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Split Left GC-Lpp Semigroups
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Abstract A left GC-Ipp semigroup S is called split if the natural homomorphism ~° of S onto
S/~ induced by 7 is split. It is proved that a left GC-lpp semigroup is split if and only if it has a
left adequate transversal. In particular, a construction theorem for split left GC-lpp semigroups
is established.
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1. Introduction

The relations £* and R* are generalizations of the usual Green’s relations £ and R, respec-
tively; elements a and b of a semigroup S are related by £* (resp., R*) if and only if they are
related by £ (resp., R) in some oversemigroup of S. S is called left abundant if each R*-class
contains at least one idempotent. Right abundant semigroups can be dually defined. Follow-
ing [4], a semigroup is called abundant if it is both left abundant and right abundant. A left
abundant semigroup S is called left adequate [3] if E(S) (the set of idempotents of S) forms a
semilattice. Right adequate semigroup is dually defined. A semigroup is called adequate if it
is both left adequate and right adequate. It is not difficult to see that each R*-class of a left
adequate semigroup contains exactly one idempotent. For a left adequate semigroup .S, we shall
use a' to denote the idempotent in the R*-class of S containing a. Moreover, a left adequate
semigroup S is said to be left ample, also known as left type A, if for all a € S and e € E(S),
ae = (ae)fa. For (left, right) adequate semigroups, one can refer to [3].

As an application of left ample semigroups, Guo-Guo-Shum [10] introduced left GC-lpp
semigroups. In precise, a left GC-lpp semigroup is defined as a left abundant semigroup in
which

(1) E(S) is a left regular band (that is, a band satisfying the identity zy = zyz); and

(2) Foralla € S and e € E(S), ae = (ae)'a,
where af is the idempotent in the R*-class of S containing a. Indeed, left GC-Ipp semigroups
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are common generalizations of left ample semigroups and R-unipotent semigroups. In [10], the
authors established the construction of left GC-lpp semigroups. After then, Guo-Shum [14]
considered some special cases of left GC-lpp semigroups. In [5], the second author investigated
proper abundant left GC-lpp semigroups, called abundant left C-lpp proper semigroups. Guo-
Ni-Shum [11] studied left GC-lpp monoids which are F-rpp and obtained the construction of
such left GC-1pp semigroups. Recently, Guo-Shum [12] gave a structure theorem for proper left
GC-lpp semigroups.

By an orthodox semigroup, we mean a regular semigroup whose set of idempotents forms a
band. R-unipotent semigroups are just orthodox semigroups each of whose R-classes contains
exactly one idempotent. As the analogue of orthodox semigroups in the range of abundant
semigroups, El-Qallali and Fountain [2] defined quasi-adequate semigroups. The so-called quasi-
adequate semigroups are abundant semigroups in which the set of idempotents constitutes a
band. For quasi-adequate semigroups, see [6-9] and others.

Recall that an R*-homomorphism of a semigroup S into another T is a homomorphism ¢
preserving the R*-classes, that is, for all a,b € S, if aR*b, then a¢p R* bo. It is worth to mention
that not all homomorphisms on a semigroup are R*-homomorphisms but any homomorphism
on a regular semigroup is R*-homomorphic. A congruence p on S is called R*-homomorphic
if the natural homomorphism pf of S onto S/p induced by p is R*-homomorphic. An R*-
homomorphism of S onto T is said to be split if there exists an R*-homomorphism v of T" into
S such that ¥¢ = idr, where idr is the identity mapping on T. An orthodox semigroup is called
split if the homomorphism induced by the smallest inverse semigroup congruence is split. In
[16], McAlister and Blyth researched split orthodox semigroups. Analogously, we can define split
quasi-adequate semigroups. El-Qallali [1] and Guo-Peng [13] investigated split quasi-adequate
semigroups.

Left GC-Ipp semigroups can be thought as some kind of orthodox semigroups. Also, any left
GC-lpp semigroup has the smallest left ample semigroup congruence. Now, natural questions
arise:

(1) Can we define split left GC-lpp semigroups?

(2) What can we say about this kind of semigroups?

The aim of this paper is to answer the above questions.

