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Abstract In this paper, the boundedness for the multilinear commutators of Bochner-Riesz

operator is considered. We prove that the multilinear commutators generated by Bochner-Riesz

operator and Lipschitz function are bounded from L
p(Rn) into ∧̇(β−

n
p

)(R
n) and from L

n
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1. Introduction and main results

In 2002, Pérez and Trujillo-González [1] introduced a kind of multilinear commutators of

singular integral operators and obtained the sharp weighted estimates for this kind of multilinear

commutators. From then, the properties of multilinear commutators have been widely studied in

harmonic analysis. Hu, Meng and Yang [2, 3] proved the boundedness of multilinear commutators

with non-doubling measures. Chen and Ma [4] established that multilinear commutators related

to Calderón-Zygmund operator and fractional integral operator with Lipschitz function were

bounded in the context of Triebel-Lizorkin space. Later, Mo and Lu [5] studied the boundedness

for multilinear commutators of Marcinkiewicz integral operator on Triebel-Lizorkin space and

Hardy space. Recently, the weighted estimates for multilinear commutators of Littlewood-Paley

operator and Marcinkiewicz integral were established by Xue, Ding [6] and Zhang [7], respectively.

The bounded properties for the multilinear commutators of θ-type Calderón-Zygmund operator

were considered by authors in [8, 9]. In this paper, boundedness for the multilinear commutators

generated by Bochner-Riesz operator and Lipschitz function is obtained. We prove that this

kind of multilinear commutators is bounded from Lp(Rn) into ∧̇(β−n
p
)(R

n) and from L
n
β (Rn)

into BMO(Rn).
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Let us firstly introduce some notations and definitions. Throughout this paper, C always

denotes a constant independent of the main parameters involved, but it may be different from

line to line. Q will denote a cube of R
n with side parallel to the axes. For 0 < β < 1, the

Lipschitz space ∧̇β is the space of functions f such that

‖f‖∧̇β
= sup

x,h∈Rn;h 6=0
|△

[β]+1
h f(x)|/|h|β < ∞,

where △k
h denotes the k-th difference operator [5, 8].

Given any positive integer m, for 1 ≤ i ≤ m, we denote by Cm
i the family of all finite

subsets σ = {σ(1), σ(2), . . . , σ(i)} of {1, 2, . . . , m} with i different elements. For any σ ∈ Cm
i ,

the complementary sequence σ′ is given by σ′ = {1, 2, . . . , m}\σ. Let ~b = (b1, b2, . . . , bm) be a

finite family of locally integrable functions. For all 1 ≤ i ≤ m and σ = {σ(1), . . . , σ(i)} ∈ Cm
i ,

we denote ~bσ = (bσ(1), . . . , bσ(i)) and the product bσ = bσ(1), . . . , bσ(i). With this notation, if

βσ(1) + · · · + βσ(i) = βσ, we write

‖~bσ‖∧̇βσ
= ‖bσ(1)‖∧̇βσ(1)

· · · ‖bσ(i)‖∧̇βσ(i)
.

For the product of all the functions, we simply write

‖~b‖∧̇β
=

m
∏

i=1

‖bi‖∧̇βi
,

where
∑m

i=1 βi = β.

Definition 1 Let Bδ
t (f)

∧
(ξ) = (1 − t2|ξ|2)δ

+f̂(ξ) and ~b = (b1, b2, . . . , bm) be a finite family of

locally integrable functions with bi ∈ ∧̇βi
(Rn), 1 ≤ i ≤ m. Let

Bδ
~b,t

(f)(x) =

∫

Rn

m
∏

i=1

(bi(x) − bi(y))Bδ
t (x − y)f(y)dy,

where Bδ
t (x) = t−nBδ(x/t) for t > 0. The multilinear commutators of Bochner-Riesz operator

is defined by

Bδ
~b,∗

(f)(x) = sup
t>0

|Bδ
~b,t

(f)(x)|. (1)

We also define that

Bδ
∗(f)(x) = sup

t>0
|Bδ

t (f)(x)|,

which is the Bochner-Riesz operator [10].

Let H be the space H = {h : ‖h‖ = sup
t>0

|h(t)| < ∞}. Then it is clear that

Bδ
∗(f)(x) = ‖Bδ

t (f)(x)‖ and Bδ
~b,∗

(f)(x) = ‖Bδ
~b,t

(f)(x)‖.

