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Abstract The critical point set plays a central role in the theory of Tchebyshev approximation.

Generally, in multivariate Tchebyshev approximation, it is not a trivial task to determine whether

a set is critical or not. In this paper, we study the characterization of the critical point set of

S
0

1(∆) in geometry, where ∆ is restricted to some special triangulations (bitriangular, single

road and star triangulations). Such geometrical characterization is convenient to use in the

determination of a critical point set.
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1. Introduction

The theory of Tchebyshev approximation for functions in one variable by polynomials is

well-known [5]. As we know, for each f ∈ C[a, b] and its unique best approximation g ∈ Pn, the

error f − g has n + 2 alternating extremal points, where Pn is the linear space of all polynomials

of degree at most n. This theory has been extended in various directions. Tchebyshev approx-

imation for functions in one variable by univariate splines can be found in [1, 3]. Tchebyshev

approximation for functions in several variables was studied in [2, 7]. The author in [2] proposed

the concept of the critical point set in multivariate Tchebyshev approximation and showed a

characterization theorem for best approximations in terms of the critical point set. However, in

practical applications, determining the critical point set as defined in [2] is not a trivial task.

In multivariate Tchebyshev approximation, the number of points in the critical point set is not

unique. The authors in [7] investigated the geometrical characterization of the critical point set

in Tchebyshev approximation by multivariate polynomials, which is convenient to use in many

applications, for example, in the determination of a best approximation.

In 1975, Wang [4] established the basic frame on multivariate splines using the conformality

of smoothing cofactor method. With the development of computer, the theory and applications
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of multivariate splines have been developed rapidly [6]. In view of the variety and complexity

of the objectives, multivariate splines are often used as approximations. We need to study

multivariate Tchebyshev approximation by multivariate splines in practice. The geometrical

characterization of the critical point set of multivariate splines heavily depends on the properties

of the piecewise algebraic curves. This makes Tchebyshev approximation by multivariate splines

extremely difficult. In this paper, we restrict ourselves to the simplest cases, i.e., Tchebyshev

approximation by S0
1(∆) over three special triangulations.

The rest of the paper is organized as follows. Section 2 reviews the notations and prelimi-

naries, which will be used throughout this paper. Section 3 studies the uniqueness of the best

approximation in multivariate Tchebyshev approximation. The geometrical characterization of

the critical point set of S0
1(∆) is given in Section 4. A brief conclusion is presented in Section 5.

2. Notations and preliminaries

Let ∆ be a regular triangulation of a simply connected polygonal domain D in R
2, i.e., a set

of closed triangles such that the intersection of any two triangles is empty, a common edge, or a

vertex. Each of triangles in ∆ is called a cell. Denote all cells of ∆ by Di, i = 1, 2, . . . , N , where

N is the number of the cells of ∆. A cell is called an edge cell if it has a vertex which is not a

vertex of any other cells. The line segments that form the triangles are called the mesh segments.

The vertices of the triangles are called the mesh points. The number of all mesh segments with

a certain mesh point V as a common endpoint is called degree of the mesh point V . The space

of bivariate splines is defined by

S
µ
k (∆) := {s ∈ Cµ(D)

∣

∣ s |Di
∈ Pk, i = 1, . . . , N},

where Pk is the collection of all bivariate polynomials with real coefficients and total degree at

most k.

If s(x) ∈ S
µ
k (∆) is a nontrivial bivariate spline, then the curve

Γ : s(x) = 0, s(x) ∈ S
µ
k (∆)

is called a piecewise algebraic curve. It is obvious that the piecewise algebraic curve is a gener-

alization of the classical algebraic curve.

Let C(D) denote the space of continuous functions on D, equipped with the supremum norm.

The Tchebyshev approximation problem in this paper is stated as follows. Given f ∈ C(D),

determine s∗ ∈ S0
1(∆) such that

‖f − s∗‖∞ ≤ ‖f − s‖∞

for all s ∈ S0
1(∆). Such an s∗ is said to be a best approximation to f . The points satisfying

|f(x) − s(x)| = ‖f − s‖∞

are said to be extremal points. The set of extremal points is divided into two parts as follows.

P = {x
∣

∣ x ∈ D, f(x) − s(x) = ‖f − s‖∞},
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N = {x
∣

∣ x ∈ D, f(x) − s(x) = −‖f − s‖∞}.

The points in these two sets are called positive points and negative points, respectively. These

designations may also be used when s is not a best approximation to f .

Let H be a k dimensional linear subspace of C(D), and suppose points x1, x2, . . . , xk ∈ D. If

for any given real numbers a1, a2, . . . , ak, there exists a unique p(x) ∈ H such that

p(xi) = ai, i = 1, 2, . . . k,

then the point set {x1, x2, . . . , xk} is called a properly posed knot set of H.

