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Abstract In this paper, the boundedness for the multilinear commutators of Bochner-Riesz
operator is considered. We prove that the multilinear commutators generated by Bochner-Riesz
operator and Lipschitz function are bounded from LP(R™) into /\(ﬁ,% (R™) and from L7 (R"™)
into BMO(R™).
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1. Introduction and main results

In 2002, Pérez and Trujillo-Gonzalez [1] introduced a kind of multilinear commutators of
singular integral operators and obtained the sharp weighted estimates for this kind of multilinear
commutators. From then, the properties of multilinear commutators have been widely studied in
harmonic analysis. Hu, Meng and Yang [2, 3] proved the boundedness of multilinear commutators
with non-doubling measures. Chen and Ma [4] established that multilinear commutators related
to Calderén-Zygmund operator and fractional integral operator with Lipschitz function were
bounded in the context of Triebel-Lizorkin space. Later, Mo and Lu [5] studied the boundedness
for multilinear commutators of Marcinkiewicz integral operator on Triebel-Lizorkin space and
Hardy space. Recently, the weighted estimates for multilinear commutators of Littlewood-Paley
operator and Marcinkiewicz integral were established by Xue, Ding [6] and Zhang [7], respectively.
The bounded properties for the multilinear commutators of #-type Calderén-Zygmund operator
were considered by authors in [8,9]. In this paper, boundedness for the multilinear commutators
generated by Bochner-Riesz operator and Lipschitz function is obtained. We prove that this
kind of multilinear commutators is bounded from LP(R™) into /\(ﬁ,%)(R”) and from L3 (R™)
into BMO(R™).
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Let us firstly introduce some notations and definitions. Throughout this paper, C' always
denotes a constant independent of the main parameters involved, but it may be different from
line to line. @ will denote a cube of R™ with side parallel to the axes. For 0 < 8 < 1, the
Lipschitz space Ag is the space of functions f such that

175, = sup 187 F@I/10)7 < oo,
where AF denotes the k-th difference operator [5, 8].

Given any positive integer m, for 1 < ¢ < m, we denote by C/™ the family of all finite
subsets 0 = {0(1),0(2),...,0(i)} of {1,2,...,m} with ¢ different elements. For any o € CI",
the complementary sequence ¢’ is given by ¢’ = {1,2,..., m}\o. Let b= (b1,b2,...,by) be a
finite family of locally integrable functions. For all 1 <4 < m and o = {o(1),...,0(i)} € C™,
we denote 50 = (bg(l), ..+, bs(;y) and the product by = by (1), ..,bs@). With this notation, if
Bo1) + + Bo(s) = Bo, We write

e bogay A,

01145, = Nbo)llAs

o(1) o(i)

For the product of all the functions, we simply write

m

.

1814, = TTilla,,
i=1

where >1", 3 =

Definition 1 Let Bf(f)A(ﬁ) =(1- t2|§|2)‘if(§) and b = (b1, by, ..., by) be a finite family of
locally integrable functions with b; € Ag,(R"™), 1 <1i < m. Let
B, = [ TI00) = b8l = )7
n /i:l

where BY(z) = t " B(x/t) for t > 0. The multilinear commutators of Bochner-Riesz operator
is defined by

By (f)(x) = sup|B} (f)(@)]. (1)

: t>0
We also define that
Bl(f)(x) = sup | B (f)()],
>0
which is the Bochner-Riesz operator [10].
Let H be the space H = {h : ||h|| = sup |h(t)| < co}. Then it is clear that
>0

BY(f)(x) = | BI(D(@)]| and BE_(H)(@) = | BE,(£)(@)]]-
The main results in this paper are as follows.