Throughout this paper, we use notations and terminology in Fountain [4] and the book of
Howie [15]. For bands, one can refer to the book of Petrich [17]. Here we recall some known
results used in the sequel. To begin with, we provide some results on £* and the dual for the

relation R*.

Lemma 1.1 ([4]) Let S be a semigroup and a,b € S. Then the following statements are
equivalent:

(1) aLl*b.

(2) For all x,y € S, ax = ay if and only if bz = by.

Lemma 1.2 ([4]) Let S be a semigroup and €?> = e, a € S. Then the following statements are
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equivalent:

(1) al*e;

(2) ae = a and for all v,y € S, ax = ay implies that ex = ey.

It is well known that R* is a left congruence while £* is a right congruence. In general,
R CR* and £ C L*. But when a, b are regular elements of S, aR* [£*] b if and only if aR [L] b.
For the sake of convenience, we denote by F(S) the set of idempotents of S and by Reg(S) the
set of regular elements of S. We use a* [resp., af] to denote the typical idempotents related to a
by L* [resp., R*]. And, K, stands for the K-class of S containing a if K is an equivalence on S.

A band B is called a left regular band [17] if for all z,y € B,zy = zyxz. The band B is
called left normal if it satisfies the identity: zyz = xzy. It is not difficult to show that a left
normal band is a left regular band. For a left abundant semigroup 7" whose set of idempotents
constitutes a left regular band, each R*-class of S contains exactly one idempotent. In fact, if
e, f € E(S) such that eR*aR* f, then eRf, and f = ef = efe = ee = e, as required. This fact
will be repeatedly used.

The following lemma is due to [11].

Lemma 1.3 Let S be a left GC-Ipp semigroup.

(1) For all a,b € S, (ab’)" = (ab)t = al(ab)T.

(2) The relation v = {(a,b) € S xS : a = eb, e € E(b)} is the smallest left ample
semigroup congruence by which the natural homomorphism induced is R*-homomorphic, where
E®Y) = {f € E(S): fDF®E)pT}.

Let U be a left abundant subsemigroup of a left abundant semigroup of S. Then we call U
a right *-subsemigroup of S if for all a € U, there exists e € E(U) such that aR*(S)e. Now let
S° be a left adequate right *-subsemigroup of S and E° be the idempotent semilattice of S°.
Then S° is called a left adequate transversal for S if for any element x € S, there exist a unique
element x° € S° and an idempotent e € E(S) such that = ex® where eL*(2°)' for (2°)' € E°.
In this case, e can be uniquely determined by z, and eR*z. We shall denote by e, the unique

idempotent e.

Lemma 1.4 Let S be a left abundant semigroup. If a,b € S and b = ea with e = ea'e, then
eR*D.

Proof Suppose that b = ea with e = ea’e. Then eb = b and for all 2,y € S*, 2b = yb which
implies that zea! = yeat, so zea’e = yea'e and ze = ye. Thus eR*b.

Let B be a band and assume that B = U,cy B, is the semilattice decomposition of B into
rectangular bands B, with o € Y. A subset E = {z, : @ € Y} of B is called a skeleton if
To € By for any a € Y and z,23 = x4 = 2324 for all o, € Y. It is easy to see that any

skeleton of B is isomorphic to the structure semilattice Y of B.

Lemma 1.5 ([16]) A band is split if and only if it has a skeleton.
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2. Definition and characterizations

Definition 2.1 A left GC-Ipp semigroup S is called split if the natural homomorphism ~% of S
onto S/~ induced by ~ is split.

Let S be a left GC-lpp semigroup. By Guo-Guo-Shum [10], the smallest left ample semigroup
congruence 7y is idempotent-pure and R*-homomorphic, and so the restriction of v to E(S) is
just D(5). We now assume that the natural homomorphism ~° induced by 7 is split and that the
R*-homomorphism ¢ is the one such that ¢y’ = idg /~- Then the natural homomorphism from
E(S) onto E(S)/DF) induced by DF) is split. In fact, for all e € E(S), we have ey C E(S)
and ey = ev|p(g), so ey € E(S/7). Suppose that eyp = a, then aye and so (67)90|E(5)/77|E(S) =
cwﬁg(s) = a7|p(s) = eY|r(s) = ey. This shows that ‘P|E(S)/v7|ij(s) = idg(g)/y- Thus 7|5E(S) is
split. By Lemma 1.5, we deduce the following corollary.

