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Abstract In this paper, we consider the following viscoelastic equation
t
wpe — Au + / g(t — s)Au(s)ds + a(z)us + ulu|” =0
0

with initial condition and Dirichlet boundary condition. The decay property of the energy func-
tion closely depends on the properties of the relaxation function g(t) at infinity. In the previous
works of [3,7,11], it was required that the relaxation function g(t) decay exponentially or poly-
nomially as ¢ — +o00. In the recent work of Messaoudi [12,13], it was shown that the energy
decays at a similar rate of decay of the relaxation function, which is not necessarily dacaying
in a polynomial or exponential fashion. Motivated by [12, 13], under some assumptions on g(x),
a(z) and r, and by introducing a new perturbed energy, we also prove the similar results for the
above equation.
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1. Introduction

In this paper we are concerned with the following equation with a temporal nonlocal term

up — Au + /Ot g(t — s)Au(s)ds + a(x)u; + u|u|” = 0,

u(z,t) =0, x € 00, t >0, (1.1)

u(z,0) = up(x), u(x,0) =ui(x), x € Q,
where 2 is a bounded domain in R™ with smooth boundary 052, the relaxation function g(x)
is a positive nonincreasing function, and the coefficient a(z) of the weak frictional damping is
supposed to be positive. The equation in (1.1) describes the motion of a viscoelastic body. It is
well known that the viscoelastic materials exhibit nature damping, which is due to the special

property of these materials to keep memory of their past history. These damping effects are

represented by memory term such as in (1.1) (see [9] and the references therein).
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One important question is at which rate the energy of solutions of the damped equation
approaches 0 as time tends to oco. This problem has already been investigated in several papers
(see [3,7,8,11]) under different additional assumptions for g. It is known to us that Cavalcanti
et al. in [7] firstly studied the above problem. Under the condition that a(x) > ag > 0 on w C £,

with w satisfying some geometric restrictions and

—&1g(t) < g'(t) < —&ag(t), t >0,

when fooo g(s)ds is sufficiently small, an exponential rate of decay E(t) < Ce™?* was obtained for
some positive constants C, 3, where E(t) will be specified in Theorem (1.5). This work extended
the result of Zuazua [16], in which (1.1) was considered with g = 0 and the linear damping was
localized.

Later, Berrimi and Cavalcanti in [3] considered
t
ug — koAu + / divia(z)g(t — 7)Vu(r)]dr + b(x)h(w) + f(u) =0,
0

under similar conditions on the relaxation function g and a(z) + b(z) > § > 0 and improved the
result in [7]. They established an exponential stability when ¢ is decaying exponentially and h
is linear, and a polynomial stability when g is decaying polynomially and & is nonlinear.

In [3], Berrimi and Messaoudi studied the equation
¢
ug — Au + / g(t — s)Au(s)ds + a(z)|uy|"us + |ul"u = 0, (1.2)
0
in a bounded domain. Under the condition that

g'(t) < —&g(t), t>0

for some positive constant £, the authors also proved an exponential decay under weaker conditons
on both a and g, where a is allowed to vanish on any part of Q (including €2 itself ). Then the
geometric restriction imposed on 92 by Cavalcanti et al [7] can be dropped.

Liu [11] also considered problem (1.2) under condition
g'(t) < =" (1), 120, 1<p<3/2,

where £ is a positive constant. They showed the exponential decay when p = 1, and polynomial
decay when 1 < p < 3/2. This result extended the work in [3] where only exponential decay was
established.

In [2], Alabau-Boussouira et al. developed a unified method to derive decay estimates for the

abstract integro-differential evolution equation
t
u” (t) + Au(t) — / B(t — s)Au(s)ds = VF (u(t)), t€ (0,00),
0

in a Hilbert space X, where A : D(A) C X — X is an accretive self-adjoint linear operator with
dense domain, and VF denotes the gradient of a Giteaux differentiable functional F : D(v/A) —
R. Depending on the properties of convolution kernel § at infinity, they showed that the energy

of solution decays exponentially or polynomially as { — oo.
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Recently, in [12] Messaoudi studied the equation

t
uge — Au + / g(t — s)Au(s)ds =0
0

where the relaxation function g is assumed as follows

(i) ¢g: Ry — R4 is a nonincreasing differentiable function such that

g(0) >0, 1 —/ g(s)ds =1>0.
0
(ii) There exists a differentiable function ¢ satisfying

g'(t) < =&(t)g(t), t>0,
|§'(t)
£(t)

He proved that the solution energy decays at the same rate of decay of the relaxation function,

t| <k, &@1)>0,¢&(t) <0, Vt>0.

which is not necessarily polynomial or exponential decay.

