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Positive Solutions for the Initial Value Problems of
Impulsive Evolution Equations

He YANG
Department of Mathematics, Northwest Normal University, Gansu 730070, P. R. China

Abstract This paper deals with the existence of e-positive mild solutions (see Definition 1) for
the initial value problem of impulsive evolution equation with noncompact semigroup

u'(t) + Au(t) = f(t, u(t)), t €0, +00), t # tg,
Au|t:tk = Ik(u(tk))7 k= 1727 ey

u(0) = zo

in an ordered Banach space E. By using operator semigroup theory and monotonic iterative
technique, without any hypothesis on the impulsive functions, an existence result of e-positive
mild solutions is obtained under weaker measure of noncompactness condition on nonlinearity
of f. Particularly, an existence result without using measure of noncompaceness condition is
presented in ordered and weakly sequentially complete Banach spaces, which is very convenient
for application. An example is given to illustrate that our results are more valuable.
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Measure of noncompactness.
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1. Introduction and main results

During recent years, the impulsive differential equations have been an object of intensive in-
vestigation because of the wide possibilities for their applications in various fields of science and
technology such as theoretical physics, population dynamics, economics, ete. [1,2]. Correspond-
ingly, the existence of solutions for impulsive differential equations in Banach spaces has also
been studied by many authors [3-6]. But these results are for the case of ordinary differential

equations. There are seldom the results on impulsive evolution equations [7, 8].

In this paper, we consider the initial value problem (IVP) of nonlinear impulsive evolution
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equation
W' (t) + Au(t) = f(E,u(t)), t € Joo, T # ti,
Au|t:tk :Ik(u(tk)), k= 1,2,..., (1)
u(0) = xo,
where A : D(A) C E — E is a closed linear operator, —A generates a Cp-semigroup T'(¢) (¢ > 0)
inE. feC(Joo XE,E), Joo =[0,40). 0 <t <to <+ <ty < -+, tym — +00o(m — +00),
and Iy : E — E, k= 1,2,... are impulsive functions, zy € E. Auli—y, = u(t}) — u(t; ), where
u(t}) and u(t; ) represent the right and left limits of u(t) at t = t, respectively.
Let PC(Jxo, E) := {u : Joo — E|u(t) is continuous at t # tj, and left continuous at ¢t = ¢,
and u(t) ) exists, k = 1,2,...}. Let Joo = Joo\{t1,t2, -+ tm, ..}, Jo = [0, 1] and Jy = (tg, tyt1],
k=1,2,.... Let \; be the minimal positive real eigenvalue of the linear operator A4, e; € D(A)

be the positive eigenvector corresponding to A;.

In 1999, Liu [7] studied the existence and uniqueness of mild solutions for the problem
W)+ Aut) = f(tu(b)), t € [0,Th), t# th,
Auleey, = Ie(u(ty)), k=1,2,...,p, (2)
u(0) = xo.

The existence theorem in [7] required that nonlinearity f and impulsive functions I’s satisfy the

following assumptions:
1t u) = F& ) < Cllu—vl, t €[0,To], u,veE, 3)
[k (u) — I (v)|| < hgllu—v|, w,v € E, k=1,2,...,p, 4)
where C* > 0 and hy > 0 satisfy

p
M*(C*To+ Y i) <1 (5)
k=1

with M* = max.c, 1 | ()]

The conditions (3)—(5) are all strongly restricted and are difficultly satisfied in applications.
Recently, Cardinali and Rubbioni [8] extended and improved the result of Liu in [7]. They deleted
the conditions (4) and (5) and improved the condition (3). They only required that nonlinearity

f satisfies the following conditions:
1f (& o)l < a(®)(X + [z])), t €[0,To], = € E, (6)
where a € L1([0,Tp], RT) is a function, and for any bounded D C F
a(f(t, D)) < k(t)a(D), t € [0, Tol, (7)

where k € L1([0, Tp], RT) is a function.
But the condition (7) is also difficult to verify in applications. In this paper, we will improve

or delete the condition (7) by using order conditions in ordered Banach spaces. These order
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conditions are verified conveniently in applications. In addition, we obtain the existence of
positive solutions for the initial value problem of impulsive evolution equations on J.