Corollary 2.2 If S is a split left GC-Ipp semigroup, then E(S) has a skeleton.

Let S be a left GC-lpp semigroup with the left regular band B of idempotents. If E is a
skeleton of B, then we define the span of E by

span(E) = {a € S| (Je € E) eR*a} = {a € S| a' € E}.

Lemma 2.3 Let S be a left GC-Ipp semigroup with a left regular band B of idempotents. If E
is a skeleton of B, then span(FE) meets every y-class of S exactly once.

Proof Pick a € S. Then there exists e; € B such that e;R*a. On the other hand, since F is a
skeleton of B, there exists uniquely e € F such that e € E(e1). Since B is a left regular band,
we know that E(e;) is a left zero band. Thereby eLe;. Suppose that @ = ea. Then avya and by
Lemma 1.4, aR*e. Consequently, @ € span(F) and hence span(FE) meets every y-class at least
once.

In order to show that span(E) meets every 7-class precisely once, it suffices to verify that if
a € S and b € span(FE) with ayb, then a = b. Suppose that there exists uniquely v € E such that
uR*b. Then by Lemma 1.4, e € E(u) and whence e = u because e,u € E and E is a skeleton
of B. Thus aR*e = uR*b so that (a,b) € yNR*. Since y N R* = idg, a = b. Consequently,

span(E) meets every y-class exactly once.

Lemma 2.4 Let S be a split left GC-Ipp semigroup with a left regular band B of idempotents
and ¢ be an R*-homomorphism of S/v into S such that ¢y’ = idg/y. Denote E = By’p
(Certainly, E is a skeleton of B). Then span(FE) is a left adequate right *-subsemigroup of S.

Proof Let S° = (S/7)¢. Then for each element s € S°, there exists a € S such that (ay)p = s,
so ay = svy. Since S is a left GC-lpp semigroup and ¢ is an R*-homomorphism, there exists
e € E(S) such that sR*e, hence ay = syR*ey and (ay)pR*(ey)p, i.e. sR*(ey)p where (ey)p €
E(S°), so S° is a right *-subsemigroup and furthermore it is a left adequate right *-subsemigroup

S° of S having F as a semilattice of idempotents.

Since 7’ = idg/, we have ¢ = 4" and so [(ay)¢]y” = ay for all a € S. This shows that
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S° meets each y-class of S. On the other hand, assume that a,b € S° and ay = by. Take zp = a
and yp = b with z,y € S/v. Then

x:wa=a7=b7=ycp7b:yanda:xgpzygozb.

This shows that S° meets a y-class of S at most one. Consequently, S° meets each y-class of S
exactly once.

It remains to show that S° = span(E). Given a € S°. Then, by using the arguments of the
above proof, S° is a right *-subsemigroup of S, and so eR*a for some idempotents e € E(S°).
Since E is a skeleton of B, a € span(E) and whence, S° C span(E). For any u € span(E),
by the above proof again, there exists v € S° such that uyv. Because S° C span(F), we
have v C span(F). But since span(F) meets every ~y-class exactly once, we have u = v and
consequently u € S°. This leads to span(F) C S°. We have now proved that span(E) = S°, as

required.

Theorem 2.5 If S is a left GC-Ipp semigroup, then S' is split if and only if S has a left adequate

transversal.

Proof Suppose that S is split and that ¢ is an R*-homomorphism of S/ into S such that
Y = idg/y. Then E° = E(S)Y’¢ is a skeleton of E(S). By Lemma 2.4, span(E°) is a left
adequate right *-subsemigroup of S. Since span(E°) meets every 7-class exactly once, for any
a € S, there exists a unique a® € span(E°) such that aya®. By the definition of v, a = ea®
for some e € E((a°)!) with (a°)" € E°. Obviously, e(a®)?£(a®)f. This shows that S has a left
adequate transversal span(E°).

