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1. Introduction

It is an interesting problem to study the interrelation between the multiplicative and the
additive structure of a ring or algebra. Matindale in [2] proved that every multiplicative bijective
map from a prime ring containing a nontrivial idempotent onto an arbitrary ring is additive.
Thus the multiplicative structure determines the ring structure for some rings. Besides ring
homomorphisms between rings, sometimes one has to consider Jordan ring homomorphisms. Let
R and R’ be two rings and ® : R — R’ be a transformation. The map @ is called a Jordan

homomorphism if it is additive and satisfies the condition
®(AB + BA) = (A)®(B) + ¢(B)P(A)

for every A, B in R. If the ring R’ is 2-torsion free (i.e, 2z = 0 implies = 0), then each Jordan
homomorphism ® : R — R’ is a Jordan semi-triple homomorphism [1], i.e., an additive map
satisfying

®(ABA) = ®(A)P(B)P(A)

for all A, B in R. Without the assumption of additivity, such map is called a Jordan semi-triple
multiplicative map.
Note that Jordan algebra has important applications in the mathematical foundations of

Quantum mechanics. So it is also interesting to ask when the Jordan multiplicative structure
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determines the Jordan ring structure of Jordan rings (or algebras). The question of when a
Jordan semi-triple multiplicative map is additive was studied by several authors. For example,
Molnér in [5] proved the additivity of bijective Jordan semi-triple multiplicative maps on standard
operator algebras, and recently the additivity of injective Jordan semi-triple multiplicative maps
on matrix algebras was given in [4]. The additivity of bijective Jordan semi-triple multiplicative
maps on the real Jordan algebras of all self-adjoint operators was considered by An and Hou in [3].
In this paper, motivated by the result in [4], we study injective Jordan semi-triple multiplicative
maps on the Hermitian matrices H,,(C), and show that such maps must be surjective, and hence
are Jordan ring isomorphisms.

Let us recall and fix some notations in this paper. Recall that P € H,(C) is called a
projection if P? = P. We define the order < between projections as follows: P < @ if and only
if PQ = QP = P for any projections P, @ € H,,(C). For any 1 < j,k <mn, let Ej; be the matrix
with 1 in the position (7, k) and zeros elsewhere, and I; be the unit of H,;(C).

2. Main result and its proof
Firstly, we give some properties of injective Jordan semi-triple multiplicative maps on H,,(C).

Lemma 2.1 Let H,(C) be the Hermitian matrices and ® : H,(C) — H,(C) be an injective
Jordan semi-triple multiplicative map. Then ® sends idempotents to tripotents and moreover,
(1) ®(I,)? is an idempotent and

O(A) =0(L)R(A)O (L) = O(1n)*@(A)D(I,) = B(1)P(A) (1)
=0(1,,)*®(A) = B(A)®(I,)*

for all A € H,(C) (in particular ®(I,)?>®(A)®(I,)? = ®(A));

(2) ®(I,) commutes with ®(A) for every A € H,(C);

(3) ®(P)? = ®(I,,)®(P) is an projection for each projection P € H,(C);

(4) A map ¥ : H,(C) — H,(C) defined by ¥(A) = ®(I,)®P(A) for all A € H,(C), is a
Jordan semi-triple multiplicative map, which is injective if and only if ® is injective.

For ¥ defined in Lemma 2.1, we can see that ¥(P)? = ¥(P), and P < Q = ¥(P) < ¥(Q)
for any projections P, @Q € H,,(C). Therefore we have:

Corollary 2.1 Let n,m € N and ® : H,(C) — H.(C) be an injective Jordan semi-triple
multiplicative map. Then m > n. In the case m = n, for each projection P € H,,(C) the rank
of projection W(P) is equal to the rank of P. In particular, ¥(0) = ®(0) =0, ¥([) = ®(I)?> =1
and U(A?) = W(A)2

The following is the main result of this paper:

Theorem 2.1 A map ® : H,(C) — H,(C) is an injective Jordan semi-triple multiplicative map
if and only if there exist an element £ € R, £ = +1, and a unitary matrix U € M,,(C) such that
D(A) = EUAU™.

The main idea is to use the induction on n, the dimension of the matrix algebra, after proving
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the result for 2 x 2 matrices.