3. Uniqueness

In general, the best approximation s ∈ S0
1(∆) to f is not unique. However, under some

assumptions of s, the uniqueness of the best approximation can be guaranteed. This will be

discussed in this section. In this paper, we adopt the concept of the critical point set in [7]

because it is more convenient to use in our analysis than the concept in [2].

Definition 1 ([7]) A point set S = {x1, x2, . . . , xp+1}, p ≤ k, is said to be an uninterpolated

point set of the space H if the following two conditions hold.

1) S is not a properly posed knot set of any subspace of H.

2) If any point is deleted from S, then the new point set is a properly posed knot set of

some subspace of H.

Now suppose the point set {x1, x2, . . . , xp+1} is an uninterpolated point set of the space

H, then the point set {x1, x2, . . . , xp} is a properly posed point set of some subspace of H.

Let L1(x), L2(x), . . . , Lp(x) be the corresponding Lagrange interpolation functions based on the

points x1, x2, . . . , xp. There exist unique (without considering a constant multiple) nonzero

constants α1, α2, . . . , αp+1 such that

α1Lj(x1) + α2Lj(x2) + · · · + αp+1Lj(xp+1) = 0, j = 1, 2, . . . , p. (1)

Definition 2 ([7]) An uninterpolated point set {x1, x2, . . . , xp+1} of H is said to be a critical

point set of H if each point possesses a corresponding sign of α1, α2, . . . , αp+1.

Remark Critical point sets play a central role in Tchebyshev approximation in several variables.

The sign distribution of the points in an uninterpolated point set determines whether it is critical

or not.

Theorem 1 ([7]) h∗ ∈ H is a best approximation to f if and only if the set of extremal points

of f − h∗ contains a critical point set of H.

Applying Theorem 1 to the class S0
1(∆), we obtain the following result.

Corollary 1 s∗ ∈ S0
1(∆) is a best approximation to f if and only if the set of extremal points

of f − s∗ contains a critical point set of S0
1(∆).

Theorem 2 ([2]) Let s1, s2 ∈ S0
1(∆) be two best approximations to f , and suppose R is a
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critical point set belonging to the set of extremal points of f − s1. Then s2(x) = s1(x) at all

points in the set R.

Combining Theorem 2 and the definition of the properly posed knot set, we get the following

uniqueness theorem of the best approximation.

Theorem 3 Let h∗ ∈ H be a best approximation to f . If the union of the critical point sets

belonging to the set of extremal points of f − h∗ contains a properly posed knot set of H, then

h∗ is the unique best approximation to f .

Corollary 2 Let h∗ ∈ H be a best approximation to f . If the set of extremal points of f − h∗

contains a critical point set of k + 1 points, then h∗ is the unique best approximation to f .

4. Geometrical characterization

If the points in a critical point set of S0
1(∆) are distributed over all cells of ∆, then the critical

point set is said to be a global critical point set. Otherwise, it is said to be a local critical point

set. A local critical point set of S0
1(∆) is a global critical point set of S0

1(∆1), where ∆1 is a

subset of ∆. So we mainly focus on the global critical point sets.

Theorem 4 If there exists an edge cell containing only one point of the point set {x0, x1, . . . , xk},

then the point set is not a critical point set of S0
1(∆).

Proof Without loss of generality, we suppose the point x0 lies within the edge cell. If the

point set {x0, x1, . . . , xk} is a critical point set of S0
1(∆), then there exists a subspace of S0

1(∆),

denoted by M , such that the point set {x1, . . . , xk} is a properly posed knot set of M .

Let A be the vertex of the edge cell which is not a vertex of any other cell, and BA(x) be

the nontrivial bivariate linear spline function determined by BA(A) = 1 and BA(x) = 0 at any

other vertices. Clearly, BA(x) = 0 at the points x1, x2, . . . , xk. Therefore, BA(x) is not in the

space M . It is easy to check that the point set {x0, x1, . . . , xk} is a properly posed knot set of

the space N = span(M, BA). This is a contradiction. 2

Lemma 1 Suppose ∆1 is a connected subset of ∆.

1) If s ∈ S0
1(∆) and s1 = s|∆1

, then s1 ∈ S0
1(∆1).

2) If s1 ∈ S0
1(∆1), then there exists a spline function s ∈ S0

1(∆) such that s|∆1
= s1.