Conversely, assume that S has a left adequate transversal S°. Denote by E° the set of
idempotents of S°. Then for any a € S, there are a unique element a® € S° and an idempotent
e € E(S) such that a = ea® with eL*(a®)T for (a®)T € E°. Clearly, aya®. For any b € S, we
suppose that b° € S° has the similar property as a°. It follows that if a°yb° and a° = mb° with
m € E((b°)T). Furthermore, a® = mb°® = m(b°)7h°. We can also easily show that m(b°)7L£(b°)T.
Observe that S° is a left adequate transversal of S. Hence a° = b°. On the other hand, S° meets

every ~-class of S exactly once. This shows that
p: Sy — 58 ay—a’

is well defined.

Let a,e? = e € S and eR*a. Since S° is a left adequate transversal of S, a = e,a® with e,
and a° having the same meanings as in Section 1, and whence e,£(a°), e,R*a. Since S is a
left GC-Ipp semigroup, e, = e and (e,)° = e°. Consider e,L(a°)f, then (e,)° = (a°)f, hence
(eq)°R*a®. So e®R*a°. Thereby, these imply that for any a,b € S, if aR*b, then a®R*b°.

We next prove that for all avy,by € S/, if ayR*by, then a®R*b°. Let ayR*by. Then there
exist e, f € F(S) such that eR*a and fR*b. By the above proof, e°R*a°. By Lemma 1.3 (2),
eyR*ay and fyR*by. It follows that eyR* f~. But since S/ is left ample semigroup, ey = f~.

Hence, e® = f° because S° meets every y-class exactly once. Thus, we have proved that a°R*b°.
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Since S° is a left adequate transversal of S, ¢ is a bijection. By the above proof, ¢ is an
R*-homomorphism if ¢ is a homomorphism. Also, we can easily see that ¢y’ = idg/~. Now, to
show that 4 is split, we need only to prove that ¢ is a homomorphism. For this, we need only
to show that (ab)® = a°b° for all a,b € S.

In fact, since aya® and byb°, abya®b®. Also, we have aby(ab)°. Thus S°N~. = {a®b°, (ab)°},
where 7,5 is the y-class of S containing ab. But since S° meets every ~y-class exactly once, we
have a°b® = (ab)°. Thus the proof is completed. O

It is a natural question whether the converse of Corollary 2.2 is true. We cannot answer this

question. For left GC-lpp semigroups with left normal bands of idempotents, we have

Theorem 2.6 If S is a left GC-Ipp semigroup with a left normal band B of idempotents, then
S is split if and only if B is split.

Proof We only prove the sufficiency because the necessity is trivial. For this purpose, we assume
that B is split and F is a skeleton of B. Then, by the proof of the necessary part of Theorem 2.5,
span(E) is a left adequate transversal of S if span(FE) is a left adequate right *-subsemigroup of
S. By the definition of the span of F, it can be easily seen that span(E) is a left adequate right
*_subsemigroup of S if span(F) is a subsemigroup of S.

We now proceed to show that span(FE) is a subsemigroup of S. We only need to prove that
ab € span(E) for all a,b € span(E). Since a,b € span(E), we have af,bf € E. Observe that
af(ab)t = (ab)' since S is a left GC-lpp semigroup. Since E is a skeleton of S, we deduce that
k € E such that kDZ(ab)'. This shows that (ab)Tk(ab)" = (ab)" and k(ab)'k = k. Hence

(ab)T = a'(ab)Ta’ = a'(ab)Tk(ab)Tal = a'k(ab)Ta’ = a' (k(ab)Tka') = a'ka’ = a'k € B,

since B is a left normal band. Therefore ab € span(E). Thus, span(F) is indeed a subsemigroup
of 5. O

3. A construction theorem
Consider

Y a semilattice;

T aleft type A semigroup with semilattice Y of idempotents; and

L a left regular band having Y as a skeleton.

Moreover, assume that L = Uyey Ly, is the semilattice decomposition of L into left zero bands
L, with o € Y. Denote by End(L) the semigroup of endomorphisms (on the left) on L. Now
define

¢: T — End(L); t— ¢t = ¢y.

Then, we call the above quadruple (Y, T, L; ¢) a GC-system if the following conditions are satis-
fied:

(GC1) ¢ is a semigroup homomorphism.
(GC2) For alla € T and x € Ly, we have ¢ux € Lgq)t-
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Given a GC — system(Y, T, L; ¢), and put
GC =GC(Y,T,L;¢p) ={(e,a) e LxT|a€T.e€ Ly}
Define a multiplication on GC by the rule that
(e,a) o (g,b) = (e(ag), ab).

