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Abstract The purpose of this article is to propose a shrinking projection method and prove
a strong convergence theorem for a family of quasi-¢-strict asymptotically pseudo-contractions.
Its results hold in reflexive, strictly convex, smooth Banach spaces with the property (K). The
results of this paper improve and extend the results of Matsushita and Takahashi, Marino and
Xu, Zhou and Gao and others.
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1. Introduction

It is well known that, in an infinite-dimensional Hilbert space, the normal Mann’s iterative
algorithm has only weak convergence, in general, even for nonexpansive mappings. Consequently,
in order to obtain strong convergence, one has to modify the normal Mann’s iteration algorithm,
and the so called hybrid projection iteration method is such a modification.

The hybrid projection iteration algorithm (HPIA) was introduced initially by Haugazeau [1]
in 1968. For 40 years, (HPIA) has received rapid developments. For details, the readers are
referred to papers [2-8] and the references therein.

Recently, Zhou and Gao [9] proposed the following shrinking projection method which was
simpler than (HPIA) for quasi-¢-strict pseudo-contractions in the setting of reflexive, strictly
convex, smooth Banach spaces with the property (K). To be more precise, they proved the

following theorem:

Theorem 1.1 ([9]) Let X be a reflexive, strictly convex, smooth Banach space such that X and
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X* have the property (K). Assume C' is a nonempty closed convex subset of X. Let T : C' — C

be a closed and quasi-¢-strict pseudo-contraction. Define a sequence {x,} by the following

algorithm:
xo € C chosen arbitrarily,
C, =0,
x1 = g, (z0), (1.1)

Cny1={2€Cy: d(xp,Tx,) <

2
(o — 2, T — ITaa)),

Tn+1 = e, 2o, 20,

where k € [0,1). Then {x,,} converges strongly to po = Ilp(r)xo.
At this point, we put forth the following questions

Question 1.1 Can Theorem 1.1 be extended from a single quasi-¢-strict pseudo-contraction
to a family of asymptotically quasi-¢-strict pseudo-contractions which are more general than
quasi-¢-strict pseudo-contraction?

The purpose of this article is to give some affirmative answers to Question 1.1 mentioned
above, introduce a shrinking projection method and prove a strong convergence theorem for
quasi-¢-strict asymptotically pseudo-contractions by using new analysis techniques in the setting
of reflexive, strictly convex, smooth Banach spaces with the property (K). The results of this

paper mainly improve and extend the results of [3,6,7,9] and others.

2. Preliminaries

In this paper, we denote by X and X* a Banach space and the dual space of X, respectively.
We denote by N the set of positive integers and by R the set of real numbers. We denote by —
and — strong and weak convergence, respectively. Let C' be a nonempty closed convex subset of

X. We denote by J the normalized duality mapping from X to 2% defined by
J(z) ={je X*:(z,j) = «]* = l7]*},

where (-, ) denotes the generalized duality pairing between X and X*. It is well known that if
X is reflexive and smooth, then J : X — X* is single-valued, surjective and demi-continuous.

It is also well known that if C' is a nonempty closed convex subset of a Hilbert space H and
Po : H — C is the metric projection of H onto C, then Pg is nonexpansive. This fact actually
characterizes Hilbert spaces and consequently, it is not available in more general Banach spaces.
In this connection, Alber [10] recently introduced a generalized projection operator Il in a
Banach space X which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that X is a real smooth and strictly convex Banach space. Let us consider

the functional defined as in [3] by
¢(a,y) = ||z||* = 2(z, Jy) + ly|* for z,y € X. (2.1)

Observe that, in a Hilbert space H, (2.1) reduces to ¢(x,y) = ||z — y||?, x,y € H.
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The generalized projection Il¢ : X — C' is a map that assigns to an arbitrary point z € X
the minimum point of the functional ¢(z,y), that is, IIcx = Z, where Z is the solution to the

minimization problem

¢(T,x) = min ¢(y, x). (2.2)

yeC

Existence and uniqueness of the operator I follow from the properties of the functional ¢(z,y)
and strict monotonicity of the mapping J (see, for example, [10,11]). In Hilbert spaces, I[Ic = Pc.

It is obvious from the definition of function ¢ that
(lyll = llz)? < oy, ) < (lyll + ll«]))* forall z,y € X (2.3)
and
¢(@,y) = o(x,2) + d(2,y) + 2(x — 2, Jz = Jy), (2.4)
for all z,y,z € X.

Remark 2.1 ([9]) If X is a reflexive, strictly convex and smooth Banach space, then for 2,y € X
¢(z,y) =0 if and only if z = y.