Proof In order to prove Theorem 2.1, it suffices to characterize ¥. Note that if ¥(A) = UAU*,
then ®(I,)? = ¥(I,) = I, that is ®([,,) is invertible and ®(I,,) = ®(I,)"!. By Lemma 2.1,
®(I,) commutes with ®(A) for all A € H,,(C). It follows that ®(I,) commutes with ¥(A) for
all A € H,(C). Therefore if W(A) = UAU*, ®(I,,) must be a scalar matrix. As ®(I,,)* = I,,,
thus ®(1I,,) = I, or ®(I,) = —1I,, and hence ® has the desired form.

Therefore, we mainly characterize ¥. The proof is given in two steps.

Step 1. The proof for Hz(C).

The matrix E1; is a projection of rank one. By Corollary 2.1, ¥(F1;) is a rank one projection.
There exists a 2 x 2 unitary matrix U such that U(Eq;) = UEU*. Without loss of generality,
we may assume that U(E;) = Eq;.

By Corollary 2.1 and from the following fact
V(B2 + Bn)?) = L = V(B + Ey)?

and

EnY (B2 + Ex)Ey = Y (B (B2 + E21)Eq) = ¥(0) =0

0 0
we conclude that U(Eis + Ey) = ( g ) with |a| = 1. Let V = ( “02 o ) by re-
a a 2

placing ¥ with V*U(.)V if necessary, we may assume that U(Ej2 + Fa1) = FEi12 + E9; and
U(E11) = E1p since V*U(E11)V = Eyy. For Eag, since W(Es3) is a rank one projection sat-
isfying W(E11)V(FE22)¥(E11) = 0 and W(E1p + FEop)V(Ey»)¥(Ei2 + En) = V(En) = Eun,
we have W(E92) = FEs. Now for any A = (a;;) € H2(C), let B = (b;;) = ¥(A). Then
b B = EuBE; = W(Ey)U(A)U(Ey) = W(EyAE;) = W(aiEy). Thus, the (i,4)th entry of
U(A) depends on the (i,7)th entry of A only. For aF13 4+ aFEs1, applying similar argument as
above, we have U(aF12 + aF21) = bE12 + bE5 . Therefore, there exist injective functionals
f,9,h : R — R such that f,g satisfy respectively f(a?b) = f(a)?f(b) and g(a?b) = g(a)?g(b),
and ¥ ( oz ) = ( flan) - hlaz) ) From f(1) = g(1) = 1, it is easy to verify that

aiz a2z h(a12)  g(ass)
f,g is multiplicative. Next we prove that f(x) = g(x) = z. First we prove f = g.

Let A = ( ?
Egl)\I/(A)(Elg +2E21) = \I/((Elg + Egl)A(Elg + Egl)) = VU(A) and \I/(A)2 = \I/(A2) = \I/(A),
hence U(A) = A or ¥(A4) = ( 2z 2 ) If ¥(A) = ( 2z 2 ), then

—_
(SIS

). Since (Elg + Egl)A(Elg + Egl) = A and A% = A, we have (Elg +

1 11
2 2 2

(SIS

11
. Let J = ( = ) Note that AJA = J,
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a
) ), we have ¥(J) = J. For

AU(NNA =T (AT ()T (A) = V(AJA) =T(J), and ¥(J) = < }

any a € R, since

f@)J = J(f(a)En)] = W(])¥(abn)V(]) = ¥(a]EnlJ) = ¥(a)) = ( f(;) g(ba) ) 7

we have f(a) = g(a).

2 2
0 0

Next we prove that f is additive. Since \I!(< g ) ) ) =" ( g b ) , and we have

0 0 0
proved ¥ “ = /(@) . For any a,b € R, let A = “ and ¥(A) =

0 b 0 f(b) 0 b

fla) 0 _
0o ) ) By the fact that JAJ = (a + b)J, one can get that

( f(a);rf(b) f(a)if(b) ) = JU(A)J = U(JAJ) = U((a+b)J)

and f(a+0b) = f(a)+ f(b

Finally, we prove ¥ (

~

. Thus f is identity map of R.

b a b 1 4
= _ for any a,b € Rand c € C. Let R =
c b ¢ - 0
1

b
and U(R) = b oo ) By the fact that JRJ = J , we get JU(R)J = ¥(JRJ) = ¥(J) = J and

SR

1 —i
1 0

—1

5
U(R)? = < i ), thus (R) = R or ¥(R) = ) By a unitary transformation,

b A
we may assume that U(R) = R. For any A = ( Z ), let ¥(A) = ( z ) From
c c

JU(A)J = U(JAJ) and R¥(A)R = U(RAR), we have the real and imaginary parts of b and A
are equal, thus ¥(A4) = A.

