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Abstract In this paper, we extend the result of packing the complete graph K, with 6-cycles
(hexagons). Mainly, the maximum packing of K, — F is obtained where the leave is an odd
spanning forest.
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1. Introduction

An H-decomposition of the graph G is a partition of E(G) such that each element of the
partition induces a subgraph isomorphic to H. In the case where H is an m-cycle, such a
decomposition is referred to as an m-cycle system of G. An m-cycle system of G will be formally
described as an ordered pair (V, B), where V is the vertex set of G and B is the set of m-cycles.

A packing of a graph G with m-cycles is an m-cycle system of a subgraph P of G. The
remainder graph of this packing, also known as the leave, is the subgraph G — P formed from
G by removing the edges in P. If the remainder graph is empty, we have an m-cycle system of
the graph G. If the remainder graph is minimum in size (that is, has the least number of edges
among all possible leaves of (), then the packing is called a maximum packing. All packings we
consider in this paper are hexagon packings unless otherwise noted.

Hanani [3] showed the remainder graphs P for any maximum packing of K, with triangles

are in Tablel:

| vmod6) [0 [ 1] 2]3] 4] 5 |
L p [rfofrfo]nfa]

Table 1 Relation between P and v

F is a 1-factor, Fy is an odd spanning forest with & + 1 edges (tripole), and Cj is a cycle of
length four.
Research on H-decomposition of a graph G dates back to the nineteenth century [5], and

has received a lot of attention over the past 40 years. There have been many results found on
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H-decompositions of G for various graphs H and G, usually with G = K,. One particularly
enticing but difficult problem is to solve the case when H is an m-cycle (see [6,9] for surveys of
results). This can alternatively be viewed as a partial m-cycle system of G in which the set of
edges not in any m-cycles is either () or induces a subgraph of G respectively.

Kennedy solved maximum packings of K, with hexagons [4] and Ashe, Fu and Rodger [1]
extended the results in [2,4] by finding necessary and sufficient conditions for the existence of a
6-cycle system of K, — E(F') where v is even and the leave F' is an odd spanning forest (a forest
where each vertex has odd degree). Pu and Chai extended the result of [2] by finding necessary
and sufficient conditions for the existence of maximum hexagon Packing of K,, — L where L is
a 2-regular Subgraph [7]. The necessary and sufficient conditions for the existence of a 4-cycle
system of K, — E(F') were also obtained [2].

In this paper, we extend the results of Ashe, Rodger and Fu [1]. We shall consider the

maximum hexagon packing of K,, — F' where F' is an odd spanning forest.

2. The small cases

In order to consider the necessary and sufficient conditions for the maximum packing of

K, — E(F) for any spanning forest F', we need Lemma 2.1.

Lemma 2.1 Let v be even and let F' be a spanning forest of the complete graph K, with ¢(F)
connected components. |E(K, — F)| =i (mod 6) if and only if v and ¢(F') are related as in Table
2.

Proof
v | 126 126+2 12k+4 12k46  126+8 12k +10

|[E(K, — F)| =1 (mod 6)

c(F) 1 2 5 4 5 2
|E(K, — F)] =2 (mod 6)

c(F) 2 3 0 5 0 3
|E(K, — F)] = 3 (mod 6)

c(F) 3 4 1 0 1 4
|[E(K, — F)] =4 (mod 6)

co(F 4 5 2 1 2 5
|E(K, — F)| =5 (mod 6)

c(F) 5 0 3 2 3 0

Table 2 The number of components required in F for |E(K, — F)| = ¢ (mod 6) when v is even

Clearly, ¢(F) = v — |E(F)|. So, if |E(K, — F)| = i (mod 6), then ¢(F) (mod 6) = (v —
|E(F)|) (mod 6) = (v — 5% 4 i) (mod 6).

Also, if ¢(F) and v are related as in Table 2, then ¢(F') (mod 6) = (v — UZT*” +1) (mod 6). O

A cycle of length [ is denoted by C; = (x1, 2, ...,x;). Let G¢ denote the complement of a
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graph G and GV H denote the join of two vertex disjoint graphs G and H (so E(GVH) = E(G)U
EH)U{{u,v} :ue V(G),v € V(H)}). Let G+ H denote a graph with E(G+H) = E(G)UE(H)
and V(G4 H) = V(G)UV (H). In order to prove our main results, we need to solve the following

small cases.

Lemma 2.2 Let G1 be the graph K¢V K§ with V(Kg) = {x;|i € Zs}, V(KS) = {yili = 1,2,3}.
Let G2 be the graph KoV K§— K1V K§{+Cr with V(Kg) = {x;|i € Zs}, V(KS) = {yo,v1, V5. Ys},
V(K1) = {yo} and C7 = (yo, Y1, Y2, Y3, Ya, Ys, Ye ). Then there exists a 6-cycle system for G1 and
G4 with leaves (y2,x2,x5) and (x4, ys, Ts5, T2), respectively.

Proof By direct construction, we have G1 = {(x1,y1, T2, y3, T5, T4), (3, T2, X1, Y3, To, T4),
(y1, 0, Y2, T3, X1, T5), (Y2, 1, To, T3, Y1, T4), (To, T2, T4, Y3, T3, ¥5) } U {(y2, 22, 25) } and

G2 = {(y1, Y2, Y3, Y4, Y5, Z0) (U5, Y6, Yo, Y1, T1, T2), (T0, Y6, T1, Y5, T3, T1), (3, Y1, T2, Y6, T4, Ts5),
(w4,9y1, 25, Y6, 23, T0), (T4, 1, T5, To, T2, 23) } U { (24, Y5, T5,22) }. O

Lemma 2.3 Let G be the graph K¢ V K§ — {{yo, 70}, {71,%0}, {y1, 22}, {y1, 23}, {92, 24},
{y2,z5}} with V(Kg) = {x;|i € Zs} and V(KS) = {yili € Zs}. Let G2 = Gy + C7 with
C7 = (Yo,Y1,Y2,Y3,Y4,Ys,Ye). Then there exists a 6-cycle system for G; and Gy with leaves

(z2,x3,25) and (3, Y2, To, Y3 ), respectively.

