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1. Introduction

Cauchy-type integral is a kind of singular integrals which has become one of the basic tools

to solve various boundary value problems. Due to its good property it has been widely applied

to the theories of partial differential equations, singular integral equations and generalized func-

tions. Especially it seems that the disposition of the singular integral equations and differential

equations becomes quite simple and profound when Cauchy-type integral is applied [1].

Exchanging order of Cauchy-type integral plays an important role in the regularization and

composition of the singular integral operators. With the exchanging order formula of Cauchy-

type integral, we can solve various boundary value problems [2]. Thus, the exchanging order of

Cauchy-type integral is the core problem in solving boundary value problems of many equations.

In complex analysis and complex analysis in several variables, the exchanging order of Cauchy-

type integral and the relevant problems have been solved thoroughly and it has been applied

to elastic mechanics, fluid mechanics, multi-dimensional singular integral and integral equation

[3–7].

Starting from the above facts it naturally occurs to us whether there exists the corresponding

conclusion in Clifford algebraic space. Clifford algebra An(R) is an associative and incommutable
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real algebra structure. Since the 1970s Clifford analysis has been well developed in light of

complex analysis [8, 9]. But for the incommutable property of Clifford algebra, many conclusions

in complex analysis are not right in Clifford analysis. Cauchy-type integral also plays a vital role

in Clifford analysis. However, Clifford algebra’s incommutability brings trouble in the exchanging

order, composition and regularization of Cauchy-type integral. Huang Sha proved P-B (Poincaré-

Bertrand) formula for singular integrals in Clifford analysis in 1998 (see [8]). But the definitions

are not perfect. On the basis of above conclusions, this paper will modify the definitions and

prove that the exchanging order formula of Cauchy-type integral in Clifford analysis still holds

true.

2. Preliminaries

2.1 Clifford algebra An(R)

Let An(R) be a real Clifford Algebra over an n-dimensional Euclidean space Rn with orthogo-

nal basis e := {e1, e2, . . . , en}. Then An(R) has its basis e1, e2, . . . , en; e2e3, . . . , en−1en; . . . ; e2 · · · en.

Hence an arbitrary element of the basis may be written as eA = eα1
· · · eαh

, here

A = {α1, . . . , αh} ⊆ {2, . . . , n}, 2 ≤ α1 < α2 < · · · < αh ≤ n,

and when A = ∅, eA = e1. So the real Clifford algebra is composed of elements having the type

a =
∑

A xAeA, where xA(∈ R) are real numbers. We define





e1ei = eie1 = ei, i = 1, 2, 3, . . . , n,

e2
i = −1, i = 2, 3, . . . , n,

eiej = −ejei, 2 ≤ i < j ≤ n, (i 6= j)

eh1eh2 · · · ehr = eh1h2···hr
, 1 ≤ h1 < · · · < hn ≤ n.

The norm for an element a =
∑

A xAeA ∈ An(R) is defined as |a| =
√

(a, a) = (
∑

A x2
A)

1

2 .

2.2 Outer algebra

A differential space with basis {dx1, . . . , dxn} can be denoted by Vn. A Grassman algebra

defined in Vn with basis {dxA, A ∈ PN} can be denoted by G(Vn). The outer multiplication can

be defined as





dxA
∧

dxB = (−1)P (A,B)dxA∪B , A, B ∈ PN, A
⋂

B = ∅,

dxA
∧

dxB = 0, A, B ∈ PN, A
⋂

B 6= ∅,

η
∧

ν =
∑
A

∑
B

ηAνBdxA
∧

dxB , η =
∑
A

ηAdxA, ν =
∑
B

νBdxB.

We define dx̂i = dx1∧· · ·∧dxi−1∧dxi+1∧· · ·∧dxn, i = 1, 2, . . . , n. And let dσ =
∑n

i=1(−1)i+1eidx̂i.

If ds stands for the classical surface element and −→m =
∑n

i=1 eini, where ni is the i-th com-

ponent of the unit outward normal vector, then dσ can be written as dσ = −→mdS. Further-

more, the volume-element dxn = dx1

∧
· · ·

∧
dxn is used. Next, let Ω ⊂ Rn be a nonempty

open connected set and the boundary ∂Ω be a Liapunov surface which is differentiable, ori-
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ented and compact [1]. Let N0 ∈ ∂Ω be a fixed point. We establish a polar coordinate sys-

tem with the origin at N0 and the outward normal direction of ∂Ω at N0 as the direction

of the positive ξn axis. Then the surface ∂Ω can be written as ξn = ξn(ξ1, . . . , ξn−1). And

ξn has partial derivatives about ξi (i = 1, . . . , n − 1). Now we establish a polar coordinate

at N0: ξn−1 = ρ0 cosϕ1 cosϕ2 · · · cosϕn−3 cosϕn−2, ξn−2 = ρ0 cosϕ1 cosϕ2 · · · cosϕn−3 sin ϕn−2,