Our main results are as follows:

Theorem 1 Let E be an ordered Banach space with norm || - || and partial order “<”, whose
positive cone K is normal, and — A generate a positive equicontinuous Cy-semigroup T'(t) (t > 0).
Let xg > oey, f(t,0e1) > Moey for o > 0 and t € J. If the nonlinearity f € C(Jyx X K, E)
satisfies the following conditions:

(Hy) There exist a,b € C(Joo, Joo) such that

1t 2)]| < a@®)]|z]| +b(t), t € Joo, @ € K.
(Hy) For any R > 0,T > 0, there exists C' = C(R,T) > 0 such that
f(t5x2) - f(tv'rl) > _O(xQ - xl)v

for any t € [0,T), 0 < z1 < zo, ||21]], ||z2] < R.
(Hs) For any R > 0,T > 0, there exists L = L(R,T) > 0 such that

a(f(t, D)) < La(D)

for any t € [0,T], and increasing monotonic sequence D = {x,} C KNB(#, R). Then the IVP(1)

has an e-positive mild solution on J.

Remark 1 Analytic semigroup and differentiable semigroup are equicontinuous semigroups
[11]. In applications of partial differential equations, such as strongly damped wave equation,
parabolic type equation, etc., their solution semigroups are the analytic semigroups. Hence, it is
convenient to apply Theorem 1 to these equations.

When F is an ordered and weakly sequentially complete Banach space, we delete the measure

of noncompactness condition (Hs) of Theorem 1 and obtain the following result:

Corollary 1 Let E be an ordered and weakly sequentially complete Banach space, whose
positive cone K is normal, —A generate a positive equicontinuous Cp-semigroup T(t) (t > 0).
Let xg > oey, f(t,0e1) > Aoey for o > 0 and t € J. If the nonlinearity f € C(Jx X K, E)
satisfies the assumptions (Hy ) and (Hy), then the IVP(1) has an e-positive mild solution on Ju.

Remark 2 In applications of some partial differential equations, we often choose LP(Q2) as
working space, which is weakly sequentially complete. Hence, it is very convenient in LP(Q) to
apply the Corollary 1 to these equations.

The proof of Theorem 1 will be introduced in next section. In Section 3, an example will be

given to illustrate that our results are more valuable.

2. Proof of main result

Let (E,||-]|) be a Banach space, A : D(A) C E — FE be a closed linear operator, — A generate
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a Cp-semigroup T'(t) (¢t > 0) in E. Then there exist M > 0 and § € R such that
IT®)] < Me®, t > 0.

Let I = [to,T], C(I,E) denote the Banach space of all continuous E-value functions on
interval I with norm ||u||c = max¢cr ||u(t)|]. We consider the initial value problem (IVP) of
linear evolution equation without impulse in F

w'(t) + Au(t) = ¢(t), t €1,
(®)
’U,(to) = Xo-
It is well-known [1, Chapter 4, Theorem 2.9] that when o € D(A) and ¢ € C(I, E), the IVP(8)
has unique classical solution u € CY(I, E) N C(I, Ey) (where E; is a Banach space generated by
D(A) with norm ||z||1 = ||z|| + ||Az||) expressed by
t
u(t) =Tt —to)xo + / T(t—s)p(s)ds, t el 9)
to
Generally, when zo € E and ¢ € C(I, E), the function u given by (9) belongs to C(I, E) and it
is called a mild solution of the IVP(8).

Similarly, for the initial value problem (IVP) of the linear impulsive evolution equation in F
u'(t) + Au(t) = p(t), t € Joo, t # ti,
Aulimy, = Ig(uty)), k=1,2,..., (10)
u(0) = xo.
Definition 1 If an abstract function u € PC(J, E) satisfies the following integral equation
) =T+ [ Tt o)olsds + 3 Tt~ ) Iu(uln),
0<ty <t

then we call it a mild solution of the IVP(10). Furthermore, if there exist e > 0 and o > 0 such
that u(t) > oe for t € Joo, then we call it an e-positive mild solution of the IVP(10).

Let a(-) denote the Kuratowski measure of noncompactness of the bounded set in E and
C(I,E). We refer to [12] for the details of the definition and the properties of the measure of
noncompactness. For any B C C(I,E) and t € I, set B(t) = {u(t)|u € B} C E. If B is bounded
in C(I, E), then B(t) is bounded in F, and a(B(t)) < a(B). The following lemmas will be used

in the proof of Theorem 1.

Lemma 1 Let B C C(I, E) be bounded and equicontinuous. Then «(B(t)) is continuous on I,

and

a(B) = max a(B(t)).

