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Abstract Let G be the finite cyclic group Z2 and V be a vector space of dimension 2n with

basis x1, . . . , xn, y1, . . . , yn over the field F with characteristic 2. If σ denotes a generator of G,

we may assume that σ(xi) = ayi, σ(yi) = a−1xi, where a ∈ F ∗. In this paper, we describe the

explicit generator of the ring of modular vector invariants of F [V ]G. We prove that

F [V ]G = F [li = xi + ayi, qi = xiyi, 1 ≤ i ≤ n, MI = XI + a
|I|

YI ],

where I ⊆ An = {1, 2, . . . , n}, 2 ≤ |I | ≤ n.
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1. Introduction

Let G be a finite group, V be a finite dimensional vector space over a field F and G ≤ GL(V ).

Let F [V ] be the symmetric algebra of V ∗, the dual of V . If we choose a basis, x1, . . . , xn, for V ∗,

then we can identify F [V ] with the polynomial ring F [x1, . . . , xn]. The action of G on V induces

an action on V ∗ which extends to an action by algebra automorphisms on the symmetric algebra

F [V ]. Specifically, for g ∈ G, f ∈ F [V ] and v ∈ V , (g · f)(v) = f(g−1 · v). The ring of invariants

of G is the subring of F [V ] given by

F [V ]G := {f ∈ F [V ] | g · f = f for all g ∈ G}.

If G is a finite group and |G| is not invertible in F , then we say the representation of G

on V is modular. If |G| is invertible in F , then V is called a non-modular representation. In

the non-modular representation case, Noether [1, 2] proved that the ring of invariants of G is

generated by polynomials of degree less than or equal to |G|. The result does not hold for

modular representation. In particular, the case of “vector invariants” is difficult over finite fields

[3, 4]. Next we explain what is meant by this term [5].

Let σ : G → GL(n; F ) be a faithful representation of a finite group. Set σ1 = σ and define

σ2 : G → GL(2n; F ),
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afforded by the block matrices

σ2(g) =

(

σ1 0

0 σ1

)

.

Iteratively we define

σk :G → GL(kn; F ),

g 7→ diag(σ1(g), . . . , σ1(g)).

Then σk is the k-fold vector representation of σ. The corresponding ring of invariants is called

the ring of vector invariants.

For the rest of the paper, let F denote a field with characteristic 2, and let

x1, . . . , xn, y1, . . . , yn

denote commuting indeterminates. Define the representation

σ : Z2 → GL(2; F )

afforded by the matrices
(

0 a

a−1 0

)

,

where a ∈ F ∗. For a positive integer n, let σn : Z2 → GL(2n; F ) be the n-fold direct sum

σ ⊕ · · · ⊕ σ.

In this paper, we prove that the ring of vector invariants F [x1, . . . , xn, y1, . . . , yn]Z2 is gener-

ated by

{li = xi + ayi, qi = xiyi, 1 ≤ i ≤ n, MI = XI + a|I|YI , I ⊆ An, 2 ≤ |I| ≤ n},

where An = {1, 2, . . . , n}, I ⊆ An, and

MI = XI + a|I|YI = xi1xi2 · · ·xi|I| + a|I|yi1yi2 · · · yi|I| .

For example, M12 = x1x2 + a2y1y2. If I = {i}, then MI = li, for 1 ≤ i ≤ n.

2. The structure of invariant ring F [x1, . . . , xk, y1, . . . , yk]
Z2

We begin with the simplest case.

Example 1 For σ2 : Z2 → GL(4, F ), it is easy to verify that {li = xi + ayi, qi = xiyi, i = 1, 2}

is a set of invariants. Especially, the quadratic form x1x2 + a2y1y2 is also an invariant. So

F [x1, x2, y1, y2]
Z2 ⊇ F [li = xi + ayi, qi = xiyi, i = 1, 2, M12 = x1x2 + a2y1y2].

In fact, other invariant quadratic forms,

x1y2 + y1x2 = a−1(l1l2 − M12)

and

x2
i + a2y2

i = (li)
2 − 2aqi, i = 1, 2

are all in F [li = xi + ayi, qi = xiyi, i = 1, 2, M12 = x1x2 + a2y1y2].
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Example 2 Consider σ3 : Z2 → GL(6, F ). It is obvious that

F [li = xi + ayi, qi = xiyi, i = 1, 2, 3, Mij = xixj + a2yiyj, 1 ≤ i < j ≤ 3]

⊆ F [x1, x2, x3, y1, y2, y3]
Z2 .

Similarly to Example 1, other invariant quadratic forms xiyj + yixj (1 ≤ i < j ≤ 3) and

x2
i + a2y2

i (i = 1, 2, 3) can be generated by these invariants.