Proof By direct construction, we have G1 = {(z2, yo, 3, Y2, 1, T4), (X4, Yo, T5, Y1, To, T3),
(22,92, 0, Y3, T5, 1), (T4, Y1, T1, Y3, T2, o), (3, Y3, T4, Ts, To, 21) } U {(22, 23, 25)} and

G2 = {(y3, Y4, Y5, Y6, Yo, ¥2), (Yo, Y1, Y2, Y3, T1, ¥3), (T4, Yo, T5, Y1, To, ¥3), (¥1, Y1, T4, Y3,
5, 22), (T5, T4, T1, To, T2, T3), (T1, 5, To, T4, T2, Y2) } U {(23, Y2, 0, y3)}. O

Lemma 2.4 Let G be the graph K¢V K§ + {{yo,v1}} — {{vo,zo},{y1, 21}, {y1, 22}, {y1, 23},
{y1, x4}, {y1,25}} with V(Ks) = {wi|i € Zs} and V(K§) = {yi|li € Z4}. Let Gi = Go +
C3, Go = Go + Cy and Gz = Go + C7 with C3 = (y0,92,¥3), C1 = (Y0,Y2,91,¥3), and
C7 = (Y0, Y2, Y1, Y3, Y4, Y5, Ys) respectively. Then there exists a 6-cycle system for Gy, G1, Ga,
and G with leaves (x4, x0,x5,Y3), (X1, Y2, X0, Y3, T4, T3, T2), (T4, Y0, 5, To, 1) U (T4, T5, 23), and

(23, 20,21, X5, T2), respectively.

Proof By direct constructions, we have

Go = { (71,90, T2, Y2, 23,Y3), (¥3, Yo, T4, Y2, T5, T2), (T5, Yo, Y1, T0, Y2, T1), (T2, Y3, To, T1, T3,
24), (2,0, T3, T5, T4, ¥1) } U { (24, T0, T35, ¥3) },

G1 = {(y2,90, Y1, 0, ¥1,Y3), (T2, Yo, T3, Y2, T5, Y3), (T5, T2, T4, To, T3, T1), (T5, To, T2, Y2, T4,
Yo), (T4, @5, %3, Y3, Yo, ¥1) } U { (21, Y2, T0, Y3, T4, T3, ¥2) },

Go = {(z2, 0,73, Y2, T5,Y3), (T5, T2, T4, T0, T3, 1), (Y1, Y0, Y2, T1, Y3, T0)s (Y2, Y1, Y3, T3, T2,
7o), (Y3, Y0, 21, T2, Y2, Z4) } U { (T4, Yo, T5, 0, 71) U (24, T35, 73) },

Gs = { (Y3, Y4, Y5, Y6, Y0, T1), (Y0, Y2, Y1, Y3, To, T2), (Yo, Y1, To, Y2, T1, Ta), (T3, T1, T2, T4, Ts,
Y3), (5, Y0, T3, Y2, T4, o), (T35, T3, T4, Y3, T2, y2) } U { (T3, 0, 21, T5,72)}. O

Lemma 2.5 Let Gy be the graph K¢V K§ + {{yo,y1}} — {{vo, 2o}, {y2, 22}, {92, z3},
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{yi, 21}, {ys, zat, {ys, w5} ) with V(Kg) = {z|i € Ze} and V(KY) = {yili € Za}. Let G2 =
G1 + C7 with C7 = (yo,Y2,Y3, Y1, Y4, Y5, Ys). Then there exists a 6-cycle system for G and Ga

with leaves (5, Yo, T4, y2) and (3, x4, T2, X0, T5), respectively.

Proof By direct constructions, we have
Gl = {(ylu Zo,Y2, $17y37x2)7 (‘TOu Y3,T3,T2,T4, :El)u ($17y07x27 T5, ,’E4,.’II3), (ylu Yo,T3,Ts5, 20,
r4), (23,0, T2, 21, T5,y1) } U {(5, Y0, T4, y2) },

G2 = {(yla Y4,Y5, Y6, y0,$5), (yla y07$47927$57$2)7 (‘I()vyla Z3,Y0, T2, Il)v (y07y2; Y3,Y1, T4,
r1), (1, Y2, To, Y3, T2, ¥3), (¥1,Y3, T3, T, T4, 5) } U {(23, T4, T2, T0, 25) }. O

Lemma 2.6 Let Gy be the graph K¢V K§ + {{y1,v2},{vo,y2}} — {{wo,xo},{y1,21},

{y2, 2}, {y2, z3}, {y2, x4}, {y2, x5} } with V(Ks) = {wi|i € Zs} and V(KS) = {y;li € Zs}. Let
G1 = Gp+C5 and Gy = Go+C4 with C3 = (Yo, y1,y3) and Cy = (yo,Y1,Y3,ya). Then there exists
a 6-cycle system for Gy, G1, and Go with leaves (x5, x4, T3, X0, 21), (Y3, Y0, T1, To, T3)U (T4, Y1, Y3),

and (x4, y1,Yy3), respectively.

Proof By direct construction, we have

GO = {(yla Y2, Y0, X1, Y3, IQ)) (I3a Yo, L2, X0, y17$5), (I5; Yo, T4, Y1, 333793), (I4; Y3, To, Y2, T1,
$2)7 ($5,$0, Ty4,T1, I37x2)} U {(I‘5,$4,$3,$0, I’l)},

Gl = {(ylu Zo,Y2, y07$47$2), (‘TOu Y3,T1,Y2, y17$5), (:Ef)u Yo, T3, T2, ,’El,fE4), ($57 X3,T4,T0, T2,
y3)a (y07y15 z3, I1,$5,$2)} U {(y3a Yo, T1, 0, I3) U (I4a Y1, y3)}7

G2 = {(ylu Zo,Y2, y07$47$2), (‘TOu Y3,T1,Y2, y17$5), (:Ef)u Yo, T3, T2, ,’El,fE4), (ZCE), XT3,T4,T0, T2,
y3)7 (y07y17 x3, fEl,.’I]5,.’I52), (yf)u x1,%0,T3,Y3, y4)} U {(‘T47y17 y3)} u

Lemma 2.7 Let Gg be the graph K¢ V K§ + {{y1,v2}, {vo, v2}} — {{vo, z0}, {y1, 21},

{y2, 22} {y2, 23}, {ys, x4}, {ys, 25} } with V(Ke) = {a;li € Zs} and V(K]) = {yili € Zs}. Let
G1 = Gy + C5,G2 = Go + C4, C3 = (y0,y1,y3) and Cy = (Yo, Y1,Y3,y4). Then there exists a
6-cycle system for Gy, G1, and Gy with leaves (21, yo, T2, T3, 24), (21, Yo, T2, T5) U (T3, T4, Y1, Y3),
and (x3, 4, y1), respectively.