This lemma can be found in [13, Theorem 1.1.2].

Lemma 2 Let B = {u,} C C(I, E) be countable. If there exists ¢ € L'(I) such that ||u,(t)| <
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Y(t),a. e.tel, n=1,2,..., then a(B(t)) is Lebesgue integral on I, and

a({/ Up (t)dt|u, € B}) < 2/a(B(t))dt.
1 I
This lemma can be found in [14, Corollary 3.1(b)].

Proof of Theorem 1 (I) We prove the global existence of e-positive mild solutions for the
IVP(1) on Jy = [0, t4].
In this case, the IVP(1) is equivalent to the initial value problem(IVP) of evolution equation
without impulse in F
u'(t) + Au(t) = f(t,u(t)), t € Jo,
(11)
u(0) = xo.
Next the proof will be divided into two steps.
(i) The local existence of e-positive mild solutions.
For any to > 0 and z¢ € FE, we prove that the initial value problem (IVP) of evolution
equation

W(t) + Au(t) = f(t,u(t), t > to,
(12)
’U,(to) = X0

has an e-positive mild solution on I = [t,to + hy,], where hy, € (0,1) is pending. Let

My, = sup{[[T(@)[[|0 <t <to+ 1}, Ry = 2Myy([[xo]l +1) + oen,

- t). by = b(t), L, = L(to+1, Ry, ).
a, teg}gﬁua(), =, max (t), Lty = L(to + 1, Ry,)

Let C = C(to + 1, Ry,) be the constant in condition (Hz). The IVP(12) can be rewritten as the

form
u/(t) + (A + OI)u(t) = f(t,u(t)) + Ou(t), t > to,

(13)
’U,(to) = X0.-
We define the mapping @ by
(Qu)(t) =St —to)zo + [ St —9)[f(s,u(s)) + Cu(s)]ds, t €I, (14)

to
where S(t) = e~ C*T'(t) (t > 0) is the Cp-semigroup generated by —(A + CI). Then S(t) (t > 0)
is a positive equicontinuous Cp-semigroup. From condition (Hz) and the continuity of f, Q :
C(I,K) — C(I, E) is continuous and increasing, and a solution of the IVP(13) on I is equivalent
to a fixed point of Q.
Denote Q := {u € C(I, K)|||u(®)]| < Ry, u(t) > cer,t € I'}. Then Q C C(I, K) is a nonempty

l[zoll+1 }. Then for every u € Q and t € I,

bounded convex closed set. Let hy, < min{1, (@ +C) Rug Fbrs

by assumption (H;) and (14), we have

(Qu))] < 1St = to)zoll + 1| [ St = s)[f(s,uls)) + Culs)]ds|

to
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t
< My, [|zol| + M, /t a(s)l[u(s)[l + b(s) + Cllu(s)|ds
< My, ||wol| + My [(ar, + C)Rey + biolhey < Ry
Let vg = oe1. Then
o(t) £ v(t) + (A+ Cug(t) = Moey + Coey < f(t,0e1) + Coe.

Since S(t) is a positive Cy-semigroup and @ is an increasing operator, from (14), we have
t
oer = v(t) = S(t — to)vo(to) + / S(t —s)p(s)ds
to

< S(t—to)xo —I—/ S(t—s)[f(t,oe1) + Coeq]ds

to

= Qoe)(t) < (Qu)(t), tel.

Thus, @ : Q — Q is continuous and increasing. By the similar method of Li [10], we can prove
that Q(Q) is a family of equicontinuous functions in C(I, K).
Let vg = oey € . Define interval sequence {v,} by

Up=Qup_1, n=12.... (15)
Since @ is an increasing operator and v; = Qug > vy, we have
vo<vy Svg << < (16)

Hence, {vp} = {Qup—1} C Q(R2) C Q is bounded and equicontinuous.