The main results in this paper are as follows.

Theorem 1 Suppose that Bδ
~b,∗

is defined by (1), where ~b is as above such that bi ∈ ∧̇βi
(Rn),

1 ≤ i ≤ m, 0 < βi < 1, 0 <
∑m

i=1 βi = β < 1, δ > n−1
2 and max{β−min1≤i≤m βi,

n−1
2 −δ+β} <

n
p < β. Then there exists a positive constant C such that

‖Bδ
~b,∗

(f)‖∧̇(β−
n
p

)(R
n) ≤ C‖~b‖∧̇β(Rn)‖f‖Lp(Rn).
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Theorem 2 Suppose that Bδ
~b,∗

is defined by (1), where ~b is as above such that bi ∈ ∧̇βi
(Rn), 1 ≤

i ≤ m, 0 < βi < 1, 0 <
∑m

i=1 βi = β < 1 and δ > n−1
2 . Then there exists a positive constant C

such that

‖Bδ
~b,∗

(f)‖BMO(Rn) ≤ C‖~b‖∧̇β(Rn)‖f‖L
n
β (Rn)

.

2. Proofs of Theorems

Proof of Theorem 1 Assume that p < ∞. Consider x 6= y and let Q be the cube with center

x and length r = 3|x − y|. Then

|Bδ
~b,∗

(f)(x) − Bδ
~b,∗

(f)(y)| =
∣

∣‖Bδ
~b,t

(f)(x)‖ − ‖Bδ
~b,t

(f)(y)‖
∣

∣ ≤ ‖Bδ
~b,t

(f)(x) − Bδ
~b,t

(f)(y)‖

=
∥

∥

∥

∫

Rn

m
∏

i=1

[bi(x) − bi(z)]Bδ
t (x − z)f(z)dz −

∫

Rn

m
∏

i=1

[bi(y) − bi(z)]Bδ
t (y − z)f(z)dz

∥

∥

∥

≤
∥

∥

∥

∫

2Q

m
∏

i=1

[bi(x) − bi(z)]Bδ
t (x − z)f(z)dz

∥

∥

∥
+

∥

∥

∥

∫

2Q

m
∏

i=1

[bi(y) − bi(z)]Bδ
t (y − z)f(z)dz

∥

∥

∥
+

∥

∥

∥

∫

(2Q)c

m
∏

i=1

[bi(x) − bi(z)]Bδ
t (x − z)f(z)dz −

∫

(2Q)c

m
∏

i=1

[bi(y) − bi(z)]Bδ
t (y − z)f(z)dz

∥

∥

∥

:= I + II + III.

Firstly, we estimate I. By the property of Bδ
t (see [11]), we obtain

|Bδ
t (x − y)| ≤ Ct−n(1 +

|x − y|

t
)−(δ+(n+1)/2)

≤ C(
t

t + |x − y|
)δ−(n−1)/2 1

(t + |x − y|)n
≤ C|x − y|−n. (2)

Note that (n − β)p′ = n − (β − n
p )p′, by the generalized Minkowski inequality and Hölder’s

inequality, we get

I ≤

∫

2Q

∥

∥

∥

m
∏

i=1

[bi(x) − bi(z)]Bδ
t (x − z)f(z)

∥

∥

∥
dz

≤ C‖~b‖∧̇β

∫

2Q

|x − z|β|f(z)‖x − z|−ndz

≤ C‖~b‖∧̇β
‖f‖Lp

(

∫

2Q

1

|x − z|(n−β)p′
dz

)
1
p′

≤ C‖~b‖∧̇β
‖f‖Lprβ−n

p ≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

With the same estimate for II, we immediately obtain

II ≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

For III, we write

∫

(2Q)c

m
∏

i=1

[bi(x) − bi(y) + bi(y) − bi(z)]Bδ
t (x − z)f(z)dz
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=

m
∑

i=0

∑

σ∈Cm
i

[bi(x) − bi(y)]σ

∫

(2Q)c

[bi(y) − bi(z)]σ′Bδ
t (x − z)f(z)dz

=
m−1
∑

i=1

∑

σ∈Cm
i

[bi(x) − bi(y)]σ

∫

(2Q)c

[bi(y) − bi(z)]σ′Bδ
t (x − z)f(z)dz+

m
∏

i=1

[bi(x) − bi(y)]

∫

(2Q)c

Bδ
t (x − z)f(z)dz +

∫

(2Q)c

m
∏

i=1

[bi(y) − bi(z)]Bδ
t (x − z)f(z)dz.