Theorem 1 Suppose that Bg* is defined by (1), where b is as above such that b; € Ag; (R™),
1<i<m,0<3<1,0<Y", Bi=p<1,6> 22 and max{—mini<i<m B, 251 — 6+ B} <
% < (. Then there exists a positive constant C' such that

I\Bg*(f)lm,%)(w) < OUbl Ay ey 1 | Lo rny.-
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Theorem 2 Suppose that Bg is defined by (1), Where b is as above such that b; € Ag;(R™), 1<
i<m,0< B3 <1,0<Y" B =03<1andd > 2. Then there exists a positive constant C'
such that

182, (lsnoce) < ClBA e 11,3 g

2. Proofs of Theorems

Proof of Theorem 1 Assume that p < co. Consider x # y and let @ be the cube with center
x and length r = 3|z — y|. Then

B2 () = B3 (Nl = 1B, (N@) = I1B3 (NI < I1B3, (£ () = B, (H)l

m m

——/}Hmm—bmw%wwﬁ@M—/J]mm—wmw@—@ﬂmu

< /’II B (@ =) @ﬁuH+H/'Iﬂm@)—m@ﬂBﬂy—@f@m4h
‘/(2Q)C1:[[bi(x) bi(z )]B6(x—z)f dz_/zg)cnb ) —bi(z )]Bé( —z) dzH

=14 IT + III.

Firstly, we estimate I. By the property of BY (see [11]), we obtain
|Bf($ _ y)| < Otin(l + | - y|) (64+(n+1)/2)
t 1
S ————— < Clz —y|™" 2
=y ey =Y 2
Note that (n — 8)p’ = n — (8 — %)p’, by the generalized Minkowski inequality and Hoélder’s

< O( )67(n71)/2

inequality, we get

dz

/’HII B~ 2)1(2)

scwwwéQu—zWuwﬂx—dfﬂz

- 1 o
< |l (/ - 4 )
< O ( s
< CIblla, I f o7 < CIblA, N f ool — "7
With the same estimate for II, we immediately obtain
1< ClIbl|p, I fll oz — "5

For II1, we write

[, TI) =0 50 = 2B = 210
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[bi(z) = bi(y)]o /(QQ)C[bi(y) = bi(2)]or B (x — 2) f(2)dz

=1 ceC™ (2Q)¢
mblx—bi Bi(z — 2 dz mbl b B (z — 2)f(2)dz
[ -l [, Boe=ase [ T - Bt - 1)

Thus

m—1
W< |37 30 b bl [ ) b Ble = 1)) +

i=1 ceC™
[ f[[bz-u) ~ b)) /( o Bl 27+

H /2Q)c : —bi(2)][BS(x — 2) — B (y — 2)]|f(2)dz

= III; + 1112 + III5.

Since [ — minj<ij<m Bi < %, By — % < 0. By the generalized Minkowski inequality, the

inequality (2) and Holder’s inequality, we have

L < 2 > lbite) = bi()o| /(2Q)C I1bi(y) = bi(2)]o BY (z — 2) f ()| d=

i=1 c€C™
ly — 2%
<Y Wil ool o [ eI
=1 seom )e |z — 2|
<SS Wl - vl I ||f||LpZ(/ by =2l )y
B i=1 oeCm Moo Ay 2k+1Q\28Q |;C—z|"17’
m— e’}
- : (244170
3> 6l b = 1 82 s, Wl 3 S 2101
i=1 oeCp k=1
m— e
¢S ST Wl e o s, ok — g% =5 3024005
i=1 oceCpm k=1

—

< ClBll a1 fll ol = y)° 7.