Let C be a closed convex subset of X, and T' a mapping from C' into itself. We use F(T') to
denote the fixed point set of T. A point p in C is said to be asymptotic fixed point of T (see [12])
if C contains a sequence {x,} which converges weakly to p such that lim,_, ||z, — T2,|| = 0.

—_—

The set of asymptotic fixed point of T' will be denoted by F(T'). A mapping T from C into itself
is said to be relatively nonexpansive [3] if F/'ZT/) = F(T) and ¢(p, Tx) < ¢(p,x) for all z € C and
p € F(T).

T is said to be a quasi-¢-strict pseudo-contraction [9] if there exists a constant x € [0,1) and
F(T) # 0 such that

d(p,Tx) < ¢(p,x) + kp(x, Tx)

for all x € C and p € F(T) (in this case, we also say that T is a quasi-¢-s-strict pseudo-
contraction). In particular, T is said to be quasi-¢-nonexpansive if Kk = 0 and T is said to be
quasi-¢-pseudo-contractive if Kk = 1.

T is said to be a quasi-¢-strict asymptotically pseudo-contraction if there exist a constant
k € [0,1) and some real sequence {k,} C [1,00) with k,, — 1 and F(T') # 0 such that

o(p, T"z) < kZd(p,x) + Koz, T"x)

forallz € C,p € F(T) and all n € N, where {k,} is said to be an asymptotic sequence of 7. In

this case, we also say that T is a quasi-¢-k-strict asymptotically pseudo-contraction.

Remark 2.2 It is clear that every quasi-¢-strict pseudo-contraction is a quasi-@-strict asymp-

totically pseudo-contraction with a constant sequence {1}.

Remark 2.3 Every relatively nonexpansive mapping is a quasi-¢-strict asymptotically pseudo-

contraction, but the converse may be not true.
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Example 2.1 Let II¢ be the generalized projection from a smooth, strictly convex, and reflex-
ive Banach space X onto a nonempty closed convex subset C' of X. Then, II¢ is a closed and
quasi—¢—strict asymptotically pseudo-contraction from X onto C' with F(II¢) = C but not a
relatively nonexpansive mapping. The class of relatively nonexpansive mappings [3] requires the
strong restriction: F/'?f) =F(T).

Recall that a Banach space X has the property (K) if for any sequence {z,} C X and z € X,
if £, — x weakly and ||z,|| — |||, then ||z, — x| — 0. For more information concerning
property (K) the reader is referred to [13] and references cited there.

A mapping T : C' — C is said to be asymptotically regular on C' if

lim |77z —T"z|| =0, VzeC.

n—oo

The following lemmas are crucial for the proofs of the main results in this paper.

Lemma 2.1 ([10]) Let C be a nonempty closed convex subset of a smooth Banach space X,

xog € C and x € X. Then, xg = llgx if and only if
(xo —y,Jo — Jxg) > 0 for y e C.

Lemma 2.2 ([10]) Let X be a reflexive, strictly convex and smooth Banach space, let C be a

nonempty closed convex subset of X and let x € X. Then
oy, lox) + ¢(llcx, x) < ¢(y,x) forall y € C.

Now we are in a position to prove the main results of this paper.

3. Main results

Theorem 3.1 Let X be a reflexive, strictly convex, smooth Banach space such that X and
X* have the property(K). Assume C is a nonempty bounded closed convex subset of X. Let
{T;}icr : C — C be a family of closed and quasi-¢-;-strict asymptotically pseudo-contractions
such that F = (\,c; F(T;) # 0. Assume that every T; (i € I) is asymptotically regular on C.
Define a sequence {x,,} by the following algorithm:
xg € X chosen arbitrarily,
Cii=0C,C1 = ﬂ Chis

il
x1 = ¢, (z0),

2 k2, —1 (3.1)
Crt1, ={2 € Chyi: p(xy, T]'xy) < N (Xn — 2, Jxp — JT'@y) + 1’ M},
— Ki — Ki

Crt1 =[] Cnris
el
Tni1 = e, w0,m >0,

where I is an index set, x; € [0,1), {kn} is an asymptotic sequence for T; and M = sup{p(zx, y),
x,y € C}. Then {x,} converges strongly to py = llpxg.
We remark that the sets {k,;} and {s;} in Theorem 3.1 are nets when I is an infinite
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uncountable set; otherwise, they are all sequences of real numbers.

Proof We split the proof into seven steps.

Step 1. Show that IIpx( is well defined for every xy € X.