Proof By direct constructions, we have

GO = {(ylax07y25y07$47x2)5 (I05y37$17y25y17$5)5 (I5,I3,I1,I0,$4,y2), (172#”073337?41,

1'4,1'5), ((Eg, Y3,T2,T1,Ts, yO)} U {(‘ThyOu x2, $3,$4)},

G = {(ylu Zo, Y2, y0,$47$2), (ZCO, Y3, T1,Y2, y17w5), (305, Yo, T3, T2, !E1,!E4), (305, x3,T1, 20,
334792), (y37y05 Y1,73, 2o, xQ)} U {(Ila Yo, T2, I5) U (I35 T4,Y1, y3)}7

G = {(ylu Zo, Y2, y0,$47$2), (ZCO, Y3, T1,Y2, y17w5), (305, Yo, T3, T2, !E1,!E4), (305, x3,T1, 20,
x47y2)7 (y07y17 Y3,3, 20, $2), (y37y47 Yo,T1,Ts, ,’Eg)} U {(x?n x47y1)}- u

Lemma 2.8 Let G be the graph Kg — {{xo,z1},{x2, 3}, {x4,25}} with V(Kg) = {x;|i € Zs}.

Then there exists a 6-cycle system for G.

Proof By direct construction, we have G = {(x2, o, x3, T4, 1, T5), (T5, T3, T1, T2, Ta, Tg) }. O
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Lemma 2.9 Let G be the graph K¢V K{y + {{vo0,ys}, {y1,94}, {v2,va}} — {{yo, w0}, {v1, 21},
{y2, z2}, {ys, x3}, {ya, 4}, {ya, 25} } where V(Ks) = {x;]i € Zs} and V(K10) = {wili € Z1o}.
Then there exists a 6-cycle system for G.

Proof By direct constructions, we have
G= {(y27y47y17 x3, ,’E4,.’II5), (x57y37 Ty, anxlayO)u (y?nyOu T4,Y7,T3, $2), (y47$27y17$07$57$3)7
(y5,$5,y97561,y27$4)7(y5,$07y67$4,$2,$1)7(y6,$27y77$07y8,$3)7(y37$0=$2,$57y7,$1), (y475€07$3,

y9,l’4,l’1)7(y57$2,y97$07y2,$3),(yﬁ,Il,y&M,yl,%),(y0,$2,y87$5,131,$3)}- O

Lemma 2.10 Let Gl be the graph KG VK1C0+{{3J073J3}7 {y17 y3}7 {y27y3}} - {{yoaxo}a {ylu xl}u
{y2, z2}, {ys, x3},{ys, x4}, {ys, 25} } where V(Ks) = {x;]i € Zs} and V(K10) = {wyili € Z1o}.
Then there exists a 6-cycle system for G.

Proof By direct construction, we have

G= {(y27y37y17 €3, $4,$5), (:I;57y47 Ty, anxlayO)u (y37y07 T4,Y7,T3, IEQ), (y479627y179007$57$3)7
(y5,155,y9,$1,y2,$4),(y5,1150,y6,$4,$2,$1)7(y@‘,xz,y?,xo,ys,zs),(y3,$0,132,$5,y7,$1), (y4,$0,$3,
y9,l’4,l’1)7(y57$2,y97$07y2,$3),(yﬁ,Il,y&M,yl,%),(y0,$2,y87$5,131,$3)}- O

Lemma 2.11 If F is a spanning forest of Kg in which each vertex has odd degree and
|[E(Ks — F)| =4 (mod6), then Ks — F can be packed with leave C; for i = 3,4, 5.

Proof There are eight possibilities for F. For 1 < i < 8, a 6-cycle system (Zg, B) of Kg — E(F;)
is given below, where F; is the forest induced by the edges in no hexagons in B.

Fy = {{zo,z1}, {zo, z2}, {x0, 3}, {®0, 24}, {®0, 25}, {0, 6}, {w0, 27} }: B = {(x1, 22,23, 24,
x5, %6), (T, T7, 21, T3, T5, T2), (T4, Te, T3, T7, T5, 1)} With leave O3 = (x2, x4, x7).

Fy = {{xo, 24}, {z0, 25}, {w0, x1 }, {x1, 22}, {z1, 23}, {23, 26}, {23, 27} }: B = {(xs, x7, 20, 23,
x5, %2), (%1, T6, To, T2, T4, T7), (T4, X1, X5, T7, T2, 3)} With leave O3 = (x4, x5, x6).

F5 = {{zo,x1},{z1, 23}, {we, 24}, {@a, x5}, {w2, 26}, {2, 27}, {x1, 22} }: B = {(x6, 27,20, T2,
x3,4), (23, T5, 27,21, Te, T0), (Ts, T3, T7, T4, To, T5)} with the leave Cs = (x5, 21, 24).

Fy = {{xo, 21}, {1, 22}, {x1, 23}, {ws, 24}, {3, 25}, {@5, 26 }, {x5, 27} }: B = {(x6, x7, 23, 20,
Z4,%2), (x5, T2, 7, T4, Tg, To), (X0, T2, T3, T, T1, 7)} with leave O3 = (x4, x5, 21).

Fs = {{zo,z1}, {zo, x2}, {wo, 3}, {x4, 5}, {x4, 26}, {x4, 27} }: B = {(x7, 22,21, x5, X0, T6),
(6,21, T4, o, T7,23), (T2, T5, T7, T1, X3, 24) } With leave Cy = (22, x5, 5, T6).

Fs = {{z1, 24}, {z1, 25}, {z1, 0 }, {m0, 2}, {w0, 23}, {ws, 27} }: B = {(x1, 23, x5, x0, T6, T2),
(z6,21,27, X0, T4, T5), (T4, Ts, T3, T2, T5, T7)} With leave Cy = (22, x4, T3, 27).

F; = {{xo, 21}, {x0, 22}, {0, 23}, {w0, 24}, {®0, x5}, {m6, 27} }: B = {(21, 22, 3, 24, T5, T6),
(1,24, 22, 6, To, X7), (T5, 21, T3, Te, Ta, T7) } With leave Cy = (a3, x5, T2, 27).

Fs = {{zo,z1}, {zo, x2}, {wo, x5}, {za, x5}, {ws, 27} }: B = {(x1, 22, 3, T4, X6, T5), (1, T4,

X2, X7, X0, T6), (T1, T3, Te, T2, L5, x7) + with leave Cs = (5, xo, T4, T7,23). O

Lemma 2.12 If F is a spanning forest of Ko in which each vertex has odd degree and |E(K1o—
F)| = ¢ (mod 6), then K19 — F' can be packed with leave L; for i =1,2,3,4.
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Proof There are seven possibilities for F'. For 1 <i < 7, a 6-cycle system (Z19, B) of K19— E(F})
is given below, where F; is the forest induced by the edges in no hexagons in B.

Fy = {{xo,z1}, {zo, z2},{x0, 2o }, {23, x4}, {23, 25}, {23, 26 }, {26, x7}, {ws, 28} }: B = {(x1, 22,
T4, 7,73, 78), (T2, T3, T1, T4, T8, T5), (T4, Ts, T7, T, T6, T9), (T35, T, T4, To, T3, T9), (T7, Ts, To, T, T1,
x9)} with leave Ly = (22, 26,21, 27) U (z9, T2, T3).