Unfortunately, for cubic invariant polynomials, analogously to the example given by Neusel

in [6], we find that there is a relation between the invariants, i.e.,

l1M23 + l2M13 + l3M12 = l1l2l3 + 2(x1x2x3 + a3y1y2y3). (1)

It follows that in the case of characteristic 2 the cubic form x1x2x3 + a3y1y2y3 is not in

F [li = xi + ayi, qi = xiyi, i = 1, 2, 3, Mij = xixj + a2yiyj , 1 ≤ i < j ≤ 3].

Therefore the algebra of invariants F [x1, x2, x3, y1, y2, y3]
Z2 contains an indecomposable cubic

form x1x2x3 + a3y1y2y3.

Lemma 1 Let An = {1, 2, . . . , n}, I ⊆ An, and MI = XI + a|I|YI . Then we have

[ n

2
]

∑

|I|=1,I⊆An

MIMAn\I = l1l2 · · · ln + (2n−1 − 2)(x1x2 · · ·xn + any1y2 · · · yn).

Proof This equation can be easily verified. 2

For example, for n = 4, we have

[ n

2
]

∑

|I|=1,I⊆An

MIMAn\I = l1M234 + l2M134 + l3M124 + l4M123 + M12M34 + M13M24 + M14M23

= l1l2l3l4 + 6(x1x2x3x4 + a4y1y2y3y4).

Theorem 1 The algebra of invariants F [x1, . . . , xn, y1, . . . , yn]Z2 contains an indecomposable

form of degree n for n ≥ 3.

Proof We show that by induction on n. For n = 3, it is obvious by Example 2. Assume that

the conclusion is true for n = k − 1. By the hypothesis, suppose that we have got a formula

similar to (1),

f12···(k−1) = c1l1l2 · · · lk−1 + c2(x1x2 · · ·xk−1 + ak−1y1y2 · · · yk−1), (2)

where f12···(k−1) is the sum of the product of li1 li2 · · · li|I| and MAk−1\I for I ⊂ Ak−1, and c1, c2

are two constants. Iteratively, for n = k, we also have

f1···(k−2)k = c1l1 · · · lk−2lk + c2(x1 · · ·xk−2xk + ak−1y1 · · · yk−2yk), (3)

· · ·

f23···k = c1l2l3 · · · lk + c2(x2x3 · · ·xk + ak−1y2y3 · · · yk). (4)
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Multiplying both sides of the above equality (2) by lk, equality (3) by lk−1, . . . , equality (4) by

l1, and summing up both sides of these equalities, we have

f12···(k−1)lk + f1···(k−2)klk−1 + · · · + f23···kl1

= (kc1)l1l2 · · · lk + c2(l1M23···k + l2M13···k + · · · + lkM12···k−1).

Then summing up both sides of the above equality by

(c2 + 1)

[ k

2
]

∑

|I|=2

MIMAk\I + (l1M23···k + l2M13···k + · · · + lkM12···k−1),

by Lemma 1 we obtain

f12···(k−1)lk + f1···(k−2)klk−1 + · · · + f23···kl1 + (c2 + 1)

[ k

2
]

∑

|I|=2

MIMAk\I+

(l1M23···k + l2M13···k + · · · + lkM12···k−1)

= (kc1)l1l2 · · · lk + (c2 + 1)

[ k

2
]

∑

|I|=1

MIMAk\I

= (kc1 + c2 + 1)l1l2 · · · lk + (c2 + 1)(2k−1 − 2)(x1x2 · · ·xk + ak−1y1y2 · · · yk),

where (c2+1)(2k−1−2) is even. Therefore, in the case of characteristic 2 the algebra of invariants

F [x1, . . . , xk, y1, . . . , yk]Z2 contains an indecomposable form of degree k, namely

x1x2 · · ·xk + aky1y2 · · · yk,

and the result follows. 2

Theorem 2 For σn : Z2 → GL(2n, F ), n ≥ 2, the invariants of degree m (≥ 1) can be generated

by

{li = xi + ayi, 1 ≤ i ≤ n, qi = xiyi, 1 ≤ i ≤ n, MI = XI + a|I|YI , I ⊆ An, 2 ≤ |I| ≤ n}.

Proof Since the action of G on F [V ] sends monomials to monomials, F [V ]Z2 has an F -

basis consisting of orbit sums of monomials [7]. If XAY B ∈ F [V ] is a monomial, where

A = {a1, a2, . . . , an}, B = {b1, b2, . . . , bn}, then the orbit sum of its Z2-orbit is

S(XAY B) =

{

XAY B + a
∑

(ai−bi)XAY B, if A 6= B,

XCY C , if A = B = C,

where C = {c1, c2, . . . , cn}. Obviously, XCY C =
∏

(xiyi)
ci . It suffices to show that

XAY B + a
∑

(ai−bi)Y AXB ∈ F [li, qi, 1 ≤ i ≤ n, MI , I ⊆ An, 2 ≤ |I| ≤ n].