To this end, we prove first that F(T;) is closed and convex for each ¢ € I. Let {p,} be a
sequence in F(T;) with p, — p as n — oo. We prove that p € F(T;). From the definition of T;,

one has
d(pn, Tip) < ki ;6(pn,p) + Kidb(p, Tip),

where 1 < k1,; < 0o. In view of (2.4), we obtain

¢(pn,p) + &0, Tip) + 2(pn — p, Jp — JTip) < kT ;6(pn,p) + £:d(p, Tip),

ie.,
k2, —1
¢, Tip) < 7——(p =P, Jp = JTip) + 11’_ — (P, p)- (32)

Take limits on the both sides of (3.2). Since p, — p as n — oo, we have ¢(p, T;p) = 0, which
implies that p = T;p. Hence F(T;) is closed, for all i € I.

We next show that F(T;) is convex. To this end, for arbitrary p1, p2 € F(T;), t € (0,1), put
pe = tp1 + (1 — t)pa. It suffices to show that T;p; = pi. Indeed, in view of definitions of ¢(x,y)

and T;, we have
&(pe, Ti'pe) =|pell” = 2(pe, JT'pe) + 117 pil |2
=[lpell> = 2t(p1, JT'ps) — 2(1 = t){pa2, T ps) + || T pe|?
=[lpe|l* + to(p1, Ti'pe) + (1 = )¢(p2, T{'pt) — tlpa[|* = (1 = )| pa|®
<|lpell® + tlkz ;0 (p1, pe) + i (pe, T pe) |+
(1= t)[k3: ;6(p2, pe) + rid(pe, T)'pe)] — tllpr|1> = (1 = 1) [[p2?
=[pell® + Kid(pe, TPpe) = tpr]|* — (1 = 8)l|p2 |1+
k2 tllpul)® + k(U= 0)llpal|* = K2 llpe ]|
This implies that

(1= ka)p(pe, Ti'pe) < (ki i — D) (tlpall* + 1 = ) |Ip2ll* — [Ipe?).

Since k,; — 1 and k; € [0,1), we have ¢(p;, T)'p;) — 0 as n — oo. Note that 0 < (||p¢]| —
IT7pel)? < ¢(pe, T)'pe). Hence [|T7'pi]| — [|pel| and consequently [|J(Ti"ps)| — [[Jp:]l. This
implies that {J(T"p;)} is bounded. Since X is reflexive, X* is also reflexive. So we can assume
that

J(I'pt) — fo € X* (3.3)

weakly. On the other hand, in view of the reflexivity of X, one has J(X) = X*, which means
that for fo € X*, there exists z € X, such that J(z) = fy. Note that

S(pe, T{'pe) = lIpel® = 2(pe, J(T7'pe)) + 177 el
= llpell® = 2{pe, J(T7'p2)) + 1 (TP I
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Using weakly lower semi-continuity of || - ||* and (3.3), we have

lim inf ¢(pe, T}"py) = liminf([|pe||* — 2(pr, J(T7'pe)) + || (T} pe)[?)
> |Ipell* = 2(pe, fo) + 1 foll* = llpell® = 2{pe, Ja) + || T2
= ¢(ptax)'

From ¢(p:, T"p:) — 0 as n — oo, we have ¢(p:, ) = 0 and consequently p; = z, which implies
that fo = Jp;. Hence
J(Tznpt) — th eX*

weakly. Since ||J(T7'p:)|| — ||Jpe|| and X* has the property (K), we have
[J(Ti"pe) — Jpe|| — 0. (34)
Noting that J ' : X* — X is demi-continuous, we have
Tinpt — Pt
weakly. Since ||T7'pi|| — ||pe||, by using the property (K) of X, we have
1T pe = pel| — 0. (3.5)

Since T; is asymptotically regular, we have T;(T)'p;) = T;""'p; — pi as n — oo. Since T is
closed, we see that p, = T;p;. Hence F(T;) is closed and convex for each i € I and consequently

F = ;e F(T3) is closed and convex. By our assumption that F' = (., F/(T;) # (), we have

icl
Il pxq is well defined for every zg € X.

Step 2. Show that C,, is closed and convex for all n > 1.

It suffices to show that for each ¢ € I, C,, ; is closed and convex for every n > 1. This can be
proved by induction on n. In fact, for n =1, C; ; = C' is closed and convex. Assume that C,, ;
is closed and convex for some n > 1. For z € Cy41,; C C), ;, one obtains that

2
2 o — 2, Jam — JTM2) + Fui =1y,

ny T n) <
O, T ) s

1—k;
It is easy to see that Cj,41,; is closed and convex. Then, for all n > 1, C,, ; is closed and convex.
Consequently, C,, = ﬂie 1 Chn,i is closed and convex for all n > 1.