Fy = {{xg, 21}, {22, 23}, {xa, 27}, {wa, x4}, {x7, 28}, {27, 20 }, {24, w6 }, {24, 25} }: B = {(w0, 3,
T1, T4, 77,25), (T1, T2, Ts, T3, T7, T6 ), (T6, T3, Ta, To, T2, T8), (T1, 5, T, T2, To, Tg), (T8, T4, Tg, T1, T7,
xo)} with leave L1 = (29, x0,x6) U (z3, Ts, T5, Tg).

F5 = {{xo,x1}, {xe, w3}, {we, x4}, {xa, w7}, {x7, 0}, {w7, 28}, {ws, 26}, {ws, x5} }: B = {(21, 22,
T5, 4, T6, T3), (T0, Ta, Ts, T2, T6, T9), (T1, Ts, To, T2, T9, T4), (T4, T3, T5, Te, To, T7), (T5, T7, T6, T1, Ts,
x9)} with leave Ly = (xg,zg, x3) U (29, 23, 7, 21).

Fy = {{xo, 21}, {2, 23}, {wa, x5}, {xa, 26}, {za, 27}, {27, 20}, {27, 28} }: B = {(21, 22, x0, 3, T,
x9), (o, x4, T8, T3, T7,T5), (T2, Te, To, T, T, T4), (L5, Te, T7, T1, X3, Tg), (T4, T1, Te, Ts, L5, T3)} with
leave Lo = (22,28, %1,x5) U (29, T2, T7,Z0)-

Fs = {{zo,x1}, {zo, x5}, {we, x4}, {xa, w3}, {ws, 7}, {ws, x5}, {ws, xo } }: B = {(w3, x4, x5, 26,21,
xg9), (x7,x8, T9, To, T3, Ts5), (X1, X3, Te, T2, To, T7), (T7, T4, Te, To, T5, Tg), (Ts, To, T4, Tg, Ta, 1)} With
leave Lo = (23,24, 21, 25) U (28, T2, X7, 23).

Fs = {{xo, 21}, {22, 23}, {x4, x5}, {ws, 28}, {ws, 0 }, {ws, 27} }: B = {(x1, x5, 29, T4, T2, Tg),

(w1, 2,7, X9, T8, T4), (T3, T5, T2, T, T1,T7), (T6, T5, T7, T8, Lo, L3), (T4, To, T, T3, T1, T6), (T7, To, T,
xs,x3,x4)} with leave Ly = (xg, o, x2).

Fr = {{zo,x1},{xa, w3}, {xa, x5}, {ws, o }, {ws, 27} }: B = {(ws, xo, T3, 27,22, x5), (T5, Ts, Ts,
T2, T4, 77), (T3, 21, T2, Te, To, Ts), (T3, T4, T1, T5, T9, T6), (To, T7, T8, T1, T6, T4 ), (T4, To, T2, Tg, T3,

xg)} with leave Ly = (a9, xo, 27, 21). O

Lemma 2.13 If F is a spanning forest of K15 in which each vertex has odd degree and
|E(K12 — F)| =i (mod6), then K15 — F can be packed with leave L; for i =1,2,3,4,5.

Proof There are 14 possibilities for F. For 1 < i < 14, a 6-cycle system (Z12, B) of K12 — E(F;)
is given below, where F; is the forest induced by the edges in no hexagons in B.

Fy = {{wo, x1},{z0, 22}, {wo, 23}, {0, w4}, {Z0, 25}, {w0, T6 }, {0, 27}, {70, 28}, {0, T0 },
{330,1“10}, {330,1“11}}3 B = {(I17$27$37$4;I5;I6)7 ($6;I77$87$9;I107$11); (I2,I4,l’77$37$117
.Ig), ($47$6a €8, T5, Ig,.fl), ($57$10a x3,T6,T9, I7), (Ila x3,T5,T2,T10, I7)7 ('rlOv'rSa x3,T9,T11,
x4), (21,28, T4, X9, T2, 211 } With leave Ly = (21,210, T6, T2, T7, 11, T5)-

Fy = {{wo, 21}, {z0, z3}, {wo, 22}, {x2, w5}, {22, 24}, {74, X210}, {74, 211}, {23, 26}, {73, 27},
{z1, 28}, {x1, 0} }: B = {(21, 22, 23, %4, 5, T6), (T, T7, Tg, T9, 10, T11), (T11, To, T, T7, Tg, T5),
($37$57$8a x2, I9,$11), (Ila X3,T8, 10,0, I5)7 ($67$87$47$9a €3, IlO)a (I1,$4, T6, I97$07$7)7
(s, 211,27, T2, Te, To) } With leave L1 = (22, 11,21, 210) U (25, T7, Z10)-

F3 = {{zo, 21}, {w0, x10}, {wo, x11 }, {21, w2}, {21, 27}, {22, wa}, {22, 23}, {23, 5}, {23, w6},
{w7, 29}, {7, 28} }: B = {(x3, 24,25, %6, ¥7, Z10), (T8, T9, T10, T11, L1, T6 ), (T2, T7, To, T5, T10, T8),
(w9, T11, T2, T10, T6, Z0), (T6, T9, T3, Lo, Ts, T4), (T2, T5, T7, T3, T1, T9), (T8, T11, T4, T9, T5, T1),

(24,7, 11, T6, T2, To) } with leave Ly = (x5, 211, T3, 23) U (24, T10, T1).
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Fy = {{zo, 71}, {0, 22}, {w0, 23}, {70, 4}, {70, 5}, {6, 27}, {¥6, 28}, {76, To }, {26, T10},
{xe,x11}}: B = {(x1, 2, 23, 24, T5, %6), (T7, T8, T9, T10, T11, T0), (T2, T4, T, T3, 27, T11), (T2, T5,
T8, 11,23, T9), (T10, T2, T6, o, T8, 3), (L1, T3, T5, T7, Tg, T11), (T8, Z10, T0, T9, T1, T4), (T4, 27,

210, %1, X5, Tg)} with leave Ly = (x2, x7,x1,x8) U (25, X10, T4, T11)-

Fs = {{zo, 1}, {0, 22}, {wo, 23}, {xe, 27}, {26, w8}, {6, 2o}, {w6, 210}, {76, 211}, {7, 25},
{z7,24}}: B = {(w1, 22, 23, 24, 75, T6), (7, T8, T9, T10, T11, Z0), (T1, T3, T5, T8, 11, T4), (T2, T4,

L6y L3y L7, 11311)7 (3377339, 113117331733107332)7 ($87$10, 330,334,339,333), (339, T2,T8,T4,T10, 1135)7 (33107333,
Z11,%5, %1, x7)} with leave Lg = (xq, ¢, T2, x5) U (1, 238, To, Tg)-