. . . , ξ2 = ρ0 cosϕ1 sin ϕ2, ξ1 = ρ0 sin ϕ1, where ρ0 is the length of |NN0| and ϕi satisfy the con-

ditions: |ϕi| ≤
π
2 , i = 1, 2, . . . , n − 3, 0 ≤ ϕn−2 < 2π. By [1], we have

|dσx| = |dsx| ≤ 2|
D(ξ1, ξ2, . . . , ξn−1)

D(ρ0, ϕ1, . . . , ϕn−2)
||dρ0dϕ1dϕ2 · · · dϕn−2| ≤ M0ρ

n−2
0 dρ0, (1)

where M0 is a positive constant.

2.3 Cauchy type singular integrals with a parameter

Let Ω ⊂ Rn be as stated above. Denote ξ and η on ∂Ω by ∂Ωξ and ∂Ωη, respectively.

f =
∑

A fAeA is a function defined on Ω and valued on An(R), where fA are real functions with

n variables and A ∈ PN . f is called a Hölder continuous function on ∂Ω with the order β if all

fA are Hölder continuous functions on ∂Ω with the order β, where 0 < β < 1. Let H(∂Ω×∂Ω, β)

be a set which includes all the Hölder continuous functions with the order β defined on ∂Ω× ∂Ω

and valued on An(R).

Definition 1 Let Γ be a P -chain in Rn, f(x) =
∑

A fA(x)eA, g(x) =
∑

B gB(x)eB , f(x), g(x) ∈

H(Γ, β), A, B ∈ PN . Then we define

∫

Γ

f(x)dσxg(x) =
∑

A

n∑

i=1

∑

B

(−1)i+1eAeieB

∫

Γ

fA(x)gB(x)dx̂i,

where x = (x1, x2, . . . , xn).

Remark 1 By Definition 1, we know when f(x), g(x) ∈ H(Γ, β), the above integral is well

defined.

Let E(η, ζ) = η−ζ
ωn|η−ζ|n , E(ξ, η) = ξ−η

ωn|ξ−η|n , where ωn is the area of the unit sphere in Rn.

And we know E(η, ζ), E(ξ, η) are Cauchy integral kernels of regular functions. Let

P1f =

∫

∂Ω

E(ξ, η)dσηf(η, ξ) = lim
λ1→0

∫

∂Ω−δλ1

E(ξ, η)dσηf(η, ξ),

P2f =

∫

∂Ω

f(η, ξ)dσξE(ξ, η) = lim
λ2→0

∫

∂Ω−δλ2

f(η, ξ)dσξE(ξ, η),

where ξ and η are points in ∂Ω, δλ1
= {η | |η − ξ| < λ1}

⋂
∂Ω, δλ2

= {ξ | |ξ − η| < λ2}
⋂

∂Ω.

Definition 2 Let ∂Ω be as stated above and E(η, ζ) =
∑n

l=1 gl(η, ζ)el, E(ξ, η) =
∑n

k=1 ϕk(ξ, η)ek,

f(η, ξ) =
∑

C fC(η, ξ)eC ∈ H(∂Ω × ∂Ω, β), here gl, ϕk and fC are real value functions and

C ∈ PN . Then we define

I1 =

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξf(η, ξ)
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=

n∑

l=1

n∑

i=1

n∑

k=1

n∑

j=1

∑

C

(−1)i+j+2eleiekejeC [

∫

∂Ωη

gl(η, ζ)dη̂i(

∫

∂Ωξ

ϕk(ξ, η)fC(η, ξ)dξ̂j)];

I2 =

∫

∂Ωξ

[

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξf(η, ξ)]

=

n∑

l=1

n∑

i=1

n∑

k=1

n∑

j=1

∑

C

(−1)i+j+2eleiekejeC

∫

∂Ωξ

[

∫

∂Ωη

gl(η, ζ)ϕk(ξ, η)fC(η, ξ)dη̂i]dξ̂j ,

here ζ ∈ ∂Ω and the singular integrals are their Cauchy principal values.

Remark 2 The singular integrals in this article are their Cauchy principal values.

3. Some properties of Cauchy-type singular integrals in Clifford analysis

3.1 Some Lemmas

Lemma 1 ([8]) Let ∂Ω be as stated above and ζ ∈ ∂Ω. Then we have

∫

∂Ωη

E(η, ζ)dση =

∫

∂Ωξ

E(ξ, η)dσξ =
1

2
;

∫

B(ζ,ε)

dση =
ωnεn−1

n − 1
, where B(ζ, ε) = {η | |η−ζ| < ε}.