By the generalized Minkowski inequality, the inequality (2) and Holder’s inequality, we get
L, < [Tto) ~ bilo)] [ 181 = 2)f() s
i=1 (2Q)°
- f z
I

e |z =2

< ClE] 5, Jo —ylﬁZ / QI

2k+1Q\2kQ |I — Z|"
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21 Q5

< Clblis, e = yl?lIf e Y 0]
k=1

< Clblia, If ool = y)® 5.
As for IlI3, we consider the following two cases:
Case 1 0 < ¢ <. In this case, notice that [11]
|B(2)] < O(1 + o) =+ 172,

By the generalized Minkowski inequality and Holder’s inequality, we obtain

Iz < Cb]l, /(2Q) 1B (x — 2) = B (y — 2)]ly — 2I° f(2)lld=

n ni1
< O, Z/ e ey pp)a:

2k+1Q\2FQ

n—1
a1 z —yl "=
<C|b / —————|f(2)|dz
e Z I 1O
oo 1

_ gl L
< Ol Il Y- § / (%)"dz}

o ey — 20

[e'e] 6_n71

- r 2
< CHbH/\g”f”LPZ

k
WD +1Q|

<O||b||/\g||f||LpT 22 k(% +5—7 -8)

< Clbllag lf ol = ylﬁ_E

Case 2 t > r. In this case, we choose dg such that 5+ (n — 1)/2 < §p < min{d, (n + 1)/2}.
Notice that [11]
| 7% BY(2)] < O(1+ [z])~OF 072

for any o = (e, ..., ap) € (NU{0})", where 7 = (0/0x1)** - -+ (0/0x,)*". By the generalized

Minkowski inequality and Holder’s inequality, we have

Wy < O, [ 1B 2) = Bl = 2y - F() s

(2Q)
=, > —n— y — 2. _ n+1
<cll, Y [ eyl B ey ey
1 2k+1Q\2kQ
7] - —n— Yy—z\— ntl
<,y [ el ey e a:
o J2R1Q\2kQ

o0 1
ey

7 _ntl |z — y| ' P
<l 11 Y { [ () o)

o eerigaze Ty

o0

S{[ )

< COb)l 5,7
’ = Uarniuarg |y — 2%+
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r(2F 1)
Z < (2kr)ot it =0
= —1
< Clblla, I oo™ Y 27 FGH0=5 =0

k=1
< Clblla,lIfllzelz — 17>

< Cfbll s,

The case p = oo is similar, even easier. We omit the details. Thus the proof of Theorem 1 is

completed. O

Proof of Theorem 2 Let

o= [, TTnom) - bzt~ ]

where xq is the center of the cube Q. In order to prove Theorem 2, it suffices to show that
/Q (B (F)() — halde < CIQI 5 m L 1l 5 g
Write

1BS()(@) — hol

I [, TI00) - monita = sl = | [, 1T Go0) bt Goo = G|
< /nn[bi@)_@( Bl(w = y)f(y)dy - /%2 ) = bi(y)IB! (w0 — ) f(y)dy|
< /(D2 BB — ) ) +

/ . ~b@IBE - [ 10 (a0) = 0B o = ) 01|
:—J-l-JJ.

By the generalized Minkowski inequality and the inequality (2), we have

1=/ | H DB @ )/ )y

1
< C|b|| A / _ d
1114, o |x_y|n_ﬁ|f(y)| y
< OllbllasIs( fx2el) ().

By (L% , L>°)-boundedness of the fractional integral operator Iz, we get

/Q Jdz < ClQIIBlIAIFI, 3
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For JJ, writing III similarly to that in the proof of Theorem 1, we have

JJ < i > i) _bi(IO)]U/

i=1 geCm (2Q)¢

f[[bi(w) — bi(x0)] /(QQ)C B (@ — )/ (y)y||+

bi(20) = bi(W)lor B (0 = ) (y)dy |+

m

/<2Q>c TT0osCeo) = bi) 3] 2 — ) = Bl (o — )l ()l

=JJ1 +JJo + JJ3.

With the same method as used to estimate Iy, III; and III3 in the proof of Theorem 1, and

n

noting that p = 5> one easily obtains that
33 < JJ1+ 3z + 335 < CllBlls, 171l

Thus
/QJdeSC|Q|||b||Ag||f||Lz-

Therefore the proof of Theorem 2 is completed. O
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