Fs = {{zo, v1}, {we, 27}, {ws, 28}, {26, v11}, {27, 25}, {27, 24}, {28, T10}, {28, B0 }, {0, 22},
{zg,z3}}: B ={(21, 22,23, 24,5, %¢), (T7,Ts, T5, Tg, T1,23), (T2, T4, T¢, Tg, To, Ts5), (Tg, T10,

Z11, 113073327337)7 ($37$107$27$87$1; 335), (335, T10, T4, X0, 337,3311), (I11,$4,$8,$0, e, 1133)7 (33117332,
X6, T10, 27, 21)} with leave Ly = (219, 21, X4, T9, T11, Ts, T3, Z0)-

Fr = {{zo, z1}, {w11, w2}, {w11, 23}, {z11, w4}, {z11, w5}, {z1, 26}, {211, 20}, {211, 28}, {211,
339}, {3311,3310}}1 B = {(331,332,333,1134,335,336), (1?11,330,332,334,1137,1131), (1131,1133733573377339,1134),

(w6, 28, T10, 0, T3, T9), (T3, T¢, T2, T7, To, 28), (T6, T10, T5, L1, L9, Z0), (To, T4, Tg, T2, Tg, T5) }
with leave Loy = (219, 21, s, T5, 22) U (210, T3, T7).

Fy = {{zo, 71}, {wo, 22}, {w0, 23}, {24, 5}, {4, ¥6 }, {74, 27}, {28, 20 }, {28, T10}, {78, 11 }}:

B = {(x1, 22,73, 5,711, %9), (T9, T10, T11, T0, T5, T7), (T6, T9, T0, T7, T1, T10), (T7, T3, T9, T2, T5, Tg),
(71,26, 27, 22, T4, 23), (T6, T8, To, T4, 9, T5), (27, T10, To, T6, T2, T11), (T11, L1, T5, T10, T3, T6 ), (24,
211,23, T8, T2, x10)} with leave L3 = (xg,x1,x4).

Fy = {{zo, v1},{w4, 25}, {74, 26}, {24, w7}, {27, 22}, {7, 23}, {28, T }, {28, 10}, {78, 711 }}:

B = {(x1, 22,23, 5, %11, T9), (3, T4, T2, 5, Ts, 1), (T5, Te, T7, T8, T4, T9), (T6, T8, To, T4, T1, T10),
(w9, 210, T11, T0, 5, T7), (27, T10, 0, T6, T2, T11), (T11, T1, T5, T10, T3, T6 ), (T4, T11, T3, T8, T2, T10),
(z6, 29,2, To, T7,x1)} With leave Lz = (x¢, x3, x9).

Fio = {{zo, 1}, {zs, w11}, {24, w5}, {24, w6 }, {wa, 27}, {27, 22}, {27, 23}, {23, 20}, {3, 210} }:
B = {(z1, 27, x0, 28, T5, ¢), (T2, 28, T3, T11, T9, T10), (T4, T10, T5, T11, T6, T2), (T1, T11, T2, T3, T4, Tg),
(w6, 27, T8, T9, 1, T10), (T5, T3, T6, T0, T9, T2), (T4, To, T5, To, T2, T1), (T5, T7, T10, T0, T3, T1),

(z9, 6, T8, T10, 11, x7)} With leave Ly = (xg, 11, x4).

Fiy = {{zo, x1}, {z2, w3}, {w4, w5}, {74, 26}, {24, 7}, {24, 28}, {24, 20}, {74, 210}, {74, 211} }:
B = {(x1, %2, x4, 23, T5, 27), (T5, T, T7, T8, T9, T10), (T10, T11, T0, T2, T5, T8), (T6, T8, T11, T7, T2,
r9), (T6, 0, T4, T1, T5, ¥11), (T10, To, T5, T9, T3, T7), (T3, T6, T2, T10, T1, T8), (T1, T3, To, T8, T2, T11),
(29,211, T3, 10, T6, 1)} with leave Ly = (xg, zg, 27).

Fio = {{zo, x1}, {z2, x3}, {@a, w5}, {wa, w6}, {24, 27}, {xs, 0}, {8, 210}, {@s, 211} }:

B = {($3; T4,T2,T1,T11, I9)7 ($5; X6, T7,T8, L0, IB); (5139; 10,211, L0, T2, I5); (zla xT3,T11,T4,T9,
), (5, 27, T9, X0, T4, 3), (T3, T, Ts, L1, T5, T10), (T6, T10, Ta, T1, T9, T2), (T1, L7, T11, T5, T0, T10),
(27,0, 6, X11, T2, 210)} with leave Ly = (x5, x2, 27, 23).

F13 = {{:EO;I1}7{$2;I3}7{$4;I5};{:138;Ill}v{$8;I9}7{-IS;le}v{xlO;Iﬁ};{$10;I7}}: B =
{(z5, 26, 27, 28, T0, X9), (T9, T10, T11, %0, T2, T4), (T1, T3, T5, T7, To, T11), (23, T4, T6, T8, Ts5, T11), (210, Zo,
3,26, Tg, T1), (T1, T4, T7, T3, T10, T5), (T2, T5, To, T, 1, T7), (T2, T10, T4, T, T7, T11), (T11, T4, T8, 1,

x2,xe)} with leave Ly = (zs, ©3, 9, T2).
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Iy = {{Iovxl}, {$2,$3}, {$4,$5}7 {336,1137}7 {xs,l’lo}, {1787339}, {3511,1’8}}3 B = {(I1,$37$5,
9677969,!1011)7(56175627964,!103,!106,!109)7(96579667964,!101,!108,!100)7(96979610,!10117560,!102,!105), ($107$0,5E3,5E117
5677561), (204, Tg9, X3, !E77$27$8), (2010, T3, X8, Ts5, !E1,!E6), (20117962, T9, X0, !E77$4)7 (96579611,!10675607564, !Elo)}

with leave Ly = ((z7, z10, T2, %6, 2g). O

3. The main results

The following result obtained from a special case of Sotteau’s Theorem [10] is essential to the

proof of our main results.

Lemma 3.1 ([10]) There exists a 6-cycle system of K, if and only if:
(1) a and b are even;
(2) 6 divides a or b, and
(3) min{a,b} > 4.
Also, we need the following result which was proved by Ashe et al [1].

Lemma 3.2 ([1]) Let F be a spanning forest in the complete graph K,, with |E(F)| > 1. There
exists a 6-cycle system of K, — E(F) if and only if

(1) All vertices in F have odd degree;

(2) |E(K, — F)| is divisible by 6, and

(3) v is even.

With the above preparation, we are now in a position to prove our main result, Theorem 3.1.
Let G[W] denote the subgraph of G induced by W.

