has property (u) for each s € S, and
¢ = Sup,cg Us < 00, then PgBs has property (u), where u, is (u)-model of Bj.

Proof Let {2"}22, C PpB; be a weak Cauchy sequence. Then {z"} is bounded. Set
U {s €8, 2"(s) #0} = {s1,52,...},
k=1

then {2"(s;)}n>1 C Bs, (Vj € N) is bounded. Take a subsequence {2™*} C {z"} by the diagonal
method such that ||z™*(s;)|| is convergent for any i € N. For any i € N, since {a"*(s;)}32, is
weak Cauchy sequence in B, and Bs, has property (u), by Lemma 1.3 there exists wuC series
ZJ LY. in By, satisfying

(a) @™ (si) = Yi_y yl, > 0 as k — oo,

(b) supaer | 2jen vl < vs Timg oo [l (50) |+ 727
Set

k(t):{yiv t:SiaiENv
O, t#Si,iEN,

< elimy o 27 (5]l + iy
7

Y
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then y* € PpB; (Vk € N) and E .y is a wuC series. In fact, denote f"(t) = |lz"*(t)| (Vt €
S), then f™ € B and || f™|| = ||«™*|| < sup,, ||z"|| < co. Let D be any finite subset in S. Then

sl S I v <] X (etm sl +

si€DN{s1,s2,...} JEA si€DN{s1,s2,...}

N =1 ) " =1
<clim [ > el ||+ 205 = e lim 175+ Y 5
ieDﬂ{Sl,Sz,...} =1 1=1

#)X
2|Ix g3l fes}

<csup|\f"|+z—<oo

Specially, for any j € N, taking ¢/ (s) = ||y’ (s)|| (Vs € S), we have

bl =] > Il

si€DN{s1,s2,...}

o0
1
’ Scsup||f"||—|—zi—2 < 0.
" i=1

By the hypothesis that B is bounded complete and the arbitrariness of D, ¢/ € B and ¢ € PgB,.
Notice that for any n € N,

sup HZH PO
=1

’<csup|\f"|+2—<oo

we obtain that

’<oo.

oo
sup 32w/l = sup [ 32130 v )l
ACF jen AeFTZT jea

Thus >, y? is a wuC series in PpB;.

In order to complete the proof of the theorem, we only need to show that x™* — Z?Zl yl =50
as k — oo. Since ™ (s) — 2521 y/(s) — 0 as k — oo for any s € S, z" — Z?Zl v %0 as
k — oo by Lemma 2.1. O

Remark 2.1 By Theorems 2.5 and 2.6, we can also obtain some corresponding corollaries in

the mentioned three special types of substitution spaces in Section 1.
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