Proof It is well known that the bivariate linear polynomial on a triangle is uniquely determined

by its values at the three vertices. This lemma is obvious. 2

Lemma 2 ([2]) A point set {x1, x2, . . . , xk} is a critical point set of S0
1(∆) if and only if there

is no spline function s ∈ S0
1(∆) such that the sign of the point xi is the same as the sign of s(xi)

for all i = 1, 2, . . . , k.

From Lemmas 1 and 2, we can obtain the following theorem.

Theorem 5 Suppose that ∆1 is a connected subset of ∆, and points x1, x2, . . . , xk ∈ ∆1. Then
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the point set {x1, x2, . . . , xk} is a critical point set of S0
1(∆) if and only if it is a critical point

set of S0
1(∆1).

Theorem 6 For an even star triangulation ∆, denote all cells of ∆ by ∆1, ∆2, . . . , ∆2n in

a counter-clockwise order, where 2n is the number of the cells of ∆. Suppose that points

x1, x2, . . . , x2n are exactly the intersections of two distinct piecewise algebraic curves s1 = 0

and s2 = 0, where s1, s2 ∈ S0
1(∆), and xi ∈ ∆i, i = 1, 2, . . . , 2n. For any spline function

s ∈ S0
1(∆) such that s(xi) = 0 for i = 1, 2, . . . , 2n − 1, then s(x2n) = 0.

Proof Let ŝij(x) be the restriction on ∆j of the spline si(x), and ŝj(x) be the restriction on ∆j

of the spline s(x), where i = 1, 2, and j = 1, 2, . . . , 2n. Suppose l is the common mesh segment

of the cells ∆1 and ∆2.

Because the lines ŝ11 = 0, ŝ21 = 0 and ŝ1 = 0 pass through the same point x1, there exist the

constants λ, µ such that ŝ1(x) = λŝ11(x)+µŝ21(x). Similarly, we have ŝ2(x) = λ̂ŝ12(x)+ µ̂ŝ22(x).

By the conformality condition, the equality

(λ − λ̂)ŝ11(x) + (µ − µ̂)ŝ21(x) = 0 (2)

holds at all points in the line l. Since the piecewise algebraic curves s1 = 0 and s2 = 0 are

distinct, we get λ = λ̂, µ = µ̂ from Eq. (2).

With the same arguments, we have ŝj(x) = λŝ1j(x) + µŝ2j(x) (j = 1, 2, . . . , 2n − 1). Using

the global conformality conditions of s(x), s1(x), s2(x) gives ŝ2n(x) = λŝ1(2n)(x) + µŝ2(2n)(x),

which means s(x2n) = 0. The proof is completed. 2

4.1 Bitriangular triangulations

A triangulation is said to be a bitriangular triangulation if it consists of two triangles having

a common edge. Now in this subsection, let ∆ be a bitriangular triangulation as shown in Figure

1. Since dimS0
1(∆) = 4, the critical point set of S0

1(∆) has three cases.

1
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- ·
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·
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·
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·

(a) (b)

Figure 1 The global critical point sets of S
0

1(∆) over the bitriangular triangulation

Case 1 The points x1, x2, x3, x4 are distributed over the triangulation ∆ as shown in Figure

1(a).

The point set {x1, x2, x3, x4} is a critical point set of S0
1(∆) if and only if the following
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conditions are satisfied simultaneously.

(a) The lines x1x2, x3x4 and the common mesh segment are parallel or concurrent.

(b) The signs of x1, x2, x3, x4 are determined by (1).

Case 2 The points x1, x2, x3, x4, x5 are distributed over the triangulation ∆ as shown in Figure

1(b).

Let M be the intersection of the lines x4x5 and the common mesh segment.

The point set {x1, x2, x3, x4, x5} is a critical point set of S0
1(∆) if and only if the following

conditions are satisfied simultaneously.

(a) The arbitrary three points among M, x1, x2, x3 are not colinear.

(b) The signs of x1, x2, x3, x4, x5 are determined by (1).

Case 3 The local critical point sets have been discussed in [7].
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Figure 2 The local critical point sets of S
0

1(∆) over the bitriangular triangulation

In this case, the point set is a critical point set of S0
1(∆) if and only if its elements are

distributed over the cell as shown in Figure 2.

Theorem 7 s∗ ∈ S0
1(∆) is a best approximation to f if and only if the set of extremal points

of f − s∗ contains a critical point set as shown in Figures 1 or 2.

4.2 Single road triangulations

A triangulation is said to be a single road triangulation if it satisfies the following two

conditions simultaneously.

1) It contains two edge cells.

2) Each cell except the two edge cells has two adjacent cells.

Now in this subsection, let ∆ be a single road triangulation as shown in Figure 3. Since

dimS0
1(∆) = k + 2, the global critical point set of S0

1(∆) has three cases.