Theorem 3.1 Let F be a forest in the complete graph K,, with |E(F)| > 1. For any integer v,
v>6,G=K,— E(F) can be packed by 6-cycles with leave L; if and only if

(1) All vertices of F' have odd degree;

(2) v is even, and

(3) |E(Ky, — F)| =i (mod6). Here, Lo =0, Ly = C7, or C5 U Cy, Ly = Cs, C5 U5, or
CyUCy, and L; = C; for i = 3,4,5, respectively.

Proof First, we give the proof of necessity. Suppose that there exists a 6-cycle system (V, B) of
G = K, — E(F) — L;. Then for each v € V| the 6-cycles in B and the edges in L; partition the
edges incident with v into pairs, so dg(v) (the degree of v in graph G) is even. Since |E(F)| > 1
and F is a forest, F' contains at least one vertex, say w, with dp(w) = 1, so dg(w) = v — 2.
Therefore, v is even. Also, for each v € V, dp(v) = (v — 1) — dg(v), so dp(v) is odd. Then
clearly F' spans K,. Since the 6-cycles in B partition the edges of G with leave L;, we have
|[E(K, — E(F))| =i (mod6).

In the following, we will prove sufficiency. For v = 8,10,12, the proof is given in Lemma
2.11. The remaining cases are proved by induction. Suppose that for each positive integer «
with 2 < a < v and for any forest F’ in K, the following conditions are satisfied:

(1) All vertices in F’ have odd degree (so F” is spanning),
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(2") |E(Ko — E(F'))| =i (mod6), for i = 0,1,2,3,4,5, and

(3") «is even,
then K, — E(F’) can be packed with leave L;. We will give the proof of sufficiency by considering
several cases in turn: ¢(F) = 1,2,3 and ¢(F) > 4. We regularly make use of Table 1, since it is
easier to find the number of components ¢(F”) in F’, than to check that condition (2) is satisfied.
In the following let vertices of V(K,) be X, = {x;]i € Z,}.

Case 1 ¢(F)=1.
By checking Table 2, we know |E(K, —F)| =1, 3,4 (mod 6). We give two subcases as follows.

Case 1.1 F is a star.

If F'is a star centered at vertex, say, xg, then it has at least six leaves, namely xg, x1, x2, 3, T4,
and z5. Then F' = F'4+ K} {a.|ic zs} Where F' satisfies conditions (1) —(3'), and K43} (z,]ic Zs}
is a star with center zg and arms zq, x1, x2, T3, x4, and xs.

We have K, — F = (Kx \{a;)icZs} — F') + K{aijic 26}, X \{zili€ Z1o} T K {24 ]i€ Z6} {w:]i=6,7,8,9} T
Kisiczsy — Kiae} {ailicZo}]-

By Lemma 3.1, K4, jiczs},x,\{x:|icZ1,} can be packed by 6-cycles.

Let H = Kx \{a:)icze}y — F'-

When |E(K, — F)| = 1,3 (mod6) and |E(H)| = 4,0 (mod6), H can be packed with leave
Cy or () by induction. By Lemma 2.2, K4 |iczs},{2:]i=6,7,8,9} T K{z,licZs} — K{ao},{z:]ic 25} can
be packed with leave C3. Thus, K, — F can be packed with leave Cy U C3 or C3, respectively.

When |E(K, — F)| = 4 (mod6), |[E(H)| =1 (mod6), H can be packed with leave C7 by
induction. K., |iczs},{2:)i=6,7,8,9% T K{az,jicz6} — Kiws},{as)iczs} + C7 can be packed with leave
Cy by Lemma 2.2. Thus, K,, — F can be packed with leave Cj.

Case 1.2 F is not a star.

A leaf pair is a set Y of two vertices each of degree 1 in F' that have a common neighbor,
N(Y). We call N(Y) the center of Y. If F is not a star, there must be three leaf pairs, denoted
by {zy—1,%y_2} (neighbor x¢), {xy_3,2y—4a} (neighbor z1), and {z,_5,z,—¢} (neighbor xs) (see
Figure 1). Let F' be formed from F[X,_¢] and let & = v — 6. It is easy to check that conditions
(1" = 3) are satisfied.

dp(x;) =dp(x;) —2 for i = 0,1,2 and dp/ (z;) = dp(z;) for i € X, \ {2, xo_1-4]i € Z3,5 €
Zs}.

Let FF = F' 4+ T, where Ty = {zo, xy—1} + {20, Ty—2} +{x1, X0y—3} + {21, Tp—a} +{z2, 2y_5} +
{z2,zy_6}.

K,—F = (Ky_6 — F')+ K¢ v—10 + Ko,4 + (Ko — T1) where K,_¢ — F’ is defined on Z, \
{zy—1-ilt € Zs}; K¢,n—10 is defined on {x,—1-4|i € Zg} UX, \{xs,xp_1-;]1 € Z3,5 € Zs}; K4 is
defined on {z,_1_;]i € Zg} U{a;|i € Z4} and K¢ — T is defined on {z,_1_;]i € Zg}. By Lemma
3.1, K¢,0—10 can be packed by hexagons.

When |[E(K, — F)| = 1,3 (mod6) and |E(K,—_¢ — F')] = 4,0 (mod6), K,_¢ — F' can be
packed with leave Cy or ) by induction. By Lemma 2.3, K¢ 4 + (K — 11) can be packed with
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leave Cs3. Thus, K, — F' can be packed with leave Cy U C3 or (s, respectively.

When |E(K, — F)| = 4 (mod6) and |E(K,—¢ — F')] = 1 (mod6), K,_g — F’ can be packed
with leave C7 by induction. C7 + Ky, | jieze} {zilicza} T K{{zo_1_:liczs} — T1 can be packed
with leave Cy by Lemma 2.3. Thus, K, — F' can be packed with leave Cj.

To x1 T2

freeeee pleeeees s

\ \ \

SN L L)

Toy—1 Ty—2 Tv—3 Tv—4 Tv—5 Tv—6

Figure 1 Case 1.2

Case 2 ¢(F) =2.
By checking Table 1, we know |E(K, — F)| =1,2,4,5 (mod6).
Let C° and C'! be two connected components in F. At least one of the connected components,

say, C', is not K5. Then we can proceed as follows.

Case 2.1 C'! is not a star.

Let the second vertex in a maximum length path P; € C? be named z;. Note that vertex
x; is adjacent to a vertex of degree 1 in F', namely the first vertex in P;, denoted by z,_1_; for
¢ = 0,1. There must be two leaf pairs in P;, denoted by {,_3,2,—4} (with neighbor zs) and
{Zy_5,Ty—6} (with neighbor z3) (see Fig.2). Let F’ be formed from F[X,_g] and add edges
{zo, 21}, and let @ = v — 6. We mainly check to see that condition (1’) is satisfied.