Thus

III ≤
∥

∥

∥

m−1
∑

i=1

∑

σ∈Cm
i

[bi(x) − bi(y)]σ

∫

(2Q)c

[bi(y) − bi(z)]σ′Bδ
t (x − z)f(z)dz

∥

∥

∥
+

∥

∥

∥

m
∏

i=1

[bi(x) − bi(y)]

∫

(2Q)c

Bδ
t (x − z)f(z)dz

∥

∥

∥
+

∥

∥

∥

∫

(2Q)c

m
∏

i=1

[bi(y) − bi(z)][Bδ
t (x − z) − Bδ

t (y − z)]f(z)dz
∥

∥

∥

:= III1 + III2 + III3.

Since β − min1≤i≤m βi < n
p , βσ′ − n

p < 0. By the generalized Minkowski inequality, the

inequality (2) and Hölder’s inequality, we have

III1 ≤

m−1
∑

i=1

∑

σ∈Cm
i

|[bi(x) − bi(y)]σ|

∫

(2Q)c

‖[bi(y) − bi(z)]σ′Bδ
t (x − z)f(z)‖dz

≤ C

m−1
∑

i=1

∑

σ∈Cm
i

‖ ~bσ‖∧̇βσ
|x − y|βσ‖ ~bσ‖∧̇β

σ′

∫

(2Q)c

|y − z|βσ′

|x − z|n
|f(z)|dz

≤ C
m−1
∑

i=1

∑

σ∈Cm
i

‖ ~bσ‖∧̇βσ
|x − y|βσ‖ ~bσ‖∧̇β

σ′

‖f‖Lp

∞
∑

k=1

(

∫

2k+1Q\2kQ

|y − z|βσ′p′

|x − z|np′
dz

)
1
p′

≤ C

m−1
∑

i=1

∑

σ∈Cm
i

‖ ~bσ‖∧̇βσ
|x − y|βσ‖ ~bσ‖∧̇β

σ′

‖f‖Lp

∞
∑

k=1

(2k+1r)βσ′

|2kr|n
|2k+1Q|

1
p′

≤ C

m−1
∑

i=1

∑

σ∈Cm
i

‖ ~bσ‖∧̇βσ
|x − y|βσ‖ ~bσ‖∧̇β

σ′

‖f‖Lp|x − y|βσ′−n
p

∞
∑

k=1

2k(βσ′−n
p
)

≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

By the generalized Minkowski inequality, the inequality (2) and Hölder’s inequality, we get

III2 ≤
m
∏

i=1

[bi(x) − bi(y)]

∫

(2Q)c

‖Bδ
t (x − z)f(z)‖dz

≤ C‖~b‖∧̇β
|x − y|β

∫

(2Q)c

|f(z)|

|x − z|n
dz

≤ C‖~b‖∧̇β
|x − y|β

∞
∑

k=1

∫

2k+1Q\2kQ

|f(z)|

|x − z|n
dz
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≤ C‖~b‖∧̇β
|x − y|β‖f‖Lp

∞
∑

k=1

1

|2kQ|
|2k+1Q|

1
p′

≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

As for III3, we consider the following two cases:

Case 1 0 < t ≤ r. In this case, notice that [11]

|Bδ(z)| ≤ C(1 + |z|)−(δ+(n+1)/2).

By the generalized Minkowski inequality and Hölder’s inequality, we obtain

III3 ≤ C‖~b‖∧̇β

∫

(2Q)c

‖[Bδ
t (x − z) − Bδ

t (y − z)]|y − z|βf(z)‖dz

≤ C‖~b‖∧̇β

∞
∑

k=1

∫

2k+1Q\2kQ

t−n(1 +
|y − z|

t
)−(δ+ n+1

2 )|y − z|β|f(z)|dz

≤ C‖~b‖∧̇β
(
t

r
)δ−n−1

2

∞
∑

k=1

∫

2k+1Q\2kQ

|x − y|δ−
n−1

2

|y − z|δ+
n+1

2 −β
|f(z)|dz

≤ C‖~b‖∧̇β
‖f‖Lp

∞
∑

k=1

{

∫

2k+1Q\2kQ

( |x − y|δ−
n−1

2

|y − z|δ+
n+1

2 −β

)p′

dz
}

1
p′

≤ C‖~b‖∧̇β
‖f‖Lp

∞
∑

k=1

rδ− n−1
2

(2kr)δ+ n+1
2 −β

|2k+1Q|
1
p′

≤ C‖~b‖∧̇β
‖f‖Lprβ−n

p

∞
∑

k=1

2−k( n
p
+δ−n−1

2 −β)

≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

Case 2 t > r. In this case, we choose δ0 such that β + (n − 1)/2 < δ0 < min{δ, (n + 1)/2}.

Notice that [11]

| ▽α Bδ(z)| ≤ C(1 + |z|)−(δ+(n+1)/2)

for any α = (α1, . . . , αn) ∈ (N∪{0})n, where ▽α = (∂/∂x1)
α1 · · · (∂/∂xn)αn . By the generalized

Minkowski inequality and Hölder’s inequality, we have

III3 ≤ C‖~b‖∧̇β

∫

(2Q)c

‖[Bδ
t (x − z) − Bδ

t (y − z)]|y − z|βf(z)‖dz

≤ C‖~b‖∧̇β

∞
∑

k=1

∫

2k+1Q\2kQ

t−n−1|x − y|(1 +
|y − z|

t
)−(δ+ n+1

2 )|y − z|β |f(z)|dz

≤ C‖~b‖∧̇β

∞
∑

k=1

∫

2k+1Q\2kQ

t−n−1|x − y|(1 +
|y − z|

t
)−(δ0+ n+1

2 )|y − z|β|f(z)|dz

≤ C‖~b‖∧̇β
tδ0−

n+1
2 ‖f‖Lp

∞
∑

k=1

{

∫

2k+1Q\2kQ

( |x − y|

|y − z|δ0+
n+1

2 −β

)p′

dz
}

1
p′

≤ C‖~b‖∧̇β
rδ0−

n+1
2 ‖f‖Lp

∞
∑

k=1

{

∫

2k+1Q\2kQ

( |x − y|

|y − z|δ0+
n+1

2 −β

)p′

dz
}

1
p′
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≤ C‖~b‖∧̇β
rδ0−

n+1
2 ‖f‖Lp

∞
∑

k=1

r(2k+1r)
n

p′

(2kr)δ0+ n+1
2 −β

≤ C‖~b‖∧̇β
‖f‖Lprβ−n

p

∞
∑

k=1

2−k( n
p
+δ0−

n−1
2 −β)

≤ C‖~b‖∧̇β
‖f‖Lp|x − y|β−

n
p .

The case p = ∞ is similar, even easier. We omit the details. Thus the proof of Theorem 1 is

completed. 2

Proof of Theorem 2 Let

hQ =
∥

∥

∥

∫

(2Q)c

m
∏

i=1

[bi(x0) − bi(y)]Bδ
t (x0 − y)f(y)dy

∥

∥

∥
,

where x0 is the center of the cube Q. In order to prove Theorem 2, it suffices to show that

∫

Q

|Bδ
~b,∗

(f)(x) − hQ|dx ≤ C|Q‖|~b‖∧̇β(Rn)‖f‖L
n
β (Rn)

.

Write

|Bδ
~b,∗

(f)(x) − hQ|

≤
∣

∣

∣

∥

∥

∫

Rn

m
∏

i=1

[bi(x) − bi(y)]Bδ
t (x − y)f(y)dy

∥

∥ −
∥

∥

∫

(2Q)c

m
∏

i=1

[bi(x0) − bi(y)]Bδ
t (x0 − y)f(y)dy

∥

∥

∣

∣

∣

≤
∥

∥

∥

∫

Rn

m
∏

i=1

[bi(x) − bi(y)]Bδ
t (x − y)f(y)dy −

∫

(2Q)c

m
∏

i=1

[bi(x0) − bi(y)]Bδ
t (x0 − y)f(y)dy

∥

∥

∥

≤
∥

∥

∥

∫

2Q

m
∏

i=1

[bi(x) − bi(y)]Bδ
t (x − y)f(y)dy

∥

∥

∥
+

∥

∥

∥

∫

(2Q)c

m
∏

i=1

[bi(x) − bi(y)]Bδ
t (x − y)f(y)dy −

∫

(2Q)c

m
∏

i=1

[bi(x0) − bi(y)]Bδ
t (x0 − y)f(y)dy

∥

∥

∥

:= J + JJ.