Step 3. Show that F' C C,, for all n > 1.

It suffices to show that for each i € I, F' C Cp, ;. It is obvious that F' C C' = C} ;. Suppose
that F C C,,; for some n > 1. For any p’ € F, one has p’ € C,, ;. By using the definition of T},

we have
¢(pla T’znxn) S krzl,id)(pla In) + Kid)('rnv Tznxn)

In view of (2.4), we can obtain

2 k?m
(b(xanlnIn) < 1 <In p,Jxn _JTZnIn> + 11 (b(p/axn)
— K — K
k2, -
< n ! n - T'n n i M
_1_Hi<:17 p,Jx JT! x,) + 1
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which implies that p’ € Cp41, and hence FF C C,; for all m > 1 and ¢ € I. Therefore,
FcN,Cn=D#0.
Step 4. Show that lim, o ¢(xn, zo) exists.

From Lemma 2.2, one has

(b(xnaxo) = ¢(chx07 :EO) S ¢(’LU,.’I]Q) - (b(wu :En) S (b(wu :EO)a

for each w € F C C, and for all n > 1. Therefore, the sequence {¢(z,,zo)} is bounded.

On the other hand, noticing that x, = Ilg,xp and xn41 = I, ;20 € Cpry1 C Cp, one has

1
d(Tn,x0) < ¢(@py1,20) for all n > 1. Therefore, {¢(rn,x0)} is nondecreasing. It follows that
the limit of {¢(xy,,zo)} exists.

Step 5. Show that x, — pg as n — oo, where py = [Ipzg.

By the construction of C,,, one has that C,,, C C), and z,,, = ll¢, xo € C,, for any positive

integer m > n. By Lemma 2.2, we have

¢(xm7 xn) = ¢(xmu ch(EO) < ¢(xm7 :I;O) - ¢(ch$o, :EO)
= ¢(Tm, T0) — A(Tn, T0). (3.7)

Letting m,n — oo in (3.7), one has ¢(x,, x,) — 0 as n — oco. Hence |||zpn|| — ||zn||| — 0. This
implies that {||x,||} is cauchy and hence {z,} is bounded. Since X is reflexive, without loss of
generality, we can assume that x,, — py weakly as n — oo. It is easy to show that py € C,, for
all n > 1. Hence py € (),—, Cn = D. Noticing that ¢(zn,z0) < ¢(znt1,20) < ¢(po,z0), and
using weakly lower semi-continuity of ¢(-, z¢), we have
¢(po, xo) < liminf ¢(an, z0) < lim sup P(n, o) < ¢(po, o),
which implies that ¢(x,, o) — ¢(po,zo) as n — oo. Hence ||z, || — ||pol|- By the property (K)
of X, we have z,, — po. Hence Jx,, — Jpy weakly. Noting that x,, = Il¢, 2o and D C C,, from
Lemma 2.1, we have
(xn —y,Jxg — Jp,) >0 for any y € D.

Taking the limit as n — oo yields
(po —y,Jxg — Jpg) > 0 for any y € D,

which implies that pg = IIpxg.
Step 6. Show that py = T;po.
We prove first that {Tz,} is bounded. Indeed, taking p € F C Cj41 C Cp14, we have

k2. —1

n,i

¢($n7TZn$n) S 1— Ky <$n - Db an - JTzn$n> + — ky

M,

ie.,
2

mn kn,z
e = plleall + 1T @al) + 3

2
||33n||2 = 2(Tn, JTinIn> + ||Tzn33n||2 < 1

It follows that
2

17 all? < ol = pllleall =l 4+ (e — pll + 2l )T + i Ly,
K - 1- Kj 1— Kj ¢ 1-— Kj
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Since {x,} is bounded, we obtain that {T"z,} is bounded. From z,41 € Cp41, one has

2 K2, -1
(Xn — Tpg1, Jn — JT] xp) + 1 : M. (3.8)

aninnS
¢(@n, T n) T -

By Step 5, we obtain that z, — pg and hence z,4+1 — z, — 0. Taking limits on the both
sides of (3.8), from lim, o kn; — 1, we obtain that ¢(x,,T/x,) — 0 as n — oco. Note that
0 < (lznll = 1T 2al)? < d(wn, Ti@n). Hence ||T}'zy|| — [|pol| and consequently [|J(T}"zy)|| —
[[7poll. This implies that {J(T*x,)} is bounded. Since X is reflexive, X* is also reflexive. So

we can assume that

J(Tra,) — fo € X* (3.9)

weakly. On the other hand, in view of the reflexivity of X, one has J(X) = X*, which means
that for fy € X*, there exists € X, such that Jz = fy. Note that
(xn, T 2p) = HanQ = 2(xn, J(T}'zn)) + HTznxn||2
= Han2 = 2(xn, J(T}'zn)) + HJ(Tznxn)lF (3.10)

Using weakly lower semi-continuity of || - ||* and (3.9), we have

lim inf ¢(p, T"w) > lim inf([lpo]|* = 2(po, fo) + [l fol*)
= [lpoll* = 2(po, Jz) + [[J2|* = ¢(po, x).