(\0
To .-|” T2 3 1 1
’ A e o o o e o o o \ C
Ty—1 Tv—3 Tv—4 Tv—6 Ty—5 Ty—2

Figure 2 Case 2.1

dp/(z;) = dp(z;) for i = 0,1; dp/(x;) = dp(x;) — 1 for i = 2,3, and dp/(z;) = dp(z;) for
i€ Xy \{wi,xo-1-5|t € Z3,j € Zs} (see Fig. 2).

Let F = F/' + Ty, — Ty where Ty = {xg,2y—1} + {2, 23} + {Z2, @p—a} + {T1, 202} +
{zs3,zy—5} + {23, 29—6}, and T1 = {xo, z1}.

Then K, — F = (Ky—¢ — F') + K¢ y—10 + K¢,4 + (K¢ + 11 — T>) where K,_¢ — F’ is defined
on Xy—¢, K¢v—10 (v > 14) is defined on {z,_1-;lt € Zg} U (X, \ {zs, z0—1-j]1 € Z3,5 € Zgs}),
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Ke. 4 is defined on {zy_1_4|i € Zg} U {a;|i € Z4}, and K is defined on {z,_1_;|i € Zs}.

When |E(K, — F)| = 1,2,4 (mod6) and |E(K,—¢ — F')] = 3,4,0 (mod6), by induction,
K,_¢ — F' can be packed with leave C3, C4, and ), respectively. Kg ,—10 (v > 14) can be packed
by Lemma 3.1. K 4+ (Kg+T1 —T3) can be packed with leave Cy by Lemma 2.5. Thus, K, — F'
can be packed with leave Cy U C3, Cy U Cy, and Cjy, respectively.

When |E(K, — F)| =5 (mod6) and |E(K,—¢ — F’)| = 1 (mod 6), by induction, K,_¢ — F’
can be packed by hexagons with leave C7. By Lemma 3.1, K¢ ,—10 (v > 14) can be packed by
hexagons. C7 + K¢ 4+ (K¢ + 11 —T2) can be packed with leave C5. Thus, K, — F' can be packed

with leave Cf.

Case 2.2 C'is a star

If C' is a star centered at vertex, say, =1, then it has at least five leaves, named as zy_2, To—_3,
ZTy—a, Ty—s, and x,_g, respectively (see Fig. 3). Let the second vertex in a maximum length path
Py € CY be named as . Then vertex x( is adjacent to a vertex of degree 1 in C°, namely the
first vertex in Py, which we call z,_; and add edges {xo,z1}.

Let F = F/' + Ty, — Ty where Ty = {xg,2yp—1} + {21, 2p—2} + {21,203} + {T1, 204} +
{z1, 295} + {21, 2y—6} and Ty = {xg, x1}. Obviously, dp (z9) = dr (o), dr/(21) = dp(x1) — 4,
and dps(z;) = dp(x;) for i € Xy \ {@i, xv—1-;|i € Za,j € Zg}.

OO

1

C

Zo 1
To—1 Tv—3 Tv—4 Tv—6 Tv—5 Ty—2

Figure 3 Case 2.2

K,—F = (Ky_6 —F')+ K¢ y—10+ (K¢ 4 + K¢ — T2 + T1) where K,_¢ — F’ is defined on
Zy \{xv—1-ilt € Zs}, K¢,u—10 is defined on {x,_1-4|i € Zs} U X, \ {zi, xv—1-j|t € Z4,j € Zs},
Ke. 4 is defined on {zy_1_4|i € Zg} U {a;|i € Z4}, and K is defined on {z,_1_;|i € Zs}.

When |E(K, — F)| =1,2,4,5 (mod 6) and |E(K,—¢ — F')| = 3,4,0,1 (mod 6), by induction,
K,_¢ — F’ can be packed with leave C5, Cy4, 0, and C7. Kg—10(v > 14) can be packed by
hexagons by Lemma 3.1. C3+ K¢ 4+ (Ke+T1—Ts), C4+Kp a+(Ke+T1—T2), Ko a+(Ke+T1—T2)
and C7 + K¢ 4 + (K + Th — T2) can be packed with leave C7, C5 U C3, Cy, and Cjs respectively
by Lemma 2.4. Thus, K, — F can be packed with leave C7, C5 U C3, Cy, and Cs, respectively.

Case 3 ¢(F)=3.
By checking Table 2, |E(K, — F)| = 2,3,5 (mod6). Let C°, C! and C? be three connected
components in F. We know that at least one of the components C? # K. Let P; be a maximum

path in C*. Let x,_;_1 be the first vertex in P; and x; be the second vertex in P; for ¢ = 0, 1.
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We consider the following subcases.

Case 3.1 C?is a star.

If C? is a star centered at vertex, say, zz, then it has at least 5 vertices. So we choose any
four and call them x,_3, 2y—4, Ty—5, and x,_¢ (see Fig.4), respectively. Add edges {xo, 22} and
{z1,22}.

Let FF = F' + Ty, — Ty where Ty = {zo,zyp_1} + {T1,0p—2} + {T2, 03} + {T2, T0y_a} +
{z2,xy—5}+{x2,xy_6} and T1 = {xo, 2} + {x1,x2}. Clearly F’ satisfies condition (1’) and (3').

Then K, — F = (Ky—¢ — F') + K¢ y—10 + K¢,4 + (K¢ — T2 + T1) where K,_¢ — F’ is defined
on X, \ {xy—1-4li € Zs}, Ko p—10(v > 14) is defined on {x,_1-4|i € Zg} U Xy, \ {zi, zp—1-4]i €
Z4,j € Zs}, Kg,a is defined on {x,_1_i|i € Zg} U {z;]i € Z4}, and K¢ — To + T is defined on
{zy_1-4|i € Zs}.

CO

1 2
C C
T T To
. ‘ \ \‘ \'
Tv—1 Ty—2 Tv—3 Tv—4 Tv—5 Tv—6

Figure 4 Case 3.1

By checking Table 2, |E(K, — F)| =2,3,5 (mod6). Thus |E(K,—¢ — F’)| = 3,4,0 (mod 6).
By induction, K,_¢— F’ can be packed with leave C5, Cy, and ). By Lemma 3.1, K¢ ,—10(v > 14)
can be packed by hexagons. By Lemma 2.6, C5+ K¢ 4+ (K —T2+T11), Ca+ Ke a4+ (Ke—T2+T1),
and K 4 + (K¢ — T2 + T1) can be packed with leave Cs, Cs, and Cs, respectively.

Case 3.2 C? is not a star.