Since R* is a left congruence on T', abR*ab’ and so (ab)" = (ab!)' as T is a left ample semigroup.
By (GC2), it follows that ¢og € L(sp)t. On the other hand, since a'(ab)’ = (ab)', e(gag) €
Lot Liayyi € Lai(apyi = L(apyr- This shows that o is well defined.

Lemma 4.1 If (Y,T,L;¢) is a GC-system, then GC(Y, T, L; ¢) is a semigroup with respect to

the above operation o.
Proof If (e,a), (f,b),(g,c) € GC, then

(e;a) o [(f,b) o (g,c)] = (e;a) o (fdp(g),bc) = (eda(fPn(g)), abe)
= (e¢a(f)bab(9), abe) = (eda(f),ab) o (g,c)
[(e,a) o (f,b)] o (g,¢)

and (GC, o) satisfies the associative law. Thus (GC, o) is a semigroup. O

Lemma 4.2 Let (Y,T,L;¢$) be a GC-system. Then the following statements hold for GC =
GC(Y,T, L; ¢):

(1) (e,a) € E(Q) if and only if a € E(T'). Moreover, E(G) is a left regular band.

(2) (e,a)R*(f,b) if and only if e = f and aR*b.

(3) (GC,o0) is a left GC-Ipp semigroup.

Proof (1) If (e,a) € E(GC), then (e(¢q€),a?) = (e,a) and so a®> = a. Conversely, if a € Y,
then by (GC2), e,¢qae € L,, and e(pqe) = e since L, is a left zero band. This shows that
(eva)Q = (e(¢ae),a2) = (e, a).

If (e,a),(f,b) € E(GC), then a,b € E(T) and

(ev a)(fv b)(ev a) = (€¢a(f), ab)(67 a) = (e((baf)((babe)u aba)'

Since f € Ly, we have ¢of € Lyt = Lab, and so ¢ape € L(gpq)t = Lab, thereby (o f)(Pave) =
¢af. Thus (e,a)(f,b)(e,a) = (e¢af,ab) = (e,a)(f,b), and whence E(GC) is a left regular band.

(2) We first prove that (e,a)R*(e,a’). We can easily see that (e,a’)(e,a) = (e(d,re),a’a) =
(e,a). If (g, ), (h,d) € (GC)* such that (g, c)(e,a) = (h,d)(e, a), then (gp.(e), ca) = (hpa(e), da).
By comparing components, go.(e) = hdq(e) and ca = da. The second equality derives that
cat = da'. Thus (g¢c.(e),ca’) = (hoa(e),dal), that is, (g,c)(e,al) = (h,d)(e,a’). Therefore
(e,a)R*(e,a’). Moreover,

(e,a)R*(f,b) & (e, aT)R(f, bT)
<~ (67 Cﬁ)(fv bT) = (fv bT) and (fv bT)(ev aT) = (67 aT)
S e(bar f) =1, [(dpie) =e, atvt = b and bfal = of
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sa'=blande=f
< aR*b and e = f.

(3) By (1) and (2), we only need to prove that (e,a)(f,b") = ((e,a)(f,b"))(e,a) for all
(f,b") € BE(G). In fact,

(e, a)(f,0M)) (e, a) = (e(gaf), ab)) (e, a) = (e(af), (abT)T)(e, a)
= (e(6a )b (anyt (€), (abl) a).
Since ¢a(f); P(av)t (€) € Liapyr and T is left ample, (¢of)(dapyre) = ¢of and (ab")Ta = abl. So
((e;a)(f,0M) (e, a) = (egu(f), ab") = (e, a)(f,bT).
Thus GC'is a left GC-lpp semigroup. O

Theorem 4.3 If (Y,T,L;¢) is a GC-system, then GC° = {(a',a)| a € T} is a left adequate
transversal of GC(Y,T, L; ¢). Moreover, GC' is split.