Let

XAY B + a
∑

(ai−bi)Y AXB

= xa1

1 xa2

2 · · ·xan

n yb1
1 yb2

2 · · · ybn

n + a
∑

(ai−bi)ya1

1 ya2

2 · · · yan

n xb1
1 xb2

2 · · ·xbn

n ,

where
∑n

i=1(ai + bi) = m. We give the proof by induction on m. m = 1 is trivial. Suppose
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the conclusion is true for positive integer less than m. Denote I = {i | ai 6= 0, 1 ≤ i ≤ n},

J = {j | bj 6= 0, 1 ≤ j ≤ n}. There are several cases to consider.

(a) I ∩ J 6= φ, i.e., there is at least an i such that ai 6= 0, bi 6= 0. Suppose ai ≥ bi, then

XAY B + a
∑

(ai−bi)Y AXB =(xiyi)
bi(xa1

1 · · ·x
ai−1

i−1 xai−bi

i · · ·xan

n yb1
1 · · · y

bi−1

i−1 y
bi+1

i+1 · · · ybn

n +

a
∑

(ai−bi)ya1

1 · · · y
ai−1

i−1 yai−bi

i · · · yan

n xb1
1 · · ·x

bi−1

i−1 x
bi+1

i+1 · · ·xbn

n ).

(b) I 6= φ, J 6= φ, but I ∩ J = φ. For example, I = {1}, J = {2}, suppose a1 ≥ b2. If

a1 = b2 = 1, then x1y2 + y1x2 = l1l2 − M12. So we may assume a1 ≥ 2, then we have

xa1

1 yb2
2 + aa1−b2ya1

1 xb2
2 =(x1 + ay1)(x

a1−1
1 yb2

2 + aa1−b2−1ya1−1
1 xb2

2 )−

(x1y1)(axa1−2
1 yb2

2 + aa1−b2−1ya1−2
1 xb2

2 ).

(c) I 6= φ, J = φ(or I = φ, J 6= φ). If ai = 1 for all i ∈ I, the case is trivial, for the invariant

is just MI . So without loss of generality we may assume that there exists an i such that ai ≥ 2.

It follows that

XAY B + a
∑

(ai−bi)Y AXB =xa1

1 xa2

2 · · ·xan

n + amya1

1 ya2

2 · · · yan

n

=(xi + ayi)(x
a1

1 · · ·xai−1
i · · ·xan

n + am−1ya1

1 · · · yai−1
i · · · yan

n )−

(xiyi)(axa1

1 · · ·xai−2
i · · ·xan

n + am−1ya1

1 · · · yai−2
i · · · yan

n ).

By the hypothesis, we prove that XAY B + a
∑

(ai−bi)Y AXB can be generated by

{li = xi + ayi, 1 ≤ i ≤ n, qi = xiyi, 1 ≤ i ≤ n, MI = XI + a|I|YI , I ⊆ An, 2 ≤ |I| ≤ n}. 2

This allows us to obtain the desired result.

Theorem 3 Let σn : Z2 → GL(2n, F ) be the representation of cyclic group Z2 over the field F

of characteristic 2, where n ≥ 2. Then the ring of vector invariants

F [x1, . . . , xn, y1, . . . , yn]Z2 = F [li, qi, 1 ≤ i ≤ n, MI , I ⊆ An, 2 ≤ |I| ≤ n]. 2

In addition to the algebra of invariants F [V ]G, another basic object of study in invariant

theory is the algebra of coinvariants.

Definition 1 ([6]) Let ρ : G → GL(n, F ) be a representation of a finite group G over the field

F . The ring, or algebra, of coinvariants, denoted by F [V ]G, is the quotient of F [V ] by the ideal

generated by the invariant polynomials of positive degree.

Corollary 1 The algebra of coinvariants F [x1, . . . , xn, y1, . . . , yn]Z2
= F [x1, . . . , xn].

Proof From Theorem 3 the result can be easily derived. 2

Remark 1 Let a = 1. Then the representation of Z2 is just the permutation representation.

For this case we have

F [V ]G = F [li = xi + yi, qi = xiyi, 1 ≤ i ≤ n, MI = XI + YI ],
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where I ⊆ An = {1, 2, . . . , n}, 2 ≤ |I| ≤ n. The conclusion coincides with the result of Richman

[8].
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