If C? is not a star, there must be two leaf pairs, call them {z, 1,2, 2} (neighbor ),
{Zy_3,Ty—4} (neighbor xs), and {z,_5,z,—¢} (neighbor x3) (see Fig.5). Let F’ be formed from
F[X,_6] and let @ = v — 6. We check to see that conditions (1’) is satisfied.

Now that we have selected 6 special vertices, namely x,_g, Ty—5, Ty—4a, Ty—3, Ty—2, and T,_1,
we proceed as follows. Let F’ be formed from F[X,_g] by adding edges {zo, 22} and {z1,z2}.

Clearly F’ spans K,_g. Then either (i) or (ii) holds as follows.

(i) dp(z;) = dp(z;) for i =0,1,2 and dp/(z3) = dp(z3) — 2;

(ii) dp/(z;) = dp(z;) for i € X, \ {@i,mp—1-4|i € Zs,j € Zg} if C? is a star, and i €
Xy \A{zi,wy_1-;i € Z4,j € Zg} if C? is not a star.

Then K, — F = (Ky_¢ — F') + Ko v—10 + K¢,4 + (K¢ — T2 + T1) where K,_¢ — F’ is defined
on X, \ {xy—1-4li € Zs}, Ko p—10(v > 14) is defined on {x,_1-4|i € Zg} U X, \ {4, 2p—1-4]i €
Zy,j € Zg}, Ke.a is defined on {x,—1-4|i € Zs} U {xi|i € Z4}, and K¢ — Tz + 17 is defined on
{Zy_1-ili € Zs}.
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By checking Table 2, |E(K, — F)| = 2,3,5 (mod 6), thus |E(K,—¢ — F')| = 3,4,0 (mod 6).
By induction, K,_¢ — F’ can be packed by hexagons with leave Cs, Cy, and . C5 + (Kg4 +
Ke—To+T1), Ca+ (Kea+ K¢ —To+T1), and K¢ 4 + K¢ —To + T3 can be packed by hexagons
with leave Cy U C4, C5, and Cs by Lemma 2.7.

C'YO Cﬂ Cﬂ

XTo e ”mii ¢ wéil\\
e -

| NN N

Ty—1 Ty—2 Tv—3 Ty—4 Ty—5 Tv—6

Figure 5 Case 3.2

Case 4 ¢(F) > 4.

Case 4.1 Suppose F' has three components isomorphic to K.

Let the vertex sets of these three components be {x,_;,y—;—1}, where i = 1,3,5. Let
F'=F[X,_¢] and let « =v —6, and F = F' + Ty where T1 = {xy—1,2y—2} + {@0—3,Tp—a} +
{zv—5, 206}

We must check to see that F’ and o = v — 6 satisfy conditions (1’) — (3'). Since F’ is formed
by removing the three components of F' isomorphic to K, dp/(x;) = dp(x;) for each i € Z,_g.

K,—F = (Ky_¢—F')+ Kgy—6+ (K¢ — T1) where K,_g — F" is defined on X, \ {z,—1-4|i €
Zs}, Ke.u—6 is defined on {x,_1-4|i € Zs} U X, \ {zv—1-4|i € Zs}, and K — T} is defined on
{zy_1-4|i € Zs}.

When |E(K, — F)| =i (mod6), |E(K,—¢ — F')| =i (mod 6). By induction, K,_¢ — F’ can
be packed by hexagons and leave C; for i = 3,4,5, C3UCy, or C7 for i =1 and C3UCs, C4,UCYy,
or Cg. By Lemma 2.8, K¢ — T} can be packed by hexagons. K¢ ,—¢(v > 10) can be packed by
hexagons by Lemma 3.1. Thus, K, — F' can be packed by hexagons with leave C;.

Case 4.2 Suppose F' has three connected components not all isomorphic to K.

Let C°, C', C?, and C? be connected components in F. We also know that one of the
connected components, say C3, is not Ky. For 0 < i < 3, let P; be a maximum path in C?, and
let ,_;_1 and ; be the first vertex and the second vertex in P;, respectively. If C? is a star,
then let z,_5 and x,_g be two additional vertices of degree one adjacent to vertex 3. If C? is
not a star, then let vertex 4 be the second to last vertex on Pj3. Since P3 is maximal, vertex x4
is adjacent to at least two vertices of degree one, call them z,_5 and z,_g (see Fig.6).

Now that we have selected 6 special vertices, namely x,_¢g, Ty—5, To—a, Ty—3, Ty—2, and T,_1.
We proceed as follows. Let F’ be formed from F[X,_g] by adding edges

(i) {xo, w3}, {z1, 24}, and {x2, x4} if C? is not a star, and

(i) {wo,z3}, {1,723}, and {xa,x3} if C3 is a star.
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Clearly, F’ spans K, _g. Since either
(i) dp/(x;) =dp(x;))+1—1for 0<i <3 and dp/(x;) =dp(x;) +2—2fori=4or
(i) dp/(z;) =dp(z;))+1—1for 0 <i<2and dp(x;) =dp(z;) + 3 — 3 for i = 3, all of the

vertices in F’ have odd degree, (1') is satisfied.

c’ ct
L1

y »

> >
Toy—1 Tv—2

Figure 6 Case 4.2

Let Ty = {zo, x3}+{z1, xa} +{x2, xa} or T| = {x0, 23} +{x1, 23} +{22, 23}, T2 = {20, T0_1}+
{1, zo—2} H{wo, wy_s}+ {23, xo_a} +{24, Ty_5} + {24, 206} and T3 = {x0, Ty—1 } + {1, 02} +
{9, xy—3} + {3, xp—a} + {23,205} + {23, Ty—6}.

F=F+Th-Tior F=F+T,-T].

Then K, — F = (Ky_¢ — F') + Ko v—16 + Ko,10 + (K6 — T2 + T1).

K,—F = (Ky_6—F')+ Ko p—16 + K610 + (K¢ — Ty + T}) where K,_¢ — F’ is defined on
Xy \ {zv_1-ii € Zs}, Ko p—16 is defined on {zy_1_;|i € Z} U Zy \ {@v—1-4, 2|t € Z6,j € Z10},
and Kg is defined on {z,_1_,|i € Zg}.

When |E(K, — F)| = ¢ (mod6), |E(K,—¢ — F')] =i (mod 6). By induction, K,_¢ — F’ can
be packed with leave C; for ¢ = 3,4,5, C3 U Cy, or C7 for i = 1 and C3 U C5, Cy U Cy, or Cy for
i =2. Kg—16 can be packed by hexagons by Lemma 3.1. K¢ — T + 17 and K¢ — T4 + T} can
be packed by hexagons by Lemmas 2.9 and 2.10. Thus, K, — F' can be packed with leave C; for
1=3,4,5,C3UCy, or C7 for i =1 and C3 U C5, C4 Uy, or Cg for ¢ = 2. O
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