By the generalized Minkowski inequality and the inequality (2), we have

J ≤

∫

2Q

∥

∥

∥

m
∏

i=1

[bi(x) − bi(y)]Bδ
t (x − y)f(y)

∥

∥

∥
dy

≤ C‖~b‖∧̇β

∫

2Q

1

|x − y|n−β
|f(y)|dy

≤ C‖~b‖∧̇β
Iβ(|fχ2Q|)(x).

By (L
n
β , L∞)-boundedness of the fractional integral operator Iβ , we get

∫

Q

J dx ≤ C|Q|‖~b‖∧̇β
‖f‖

L
n
β
.
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For JJ, writing III similarly to that in the proof of Theorem 1, we have

JJ ≤
∥

∥

∥

m−1
∑

i=1

∑

σ∈Cm
i

[bi(x) − bi(x0)]σ

∫

(2Q)c

[bi(x0) − bi(y)]σ′Bδ
t (x − y)f(y)dy

∥

∥

∥
+

∥

∥

∥

m
∏

i=1

[bi(x) − bi(x0)]

∫

(2Q)c

Bδ
t (x − y)f(y)dy

∥

∥

∥
+

∥

∥

∥

∫

(2Q)c

m
∏

i=1

[bi(x0) − bi(y)][Bδ
t (x − y) − Bδ

t (x0 − y)]f(y)dy
∥

∥

∥

:=JJ1 + JJ2 + JJ3.

With the same method as used to estimate III1, III2 and III3 in the proof of Theorem 1, and

noting that p = n
β , one easily obtains that

JJ ≤ JJ1 + JJ2 + JJ3 ≤ C‖~b‖∧̇β
‖f‖

L
n
β
.

Thus
∫

Q

JJ dx ≤ C|Q‖|~b‖∧̇β
‖f‖

L
n
β
.

Therefore the proof of Theorem 2 is completed. 2
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[1] PÉREZ C, TRUJILLO-GONZÁLEZ R. Sharp weighted estimates for multilinear commutators [J]. J. London

Math. Soc. (2), 2002, 65(3): 672–692.

[2] HU Guoen, MENG Yan, YANG Dachun. Multilinear commutators of singular integrals with non doubling

measures [J]. Integral Equations Operator Theory, 2005, 51(2): 235–255.

[3] MENG Yan, YANG Dachun. Multilinear commutators of Calderón-Zygmund operators on Hardy-type spaces

with non-doubling measures [J]. J. Math. Anal. Appl., 2006, 317(1): 228–244.

[4] CHEN Yanping, MA Bolin. The boundedness of multilinear commutators from Lp(Rn) to Triebel-Lizorkin

spaces [J]. Anal. Theory Appl., 2007, 23(2): 112–128.
[5] MO Huixia, LU Shanzhen. Boundedness of generalized higher commutators of Marcinkiewicz integrals [J].

Acta Math. Sci. Ser. B Engl. Ed., 2007, 27(4): 852–866.

[6] XUE Qingying, DING Yong. Weighted estimates for the multilinear commutators of the Littlewood-Paley

operators [J]. Sci. China Ser. A, 2009, 52(9): 1849–1868.

[7] ZHANG Pu. Weighted estimates for multilinear commutators of Marcinkiewicz integral [J]. Acta Math. Sin.
(Engl. Ser.), 2008, 24(8): 1387–1400.

[8] XIE Rulong, SHU Lisheng. On multilinear commutators of Θ-type Calderón-Zygmund operators [J]. Anal.

Theory Appl., 2008, 24(3): 260–270.
[9] CHEN Xiaoli, SUN Jie, CHEN Dongxiang. Some endpoint estimates for commutators of θ-type Calderón-

Zygmund operators [J]. Anal. Theory Appl., 2009, 25(2): 175–181.
[10] HU Guoen, LU Shanzhen. The commutator of the Bochner-Riesz operator [J]. Tohoku Math. J. (2), 1996,

48(2): 259–266.

[11] LU Shanzhen. Four Lectures on Real H
p Spaces [M]. World Scientific Publishing Co., Inc., River Edge, NJ,

1995.