Lemma 2 ([8]) When f(η, ξ) ∈ H(∂Ω × ∂Ω, β), the singular integral operators P1f, P2f all

exist and P1f , P2f ∈ H(∂Ω, β).

Lemma 3 ([8]) Let ∂Ω be as stated above and ζ ∈ ∂Ω. Then we have
∫

∂Ωη

E(η, ζ)dσηE(ξ, η) = 0.

Lemma 4 ([8]) Let ∂Ω be as stated above, ζ ∈ ∂Ω and δλ(ζ, η) = {η | |η − ζ| < λ, η ∈ ∂Ω}.

Then we have limλ→0

∫
δλ(ζ,η)E(η, ζ)dση = 0.

3.2 The main results

Theorem 1 Let Γ be a differentiable, oriented, compact Liapunov surface in Rn, ϕ(η, ξ) ∈

H(Γ × Γ, β). Then for any points ζ 6= ξ ∈ Γ, we have

|

∫

Γη

E(η, ζ)dσηE(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)]| ≤
M13

|ξ − ζ|n−1−β
|dσξ|.

Proof Suppose I = |
∫
Γη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|. And let Γ = Γ1 + Γ2 + Γ3,

where Γ1 = Γ − B(ξ, δ), Γ2 = Γ ∩ B(ξ, δ
4 ), Γ3 = Γ − Γ1 − Γ2, and δ = 2|ξ − ζ|. Then we can

obtain

I ≤|

∫

Γ1

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|+

|

∫

Γ2

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|+

|

∫

Γ3

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]| = L1 + L2 + L3.
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When η ∈ Γ1, 2|η − ξ| > |η − ξ| + |ζ − ξ| ≥ |η − ζ|. Then by equation (1), we have

L1 ≤
M1M2

ω2
n

∫

Γ1

|η − ζ|

|η − ζ|n
|dση|

|ξ − η|

|ξ − η|n
|dσξ||η − ζ|β

=
M1M2

ω2
n

∫

Γ1

1

|η − ζ|n−1−β
|dση|

1

|η − ξ|n−1
|dσξ| ≤

2n−1M1M2

ω2
n

∫

Γ1

1

|η − ζ|2n−2−β
|dση||dσξ|

≤
2n−1M2M1M0

ω2
n

∫ L

δ
2

1

ρ
2n−2−β−n+2
1

dρ1|dσξ| =
2n−1M2M1M0

ω2
n

∫ L

δ
2

1

ρ
n−β
1

dρ1|dσξ|

=
2n−1M2M1M0

ω2
n(n − β − 1)

[(
δ

2
)β−n+1 − Lβ−n+1]|dσξ| ≤ M3δ

β−n+1|dσξ| = M4
1

|ξ − ζ|n−1−β
|dσξ|,

where ρ1 = |η − ζ| and L = maxη∈Γ(|η − ζ|).

When η ∈ Γ3, |η − ξ| ≥ δ
4 . Then from equation (1), we have

L3 ≤
M1M2

ω2
n

∫

Γ3

1

|η − ζ|n−1−β
|dση|

1

|η − ξ|n−1
|dσξ|

≤ 4n−1M1M2
1

δn−1

∫

Γ3

1

|η − ζ|n−1−β
|dση||dσξ| ≤ 4n−1M1M2M0

1

δn−1

∫ 3

2
δ

0

ρn−2
1

ρ
n−1−β
1

dρ1|dσξ|

= 4n−1M1M2M0
1

δn−1β
(
3

2
δ)β |dσξ| =

M5

δn−1−β
|dσξ| =

M6

|ξ − ζ|n−1−β
|dσξ|,

where ρ1 = |η − ζ|.

When η ∈ Γ2, |η − ξ| < δ
4 , |η − ζ| ≥ |ξ − ζ| − |η − ξ| > δ

2 − δ
4 = δ

4 . Then

L2 ≤
1

ω2
n

|

∫

Γ2

η − ζ

|η − ζ|n
dση

ξ − η

|η − ξ|n
dσξ[ϕ(η, η) − ϕ(ξ, ξ)]|+

1

ω2
n

|

∫

Γ2

η − ζ

|η − ζ|n
dση

ξ − η

|η − ξ|n
dσξ[ϕ(ξ, ξ) − ϕ(ζ, ζ)]| = v1 + v2.

v1 ≤
M1M2

ω2
n

∫

Γ2

1

|η − ξ|n−1−β

1

|η − ζ|n−1
|dση||dσξ|

≤
M1M24

n−1

ω2
n

1

δn−1

∫

Γ2

1

|η − ξ|n−1−β
|dση||dσξ|

≤
M0M1M24

n−1

ω2
n

1

δn−1

∫ δ
4

0

1

ρ
1−β
2

dρ2|dσξ| ≤ M7
1

δn−1−β
|dσξ| = M8

1

|ξ − ζ|n−1−β
|dσξ|,

where ρ2 = |η − ξ|.

v2 ≤
M1M2

ω2
n

|ξ − ζ|β |

∫

Γ2

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
||dσξ|.