Then in [13], the same author studied the following equation

t
uge — Au + / g(t — s)Au(s)ds = ulul|?,
0

where the relaxation function g is assumed as follows

(i) g: R+ — Ry is a nonincreasing differentiable function such that

g(0) > 0, 1—/ g(s)ds=1> 0.
0
(ii) There exists a differentiable function ¢ satisfying

g'(t) < =€()g(t), t=0,

|£’(t)
£(t)

(iii) For the nonlinear term, assume that

| <k, &@1) >0, () <0, Vt>0.

2
O0<y<——, n>3, v>0,n=1,2.
n—2

It was also proved that the solution energy decays at the same rate of decay of the relaxation
function, which is not necessarily polynomial or exponential decay.

Motivated by the above work of [12,13], in this paper we also concern with problems (1.1)
and (1.2). By using Lyapunov type technique for some perturbed energy, which was introduced
in [12,13], we show that the solution energy decays at a similar rate of decay of the relaxation
function, which is not necessarily the decay in an exponential or polynomial fashion. Therefore,
our result allows a larger class of relaxation functions and improves earlier results in the literature
[3,7,11]. Our assumptions on the function g(z), a(z), and r are as follows.

(A1) ¢: Ry — Ry is a nonincreasing differentiable function such that

g(0) >0, 1—/ g(s)ds =1>0.
0
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(A2) There exists a differentiable function ¢ satisfying
g'(t) < —&()g(t), t=0,
g(t)
£(t)

(A3) Assume that a(z) is a nonnegative and bounded function such that

| | <k, &(t)>0, () <0, Vt>0.

a(z) > ap > 0.
(A4) For the nonlinear term, we assume
2
O<r<——, n2>23r>0n=12.
n—2

Remark 1.1 There are many functions satisfying the assumptions (A1) and (A2), and examples

have been given in [12], such as

Q) =a(l+0)° v< -1,

g2(t) = ae D" 0 < p<1,

alefbt

gg(t):m, n:1,2,

for a,b > 0 to be chosen properly.
Remark 1.2 Since £ is nonincreasing, £(t) < £(0) = M.

Remark 1.3 Condition (A1) is necessary to guarantee the hyperbolicity of the system (1.1).
We will also use the embedding Hg(Q) < L9(Q) for 2 < ¢ < 2n/n—2,if n > 3 and ¢ > 2 if
n=1,2; and L"(R?) — L(Q), for ¢ < r and we will use the same embedding constant denoted
by C, i.e.,
lully < ClIVullz, ull, < Clull, .

The existence of global solution of problem (1.1) can be easily obtained by making use of the
Faedo-Galerkin method, and we refer to [5] for details.

Proposition 1.4 Let (ug,u:) € H}(Q) x L?(Q2). Assume (A1)-(A4) hold, then problem (1.1)

has a unique global solution
u € C°([0, 00); Hy () N C([0, 00); L*(92)).
Our main result is stated as follows.

Theorem 1.5 Let (ug,u1) € H}(Q) x L?(Q) be given. Assume that (A1)—(A4) hold, then for
each tg > 0, there exist strictly positive constants K and A such that the solution of (1.1) satisfies

E(t) < Ke Mo s > g,

where

1 ¢ 1 1 1 ,
B0) = 5 (1= [ aas) IVul+ 5l + 5o Vo)) + 5 i3 (013
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and .
(gov)(t) = / a(t — 5) Ju(t) — v(s)|2ds.

Remark 1.6 Our method used in this paper is applicable to the equation (1.2) in a bounded
domain with 0 < max {m, r} < —25,if n > 3. Thus we can extend the result in [11].
The rest of this paper is organized as follows. In next section, we present some Lemmas

needed for our work. Section 3 contains the proof of our main result.

2. Preliminaries
In this section we will prove some lemmas.
Lemma 2.1 Ifu is a solution of (1.1), then energy E(t) satisfies E'(t) < 0.

Proof By multiplying equation (1.1) by w; and integrating over €2, then using integration by
parts and hypotheses (A1) and (A2), after some manipulation, we obtain.

1

B'(t) = 5(9' o Vu)(t) ~ 50(t) [Vul3 - /Q a@)Jur*de < 0. O (2.1)

Remark 2.2 It follows form Lemma 2.1 that the energy is uniformly bounded (by E(0)) and

deceasing in t, which also implies that
1| Vull; < 2E(0). (22)
Then we define the perturbed energy functional
F(t) = E(t) + e19(t) + e20(1), (2.3)

where €1 and €5 are positive constants and

t)/Qut/O g(t — s)(u(t) — u(s))dsdz. (2.4)

Lemma 2.3 For u € H}(Q), we have
2

/Q (/Otg(t —s)(u(t) - U(S))ds) dz < (1 =1)C%(go Vu)(t).