Proof It is easy to check that the mapping
Y: GC° —=T; (a',a) —a

is a semigroup isomorphism. Hence GC° is a left adequate semigroup. On the other hand, by
Lemma 4.2, (a',a")R*(a',a) and so GC® is a right *-subsemigroup of GC. Thus GC° is a left
adequate *-subsemigroup of GC.

Now let (e,a) € GC. It is not difficult to find that (e,a) = (e,a’)(a',a). Since (e,a’)(af,al) =
(egqral,al) = (e,a’) and (af,a’)(e,a’) = (af,al), we have (e,a’)L(a’,a’). On the other hand,
if (bT,b) € GC® such that (e,a) = (z,a)(b',b), where (z,a) € E(G) with (x,a)L(bT,b"), then
(z,a)(bT,b7) = (x,a) and (bT,b7)(z,a) = (z,a), so ab’ = a and bfa = bf, thereby o = bl since
T is a left ample semigroup. Now, from the fact that (e,a) = (x,a)(b,b), we can show that
a =b. Thus (a',a) = (b7,b) and whence GC® is a left adequate transversal of GC.

The rest follows from Theorem 2.5.

We conclude this paper with proving that any split left GC-lpp semigroup is isomorphic to
some GC(Y, T, L; $). In what follows, we always assume that S is a split left GC-Ipp semigroup
with left regular band E of idempotents. By Theorem 2.5, we let S° be a left adequate transversal
for S.

For t € S°, define

o1 E— E; v @i = (tx)'.

If x,y € E, then since S is a left GC-lpp semigroup,
pi(wy) = (tey) R tey = (t)TtyR* (tx) (ty)" = (212) (o)

and whence ¢t(zy) = (vrx)(p1y) since each R*-class of a left GC-lpp semigroup contains exactly
one idempotent. Thus ¢; is a homomorphism.

Now let s,t € S°. Then for all z € E, since S is a left GC-lpp semigroup,

o = (stx)TR*staR*s(tx) ' R* (s(tx)) = pep;(z).
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Since each R*-class of a left GC-1pp semigroup contains precisely one idempotent, it follows that

st = @s(prx), and whence ps; = pspr. Thus the mapping
v: 8° = End(E); t — ¢y

is a homomorphism of S° into End(E). On the other hand, note that E(S°) is a skeleton of E,
we observe that E has the semilattice decomposition into left zero bands E, with a € E(S°),
such that a € E,. If z € E, and t € S°, then ¢, = (tz)R*tx = tza = (tz)taR* (prr)(ta)l,
thereby oz = (¢x)(ta)’ since each R*-class of a left GC-Ipp semigroup contains precisely one
idempotent. Similarly, (ta)" = (ta)'(¢:x). Thus pzL(ta)t, that is, ¢z € E(qi. This means
that ¢, satisfies Condition (GC2). So, we have

Lemma 4.4 (E(S°),S° E;p) is a GC-system.
Theorem 4.5 S is isomorphic to GC(E(S°),S°, E; ).

Proof We need only to prove that the mapping
0: S— GC(E(S°),S° E;p); ar (eq,a°),

where a° has the same meaning as before, is a semigroup isomorphism. Since S° is a left adequate
transversal of S, 6 is a bijection.

Now, it remains to verify that 6 is a homomorphism. In fact, for a,b € S,
0(a)0(b) = (eq,a°)(ep,b°) = (ea(@aoes), a®b®) = (eq(a®es)’, a’b®).

It is easy to see that ea(a"eb)Taobo = eq,a°epb® = ab. On the other hand, since ey R*b, we
have (a®e;) R*a’eyR*ah, and eq(a’ep)R*e,a°b = ab. By the uniqueness of e, and (ab)°,
eab = €q(a’ep) and (ab)® = a®b°. Therefore, O(ab) = (eq(a’ey),a°b®) = 0(a)d(b). Thus 0 is a
homomorphism. O

Summing up Theorems 4.3 and 4.5, we obtain the construction theorem for split left GC-Ipp

semigroups.

Theorem If (Y, T, L; ¢) is a GC-system, then GC' = GC(Y, T, L; ¢) = {(e,a) € LxT|a €T, e €
L,+} is a split left GC-lpp semigroup whose band of idempotents is isomorphic to L. Conversely,
any split left GC-lpp semigroup can be constructed in this way.
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