Case 1 The points x1, x2, . . . , xk+2 are distributed over the triangulation ∆ as shown in Figure

3.

The point set {x1, x2, . . . , xk+2} is a critical point set of S0
1(∆) if and only if the following

conditions are satisfied simultaneously.

(a) There exists a piecewise algebraic curve s = 0, s ∈ S0
1(∆) passing through the points
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x1, x2, . . . , xk+2.

(b) The piecewise algebraic curve s = 0 in (a) does not pass through any vertex whose degree

is ≥ 3.

(c) The signs of x1, x2, . . . , xk+2 are determined by (1).
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Figure 3 A global critical point set of S
0

1(∆) over the single road triangulation

Case 2 The points x1, x2, . . . , xk+3 are distributed over the triangulation ∆ as shown in Figure

4(a).
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Figure 4 The global critical point sets of S
0

1(∆) over the single road triangulation

Let s = 0, s ∈ S0
1(∆) be a piecewise algebraic curve passing through the points x4, x5, . . . , xk+3.

Suppose that M is the intersection of s = 0 and the mesh segment l, where l is the mesh segment

as shown in Figure 4(a).

The point set {x1, x2, . . . , xk+3} is a critical point set of S0
1(∆) if and only if the following

conditions are satisfied simultaneously

(a) The arbitrary three points among M, x1, x2, x3 are not colinear.

(b) The piecewise algebraic curve s = 0 in (a) does not pass through any vertex whose degree

is ≥ 3.

(c) The signs of x1, x2, . . . , xk+3 are determined by (1).

Case 3 The points x1, x2, . . . , xk+3 are distributed over the triangulation ∆ as shown in Figure

4(b).

Let s1 = 0, s1 ∈ S0
1(∆) be the piecewise algebraic curve passing through the points x1, x2, x4,

. . ., xi, xi+2, . . . , xk+3, s2 = 0, s2 ∈ S0
1(∆) be the piecewise algebraic curve passing through the

points x1, x2, x4, . . . , xi−1, xi+1, . . . , xk+3, and s3 = 0, s3 ∈ S0
1(∆) be the piecewise algebraic



8 R. H. WANG and W. DAN

curves passing through the points x1, x2, x4, . . . , xk+2.

The point set {x1, x2, . . . , xk+3} is a critical point set of S0
1(∆) if and only if the following

conditions are satisfied simultaneously.

(a) The piecewise algebraic curves s1 = 0, s2 = 0 and s3 = 0 are distinct.

(b) The point x3 does not lie within the piecewise algebraic curves s1 = 0, s2 = 0 and s3 = 0.

(c) The signs of x1, x2, . . . , xk+3 are determined by (1).

4.3 Star triangulations

A triangulation is said to be a star triangulation if it is the union of all triangles with a certain

interior mesh point as a common vertex. Now in this subsection, let ∆ be a star triangulation

with k cells as shown in Fig. 5. Since dim S0
1(∆) = k + 1, the global critical point set of S0

1(∆)

has four cases.

Case 1 The points x1, x2, . . . , xk are distributed over the triangulation ∆ as shown in Figure

5(a).
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·
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-

·

·

·
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+

·
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·

·
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1-k
x

(a) (b)

Figure 5 The global critical point sets of S
0

1(∆) over the star triangulation

Suppose k is odd. Let s1 = 0, s1 ∈ S0
1(∆) be the piecewise curve passing through the points

A, x1, x2, . . . , xk−1, and s2 = 0, s2 ∈ S0
1(∆) be the piecewise curve passing through the points

{B, x1, x2, . . . , xk−1}. It is well known that s1 = 0, s2 = 0 cannot pass through the point xk

simultaneously, which means that the point set {x1, x2, . . . , xk} must be a properly posed knot

set of some subspace of S0
1(∆). Therefore, the point set {x1, x2, . . . , xk} is not a critical point

set of S0
1(∆).

Suppose k is even. The point set {x1, x2, . . . , xk} is a critical point set of S0
1(∆) if and only

if the following conditions are satisfied simultaneously.

(a) The points x1, x2, . . . , xk are the intersections of two distinct piecewise algebraic curves

s1 = 0 and s2 = 0, where s1, s2 ∈ S0
1(∆).

(b) The signs of x1, x2, . . . , xk are determined by (1).

Case 2 The points x1, x2, . . . , xk+1 are distributed over the triangulation ∆ as shown in Figure

5(b).

The point set {x1, x2, . . . , xk+1} is a critical point set of S0
1(∆) if and only if the following
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conditions are satisfied simultaneously.