It follows from ¢(z,,T*z,) — 0 that ¢(po,z) = 0 and consequently pg = x, which implies that
fo = Jpo. Hence

J(Tay) — Jpo € X*
weakly. Since ||J(T7'xn)|| — ||Jpol| and X* has the property (K), we have
I7(Ti"xn) = Jpoll — 0.

Noting that J~! : X* — X is demi-continuous, we have 7'z, — po € X weakly. Since
I 7@ || — |lpo|| and X has the property(K), we obtain that T)*x,, — po as n — co. By using the
asymptotic regularity of T;, we have TZ-”H:CH — po. Hence T;(T]'x,) — po. From the closeness
property of T;, we have Tipo = po. Therefore, po € F = (,o; F(T3).

Step 7. Show that pg = Il pxyp.

It follows from py = IIpxg and F' C D that

(b(pOaxO) S ¢(HF$0,=T0) S ¢(p07x0)7

which implies that ¢(Ilpxzo, 20) = ¢(po, o). Hence, pg = Upxzg. Then {x,} converges strongly
to po = llpxg. This completes the proof. O

Remark 3.1 In Theorem 3.1, if we take I = {1,2,..., N}, N and R™, respectively, then we
obtain corresponding convergence theorems for a finite, an infinite countable and an infinite un-
countable families of quasi-¢-strict asymptotically pseudo-contractions. Theorem 3.1 improves

and extends Theorem 1.1 from a single closed and quasi-¢-strict pseudo-contraction to a family
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of closed and quasi-¢-strict asymptotically pseudo-contractions. Theorem 3.1 presents an affir-

mative answer to Question 1.1.

Remark 3.2 Theorem 3.1 improves and extends relative results of [3,6,7] in several aspects:

(i) Uniform convex and uniform smooth Banach spaces or Hilbert spaces are extended to
reflexive, strictly convex, smooth Banach spaces with the property (K);

(ii) Relatively nonexpansive mappings or strict pseudo-contractions are extended to closed
and quasi-¢-strict asymptotically pseudo-contractions;

(iii) Our Algorithm (3.1) is simpler than the ones used in [3, 6, 7].

From Theorem 3.1, we deduce the following corollaries immediately.

Corollary 3.1 Let X be a reflexive, strictly convex, smooth Banach space such that X and
X* have the property (K). Assume C' is a nonempty bounded closed convex subset of X. Let
{T;}icr : C — C be a family of closed and quasi-¢-;-strict asymptotically pseudo-contractions
such that F = (,;
Define a sequence {x,,} by the following algorithm:

F(T;) # 0. Assume that every T; (i € I) is asymptotically regular on C.

xg € X chosen arbitrarily,
Cri=C,Cr=[)Cu,
il
r1 = e, (20),
Crt1,i={z € Chyi: ¢(xn, T xy) < 2{my, — 2, Jxp — JT x0) + (kfm —1)M},
OnJrl - ﬂ CnJrl,i;

el

(3.11)

Tn41 = ch+1x0; n Z O)
where {k,_;} is an asymptotic sequence for {T;};e; and M = sup{¢(z,y), z,y € C}. Then {x,}

converges strongly to po = llpxg.

Corollary 3.2 Let X be a reflexive, strictly convex, smooth Banach space such that X and X*
have the property (K). Assume C is a nonempty bounded closed convex subset of X. Let T :
C — C be a closed and quasi-¢-k-strict asymptotically pseudo-contraction such that F(T') # ().
Assume that every T is asymptotically regular on C. Define a sequence {x,} by the following

algorithm:
xg € X chosen arbitrarily,
Cy, =C,
T = Hcl (1170), (312)
Cny1=9{2€Cp : ¢z, T"xy) < 1 _H<xn —z,Jxn — JT xy) + - M},

:En-i-l = ch+1x07n 2 07
where k € [0,1), {k,} Is an asymptotic sequence for T and M = sup{¢(z,y), x,y € C}. Then

{xn} converges strongly to po = Ilp1yzo.
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