Proof
2

/Q (/Otg(t—S)(U(t)—u(s))ds dx—/ / Valt=3)/alt = s)(u(t) — u(s))ds) da.

By applying Cauchy-Schwarz inequality and Poincaré’s inequality, we easily see that

2

/Q (/0 g(t = s)(u(t) - U(S))dS) dz

S/Q(/Otg(t_S)ds)(/otg(t_s)(u(t)_“(5))2d8)dx§(1—1)02(90Vu)(t). -
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Lemma 2.4 For 1 and €2 small enough, we have

o F(t) < E(t) < aaF (1) (25)
holds for two positive constant oy and as.

Proof After straightforward computation, we can see that

L ul?dz w|?dz £2 we|?de
P <BO + Fe0( [ Pdot [ uPde) + Ze [ fufare

et [ ([ ote—sute) - w()ds) o

§E(t)+(al+62 M/ lug|2dz + 1M02 \Vul?de + %MCQ(I—Z)(goVu)(t)
Q
<a2E(t), (2.6)
and
F(t) 2 B(t) — et /|ut|2d:v—— 02/ IV de—
/|ut| dz — ZE(HC2 (1 - 1)(go Tu)(?)
2(5—7(51+52 / wfda + 50— FMC) [ |Vulda
1 1
(- 5M)C2(1 ~D(goVu)(t) + —— )l F5 dz
>a1 E(t), (2.7)

for 1 and €2 small enough. O

Lemma 2.5 Let u be the solution ofproblem (1.1) derived in Proposition (1.4). Then we have
C?*(k+ ||la 1-1
v <1+ S e [ e+ 2 e vu -
l
_g(t)/ |Vuldz — g(t)/ lu|" 2 d. (2.8)
4 Q Q
Proof By using Eq. (1.1), we easily see that
¢
P (t) :§’(t)/ uutd:v—l—S(t)/ PARGE: —§(t)/ Vu(t) / g(t — s)Vu(s)dsdz—
Q Q Q 0
£(t) / a(z)uudz — £(t) / "+ 2da. (2.9)
Q Q

We now estimate the third term in the right hand side of (2.9) as follows

/ Vu(t) - /tg(t — s)Vu(s)dsdz
Q 0
% A |Vu(t)|*dz + %/Q (/0 g(t — s)|Vu(s)|ds) 2dx

%/Q|Vu(t)|2d:v+%/ﬂ(/Otg(t—s)(|Vu(s)—Vu(t)|+|u(t)|)ds)2dx. (2.10)

IN
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Thanks to Young’s inequality, and the fact fo s)ds < [;F g(s)ds = 1 — I, we obtain that
for any n > 0,

/ (/tg(f = 8)(|Vu(s) = Vu(t)| + |Vu(t)|)ds)2d;p
Q 0
S/Q(/O g(t—S)|VU(S)—Vu(t)|ds)2dx+/Q(/0 g(t—s)(|Vu(t)|)d5)2dI+
2/9 (/0 g(t—s) |VU(S) — Vu(t)|d3) . (/0 gt — S) |VU(t)|ds)dx

< (1+77)/Q(/Otg(t—s)(|Vu(t)|)ds)2da:—|—(1+%)/Q (/Otg(t—s)|Vu(s)—Vu(t)|ds)2dx

1
<1+ 5)(1 —D(goVu)(#) + (1 +n)(1 - 1)2/ |Vu(t)|2dx. (2.11)
Q
Combining (2.10) and (2.11), and using
/ wudz < aC? [ |Vu(t)|’dz + € uldr, o >0, (2.12)
Q Q da Jq
/ a(z)uupdr < afla(x)|| 02/ |Vu(t)|2dx + 1 ||a(:1c)||oo/ ufd:v, a >0, (2.13)
Q Q da Q

we get

96 <[+ 2= (lallo l/|tP Ly - eyg o vu)(t)-
1 2 (t) 2 _ ’U,TQI
5u—u+wxr4> 2m7mnm+|(wm<>/WVde €(o) [ furra
<[+ g (lalloo + Kl /hﬂz ; (1 - D& (g 0 V) (1)

1
5[1 — (1 4+7)(1=1)?%-2aC?*(||a|c + k)] / |Vu|*da — / lu|"t2dz.  (2.14)
Choosing n = ﬁ and o = W yields (2.9). O

Lemma 2.6 Let u be the solution of problem (1.1) derived in Proposition (1.4). Then we have
/ orya 2E(0) . 2
¢ (1) O[1+2(1 = 1) + CTP(===)1E(t) | [Vu(®) dz + kst (t)(g 0 Vu) () —
Q

ié)C’Q{( t)(g' o Vu)(t) + [5(1 +k+ |lallco / / |ut| dz, (2.15)

where

1-1
46

Proof It is obtained after direct computations that

o) =€0) [

Q

K=t @i S -0+ (lall + k4 DS (2.16)