Let B = {v,|n € N}, By = {v,—1|n € N}. Since By = BU{w}, from the property of measure
of noncompactness, we have a(B(t)) = a(By(t)) for t € I. From condition (Hs), Lemma 2 and
(14), for any t € I, we have

a(B(t)) = a(Q(Bo)(t)) = a({S(t —to)zo +/ S(t = 5)[f(s,vn-1(5)) + Cvn_1(s)|ds|n € N})

to

=a({ t St —s)[f(s,vn-1(8)) + Cv,—1(s)]ds|n € N})

<2 ) 15( = s)II - a({f (s, vn-1(s5)) + Cvn—1(s)|n € N})ds

< 20, / a(f(s, Bo(s)) + Ca(Bo(s))))ds < 2My, (L, + C) / a(Bo(s))})ds

to to
t
=2M,,(L¢, + C)/ a(B(s))})ds.
to
By Bellman inequality, we have «(B(t)) = 0 for ¢t € I. By Lemma 1, we deduce that «(B) =
maxer a(B(t)) =0, i.e., {v,} is relatively compact in C(I, K). Hence, there exists subsequence
{vn,} C {vn} such that v,, — u* € Q as k — co. Combining this with (16) and the normality
of cone K, it is easy to prove that v,, — u* as n — oco. Let n — oo in (15). From the continuity
of operator @, we have u* = Qu*. Therefore, u* € Q C C(I, K) is an e-positive mild solution of
the TVP(13).
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(ii) The global existence of e-positive mild solutions for the IVP(11) on Jp.
From (i), we easily see that the IVP(11) has an e-positive mild solution ug € C([0, hol, K)
expressed by

un(t) = S(t)wo + / S(t — $)[f (s, u0(s)) + Cuo(s)]ds.

By the extension theorem [11], up can be extended to a saturated solution of the IVP(11), which
is also denoted by ug € C([0,T), K), whose existence interval is [0, 7).
Next, we show that T" > ¢;. Denote

@= max a(t), b= max b(t), My = sup [T
tG[O,TJrl] tG[O,TJrl] tG[O,TJrl]

If T < t1, then by assumption (H;), we have
t
uo@)] < [[S(#)zoll +/0 [S(t = $)[f (s,u0(s)) + Cuo(s)][|ds

< My ||zo|| + MibT + My(a+ C) /Ot [uo(s)l|ds.
By Bellman inequality, we have
luo ()| < Mi(||zo]| + BT)eM @ < My (||| + BT TFOT £ My,
Hence let No = N(0, M2) := sup,c(o, 711,z < |/ (£, 2)[|. Since S(¢) is continuous in operator
norm for ¢t > 0, for any 0 < 7y < 79 < T, we have
l[uo(72) — uo(m1)|

< [1S(r2)zo = S(m1)woll + /OT1 15(2 = 8) = S(m1 = s)|| - £ (s,u0(s)) + Cuo(s)|[ds+

/72 [1S(r2 = )l - [1f(s,u0(s)) + Cuo(s)|[ds

T
< |IS(m2)xo — S(m1)xo|| + (No + C’Mg)/ IS(t2 — 71 + s) — S(s)||ds+
0
M]_(NQ + CMQ)(TQ — Tl) — 0, (Tl,Tg — T_)

Hence by Cauchy criterion, there exists T € K such that lim; .- ug(t) = T. We consider the

initial value problem (IVP) of evolution equation without impulsive in E

W (t) + (A+ Cu(t) = f(t,ult)) + Cu(t), t > T, -
17
u(T) =7.

From (i), the IVP(17) has an e-positive mild solution v on [T, T 4 hr|. Let
uO(t)v te [OaT)a
u(t) =
o(t), t € [T, T + hr).

It is easy to see that u(t) is an e-positive mild solution of the IVP(11) on [0, T + hr]. Therefore,

u(t) is an extension of ug(t), this is a contradiction. Hence, T > t1, i.e., the global e-positive
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mild solution wug(t) of the IVP(11) exists on Jy, which is also an e-positive mild solution of the
IVP(1) on Jp.

(IT) We show that the IVP(1) has global e-positive mild solution on J.

At first, we prove that the IVP(1) has global e-positive mild solution on J; = (t1,t2]. We

consider the initial value problem (IVP) of evolution equation without impulse on J;
u'(t) + (A+ Chu(t) = f(t,u(®)) + Cult), t € Ju,
(18)
u(tf) = UQ(tl) + I (UQ(tl)).
Clearly, a global e-positive mild solution of the IVP(18) on J; is also an e-positive mild solution

of the IVP(1) on J;. By the argument similar to the proof of (I), the IVP(18) has an e-positive
mild solution u; € C(Jy, K) expressed by

ur(t) = St —t1)(uo(tr) + i (uo(t1))) + /t St — s)[f(s,u(s)) + Cu(s)]ds

= S(t)xo —|—/0 S(t— s)[f(s,u(s)) + Cu(s)]ds + S(t — t1)I1 (up(t1)).