(a) There exists a piecewise algebraic curve s = 0, s ∈ S0
1(∆) passing through the points

x1, x2, . . . , xk+1.

(b) The points x1, x3, . . . , xk+1 are not the intersections of any two distinct piecewise alge-

braic curves s1 = 0 and s2 = 0, where s1, s2 ∈ S0
1(∆).

(c) The points x2, x3, . . . , xk+1 are not the intersections of any two distinct piecewise algebraic

curves s3 = 0 and s4 = 0, where s3, s4 ∈ S0
1(∆).

(d) The signs of x1, x2, . . . , xk+1 are determined by (1).

Case 3 The points x1, x2, . . . , xk+2 are distributed over the triangulation ∆ as shown in Figure

6(a).
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i
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Figure 6 The global critical point sets of S
0

1(∆) over the star triangulation

Let s1 = 0, s1 ∈ S0
1(∆) be the piecewise algebraic curve passing through the points x1, x2, x4,

. . . , xk+1, s2 = 0, s2 ∈ S0
1(∆) be the piecewise algebraic curve passing through the points

x1, x3, x4, . . . , xk+1, and s3 = 0, s3 ∈ S0
1(∆) be the piecewise algebraic curve passing through

the points x2, x3, . . . , xk+1.

The point set {x1, x2, . . . , xk+2} is a critical point set of S0
1(∆) if and only if the following

conditions are satisfied simultaneously.

(a) The piecewise algebraic curves s1 = 0, s2 = 0 and s3 = 0 are distinct.

(b) The point xk+2 does not lie within the piecewise algebraic curves s1 = 0, s2 = 0 and

s3 = 0.

(c) The signs of x1, x2, . . . , xk+2 are determined by (1).

Case 4 The points x1, x2, . . . , xk+2 are distributed over the triangulation ∆ as shown in Figure

6(b).

Let s1 = 0, s1 ∈ S0
1(∆) be the piecewise algebraic curve passing through the points x1, x2,

. . ., xi, xi+2, . . . , xk+1, s2 = 0, s2 ∈ S0
1(∆) be the piecewise algebraic curve passing through

the points x1, x2, . . . , xi−1, xi+1, . . . , xk+1, s3 = 0, s3 ∈ S0
1(∆) be the piecewise algebraic curve

passing through the points x1, x3, . . . , xk+1, and s4 = 0, s4 ∈ S0
1(∆) be the piecewise algebraic

curve passing through the points x2, x3, . . . , xk+1.

The point set {x1, x2, . . . , xk+2} is a critical point set of S0
1(∆) if and only if the following



10 R. H. WANG and W. DAN

conditions are satisfied simultaneously.

(a) The piecewise algebraic curves s1 = 0, s2 = 0, s3 = 0 and s4 = 0 are distinct.

(b) The point xk+2 does not lie within the piecewise algebraic curves s1 = 0, s2 = 0, s3 = 0

and s4 = 0.

(c) The signs of x1, x2, . . . , xk+2 are determined by (1).

The approaches for proving the results in the above three subsections are similar. For sim-

plicity, we only give the proof of Case 2 in the Subsection 3.3.

Proof Condition (a) is equivalent to the condition that the point set {x1, x2, . . . , xk+1} is not

a properly posed knot set of S0
1(∆).

It is obvious that the new point set obtained by deleting any point xi, 3 ≤ i ≤ k + 1 from

the point set {x1, x2, . . . , xk+1} is a properly posed knot set of some subspace of S0
1(∆).

Condition (b) is equivalent to the condition that the point set {x1, x3, . . . , xk+1} is a properly

posed knot set of some subspace of S0
1(∆).

Condition (c) is equivalent to the condition that the point set {x2, x3, . . . , xk+1} is a properly

posed knot set of some subspace of S0
1(∆).

Conditions (a), (b) and (c) yield the point set {x1, x2, . . . , xk+1} which is an uninterpolated

point set of S0
1(∆). This fact and condition (d) complete the proof. 2

5. Conclusion

The critical point set plays a central role in the theory of Tchebyshev approximation. The

characterization theorem states that h ∈ H is a best approximation to f if and only if the set of

extremal points of f − h contains a critical point set of H. In general, it is not a trivial task to

determine whether a set is critical or not in multivariate Tchebyshev approximation. It appears

impossible to give a simple geometric interpretation of the critical point set in multivariate

Tchebyshev approximation. We restricted ourselves to Tchebyshev approximation by S0
1(∆)

over some special triangulations (bitriangular, single road and star triangulations) in this paper.

The geometrical characterization of the critical point set of S0
1(∆) is proposed. Such geometrical

characterization can be used in the determination of a critical point set.
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