Vau(t) - ( /0 t gt — 8)(Vu(t) — Vu(s))ds) da—
5(1%)/Q (/Otg(t - S)Vu(s)ds) . (/Otg(t —8)(Vu(t) — Vu(s))ds)d:v—i—
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(L‘)/Q ut/ (t—s)( u(s))dsdz+
éw) [ fur / g(t — s)(u(t) — u(s))dsda—
/ w [ 0500~ utsyasao ~ €0 [ g(5)as [ -
/Q ut/ (t —s)( u(s))dsdz. (2.17)

We now estimate the right-hand side terms of (2.17). Applying Young’s inequality to the

first term gives

K ) 1-1
/Q Vu(t)-(/o g(t—s)(Vu(t)—Vu(s))ds)dxS || IVuPdet =5 (go Vu)(e), ¥ > 0. (2.18)

Similarly, the second term can be estimated as follows:

/Q (/tW = 5)Vu(s)d ) : (/Otg@ — 5)(Vu(t) — Vu(S))ds)d:c
<5/‘/ (t — )|Vu(s)|ds dx+—/’/ (t— 5)(Vu(t) — Vu(s))ds| dz

<5 (/ g(t—s)(|Vu()—Vu(s)|+|Vu(t)|)ds) dat

Q 0

% / ( / t gt — 8)(Vu(t) —Vu(s))ds)Qda:
< (20 + 45)/ (/Ot g(t —s)(|Vu(t) — Vu(s)|ds)2dx +25(1— 1)2/9 \Vu|*da

< (254 1)1~ (g0 Vu)(r) +25(1 ~ 1)’ /Q Vul?de. (2.19)

As for the third term, we have
/Q ut/ (£ — 8)(u(t) — u(s))dsds < 5”@”00/ g [z + ||a||ooc (1= 1)(go Vu)(t). (2.20)
The fourth term
/Q [ul” u/otg(t —s)(u(t) — u(s))dsdz

2 2 02
<6 [ [P da4+==(1 = 1)(g o Vu)(t)
< 602+ |vul2 2 + £ 1~ 1) (go V)t

46
2O jou + 1 - g vy (2.21)

S 502r+2( 5

The fifth term
/ut/ (t — s)(ult) — ul ))dsdx<6/ g | der — ig)(g oVu)(t).  (222)

Combining (2.18)—(2.22) gives Lemma 2.6. O
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3. Decay of solutions

Now we prove our main result Theorem 1.4.
Proof Since g is positive, continuous and g(0) > 0, for any to > 0, we have

t to
/ g(s)ds 2/ g(s)ds =go >0, Vt>to.
0 0

By using (2.2), (2.9) and (2.16), we obtain for ¢ > ¢,

k+lalleo)
P() <~ [ea{on = 300+ -+ o)} — 10+ ZEEI=P ey e
1 2 242, 2E(0) |,
[Elﬂ —ed{1+2(1-0D)*+C (T) }}f(t) \Vul?da+
Q
1 ( ) 2 ’ 1-1
(5 - C M)(g" o Vu)(t) + (e1—7— + e2ks)E () (g © Vu)(t)—
2 2748 2l
€ (t) / [ +2da.
Q
At this point we choose d so small that
1
go —0(1+ k) > 590,
4 2E(0) 1
7O+ 2(1 = 1)? + C¥ P2 (—==)"] < Ty 90
l l 41 + W)
where ¢ is fixed. The choice of any two positive constants €; and ¢4 satisfying
9o 90
4(1 + CEHal=)) YT C2kall=) )
will make 2k )
+ llalle
k1 =¢e9 {go - 5(1 + k+ |a|oo)} - 5‘1(1 + %) > 0,
l 2E(0
ko = 811 — 826[1 + 2(1 — l)2 + C2T+2(T))T] > 0.
We then take 1 and €5 such that (2.6) and (3.3) remain valid. Further,
1 9(0) 2 1-
ks = (= — ea D c20p) — .
1= (G maTy M- Eg )>0

Hence

G- Ais)OQ M)(g' o Vu)(t) + (51

Since £ is nonincreasing, by using (2.6), (3.1) and

(3.
F'(t) < =Bi&(t)E(t) < —fraa&(t)F(1).

A simple integration of (3.7) leads to

we arrive at

F(t) < Fto)e Mot fu €93 yy > 4
Thus from (2.6) and (3.8) it follows

E(t) < agF(to)e M1t i €8s _ pro=2 i 66)ds s

an e2ks)E(t)(g 0 Vu)(t) < —ks&(t)(g o Vu)(t).
6)

61
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where K = aaF(tg), A = f11. This completes the proof. O
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