Assume that, for t € Jir—1 (kK = 3,4,...), the IVP(1) has an e-positive mild solution ug_1 €
C(Jg—1,K) (k = 3,4,...). Then, for t € J, (k = 2,3,...), the initial value problem (IVP) of

evolution equation without impulse in F

{ W (t) 4+ (A+ CDu(t) = f(t,u(t)) + Cult), t € J, k=2,3,...,
u(ty) = wp—1(t) + I (up—1(tx))

has an e-positive mild solution uy, € C(Jg, K) expressed by

up(t) =St — ti) (uk—1(tk) + I (ur—1(tx))) + / S(t—s)[f(s,u(s)) + Cu(s)]ds

tr

=St — tr) I (up—1(tr)) + Stk — th1) (up—2(th—1) + Tp—1 (ur—2(tp—1)))+

/t ' Stk — s)[f(s,u(s)) + Cu(s)]ds + /t St —s)[f(s,u(s)) + Cu(s)]ds

—S(t)o + / S(t = )[f(5,u(s) + Culs)ds + 3 S(t =)L (us1(t;)).

0<t;<t
Now, we define a function u by:
’U,O(t), t e Jy,

’U,l(t), t e Jl,

up(t), teJy (k=2,3,...),
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It is clear that u(t) € PC(Jw, K) is an e-positive mild solution of the IVP(1), which satisfies

u(t) = S(t)zo + /0 S(t—s)[f(s,u(s)) + Cu(s)]ds + Z St — te) e (u(ty))-

0<tp<t
By the global existence property of w;(t) on J;, i =0,1,2, ..., the u(t) defined by (19) is a global
e-positive mild solution of the IVP(1) on Ju,. O

3. Applications

Let Q € RY be a bounded domain with a sufficiently smooth boundary 9Q. We consider the

initial boundary value problem of parabolic type

U V2 =g(z,tu), v €Q, L€ Ju, t # l,
Auli=yy, = I(u(x,ty)), v €Q, k=1,2,...,

ulon =0,

u(z,0) = p(x), © €Q,

where V2 denotes a Laplace operator, g(z,t,u) : Q x Jo x Rt — R* is continuous. For the

problem (20), we have the following existence result:

Theorem 2 Let \; be the minimal positive real eigenvalue of Laplace operator —V? with Dirich-
let boundary value condition u|sq = 0, e; € L?(2) be the positive eigenvector corresponding to
Ai. Let o(x) > e1(z), g(x,t,0e1(x)) > Moei(x) for x € Q,t € Jo and o > 0. If the nonlinearity
g(z,t,u) : Q x Joo x RT — RT is continuous and satisfies the following conditions:

(P1) There exist a,b € C(Q X Jo, RT) such that

lg(z, t,n)| < alx, t)In| + b(x, 1),

forany x € Q, t € Joo, n € RT.
(P2) For any R >0, T > 0, there exists M = M(R,T) > 0 such that

gz, t,m2) — g(x,t,m) = —M(n2 —m),
for any x € Q, t € Joo, and 0 < my < mg,|m|,|n2| < R, then the problem (20) has an e-positive

mild solution.

Proof Let E = L?(Q). Then E is an ordered and weakly sequentially complete Banach space.
Let K = {u € L*(Q)|u(z) > 0, a. e. x € Q}. Then K is normal in E. We define an operator A
by

D(A) = H*(Q)U H}(Q), Au = —V?u. (21)
The operator A : D(A) C E — F defined by (21) is a positive definite selfadjoint operator with
compact resolvent [15]. Hence, the spectrum o(A) of A consists of all positive real eigenvalues

and it can be arrayed in sequence as

D<A <A< - <A<y Ay =00, N — 00.



1056 H. YANG

It is well-known [11,16] that —A generates an analytic semigroup T'(t) (¢t > 0) in L? (Q). By
the maximum principle of parabolic equation, it is easy to see that T'(¢) (¢ > 0) is a positive
operator semigroup. For v € L? (), let f(t,v) := g(,t,v(-)), Ix(v(tx)) = I(v(-,tx)). Then the
impulsive parabolic equation (20) is rewritten into the form of the impulsive evolution equation
(1) in E = L?(Q). Obviously, all the conditions of Corollary 1 are satisfied. From Corollary 1,

the impulsive evolution equation (1) has an e-positive mild solution u* € PC(Jx, E), which is

also an e-positive mild solution of the problem (20). O
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