Step 2. The induction.

Let P =1I,_1 @ [0]. Then P is a rank n — 1 projection, so is ¥(P) by Corollary 2.1. There
exists a unitary matrix U such that ¥(P) = UPU*. Replacing ¥ by the map A| — U*¥(A)U,
we may assume that U(P) = P.

For any A € H,,_1(C), let A= A® [0]. Then PAP = A implies

PU(A)P =V (P)¥(A)¥(P)=T(PAP) = T(A).
It follows that W(A@®[0]) = ¥(A) = X & [0] for some matrix X € H,,_1(C). Define the map ¥ on
H,—1(C) by \if(fl) = X. It is easy to check that W is an injective Jordan triple multiplicative map

on H,_1(C). Furthermore, ¥(P) = P implies that ¥(I,,_1) = I,,_;. By the induction hypothesis
there is a unitary matrix U such that W(A) = UAU*. Let U = U®[1]. Without loss of generality,
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we assume that W(A) = A for all A € H,,_1(C). This is equivalent to W(A & [0]) = A @ [0]. Also
A A
for any A = . 12 ) with A1y € Hp,—1(C) we have PAP = Ay @ [0]. Thus
Aly Ao
JU(A)U(P) = W(PAP) = Ay & [0] (+)

Let us define matrices R; for each i € {1,2...,n—1} by R; = I, — E;; — E,, + Ein + Ei. For an
arbitrary i, from () we have PU(R;)P = (I,—1 — E;;)®[0]. Then there exist z € C" ! andy € R
In 11—k @

zt y
get that I,,_1 — Fy + 2% = I,_, and Ttz + y?> = 1. These equalities imply that 2z! = E;; and

such that ¥(R;) = . From the equalities U(R;)? = W(R?) = ¥(I,,) = I,,, we

y?=1-a3'w =1—tr(zx') = 1 — tr(E;) = 0. Hence only the ith entry a; of x is nonzero and
la;] = 1. Tt follows that ¥(R;) = I,, — Ey — Enn + aiEin + @ Eny. Next, take any two distinct
i,je{l,2...,n—1}. From R,R;R; = I,, — E;; — Ej; + E;; + Ej; and using (x), we get

V(I — Eii — Ejj + Eij + Eji) = V(R)U(R;) ¥ (R:)
=1, — E;; — Ej; + a;a; B + a0y,

1

which implies that a; = a;. Let D = I,_o @ a~% @ a 3. Then DV (Ry)D* = Ry, so we
may assume that U(R;) = R;. From the equality RiR;R; = I,, — E11 — Ei;; + F1; + Eip and
R1Y(R;)R1 = ¥(R1R;Ry1), we can get that U(R;) = R;.

Next we prove that U(A) = A for any A € H,,(C). Let us fix some ¢ € {1,2...,n —1}. As
n > 2, there is another j € {1,2...,n — 1} such that aE,; + aE;, = R;(aE;; + aEj;)R;. Then
for any @ € R and b € C,

\IJ(aEnn) = ‘IJ(Rl)\I/(CLEH)\I/(Rl) = R1£LE11R1 = aEnn

and

U(bEni + bEi) =V (R;(bEn; + bEin)R;) = V(R;)U(bEn; + bEiy)¥(R;)

=R;(bEy,; + bE;,)R; = bEy; + bEy,.
Let
A= ( i ) ,
 a

. . . . abi; y

where z €”~1 has only one nonzero entry in the ith position , and ¥(A4) = — Then
Y

from E,,AE,, = aE,,, we have E,,V(A)E,, = V(E,,)V(A)V(E,,) = V(EAE,,) = aEn,
and b = a, and with U(4%) = ¥(A)?, we have U(A) = A. For any A € H,(C), let A =

A A

( i v ) and ¥(A) = ( L ?Z ) By the same argument as above, we have a = b. For any

' a ]

. . B :

i€{1,2...,n—1}, since (Eiy+ Epni)A(Fin+ Eni) = B = ( 7t ) where B € H,,_1(C) and =
zZ' «

has only one nonzero entry a,, and a;, in the (i,7)th and ith position, respectively, « is equal to
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U((Ei, + Eni)A(Ein + Erni)) = ¥(B) = B and so = y. As desired. O
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