Let v∗2 = |
∫
Γ2

η−ζ
|η−ζ|n dση

ξ−η
|ξ−η|n |, δλ = {η | |η−ξ| < λ < δ

4 , η ∈ Γ2}, L1 = {η | |η−ξ| = λ, η ∈ Γ+
2 },

L2 = {η | |η − ξ| = δ
4 , η ∈ Γ+

2 }, where Γ+
2 is the domain outside of Γ and L1, L2 have inverse

orientations. Then

v∗2 = lim
λ→0

|

∫

Γ2−δλ

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
| ≤ lim

λ→0
|

∫

Γ2−δλ+L1+L2

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
|+

lim
λ→0

|

∫

L1

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
| + lim

λ→0
|

∫

L2

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
| = τ1 + τ2 + τ3.
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Suppose Ω1 is the domain closed by Γ2 − δλ + L1 + L2. Then ζ, ξ 6∈ Ω1 and

(
η − ζ

|η − ζ|n
)∂η = 0; ∂η(

ξ − η

|ξ − η|n
) = 0.

By Stokes formula [8] we know

τ1 = lim
λ→0

|

∫

Γ2−δλ+L1+L2

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
|

= lim
λ→0

|

∫

Ω1

[(
η − ζ

|η − ζ|n
)∂η]

ξ − η

|ξ − η|n
+

η − ζ

|η − ζ|n
[∂η(

ξ − η

|ξ − η|n
)]dση| = 0.

τ2 = lim
λ→0

|

∫

L1

η − ζ

|η − ζ|n
dση

ξ − η

|ξ − η|n
| ≤ lim

λ→0
M2

∫

L1

1

|η − ζ|n−1
|dση|

1

|η − ξ|n−1
.

When η ∈ L1, we know |η − ζ| > δ
4 and |η − ξ| = λ. By Lemma 1 we have

τ2 ≤ lim
λ→0

M2

∫

L1

4n−1

δn−1
|dση|

1

λn−1
≤ lim

λ→0

4n−1M2

δn−1

1

λn−1

∫

L1

|dση|

≤ lim
λ→0

4n−1M2

δn−1(n − 1)

1

λn−1
ωnλn−1 = M9

1

|ξ − ζ|n−1
.

When η ∈ L2, |η − ζ| ≥ δ
4 and |η − ξ| > λ. Then by Lemma 1 we can obtain

τ3 ≤ lim
λ→0

M2

∫

L2

4n−1

δn−1
|dση |

1

|η − ζ|n−1
≤ lim

λ→0

4n−1M2

δn−1( δ
4 )n−1

∫

L2

|dση|

≤ lim
λ→0

4n−1M2

δn−1( δ
4 )n−1(n − 1)

ωn(
δ

4
)n−1 = M10

1

|ξ − ζ|n−1
.

Hence v∗2 ≤ M11
1

|ξ−ζ|n−1 and v2 ≤ M1M2

ω2
n

v∗2 |ξ − ζ|β |dσξ| ≤ M1M2M11

ω2
n

1
|ξ−ζ|n−1−β |dσξ|. Then

L2 ≤ v1 + v2 ≤ M12
1

|ξ−ζ|n−1−β |dσξ|. Hence I ≤ L1 + L2 + L3 ≤ M13
1

|ξ−ζ|n−1−β |dσξ|.

Remark 3 Theorem 1 is used to prove Theorem 3, which has a special conclusion and gives

a module estimation of the singular integral expression with a differential element. Because the

differential elements in Clifford analysis are also vector-valued and they are incommutable with

functions, they should be estimated together rather than separately.

Theorem 2 Let Γ1, Γ2 be differentiable, oriented, compact Liapunov surfaces in Rn, φ(η) ∈

H(Γ1, β), g(η, ξ) ∈ H(Γ1 × Γ2, β), f(η, ξ) ∈ H(Γ1 × Γ2, β). We have
∫

Γ1

φ(η)dση [

∫

Γ2

f(η, ξ)dσξg(η, ξ)] =

∫

Γ2

[

∫

Γ1

φ(η)dσηf(η, ξ)dσξg(η, ξ)],

where ξ = (ξ1, ξ2, . . . , ξn), η = (η1, η2, . . . , ηn).

Proof Let φ(η) =
∑

A φA(η)eA, g(η, ξ) =
∑

C gC(η, ξ)eC , f(η, ξ) =
∑

B fB(η, ξ)eB . By Defini-

tions 1, 2 and Fubini Theorem, we have
∫

Γ1

φ(η)dση [

∫

Γ2

f(η, ξ)dσξg(η, ξ)]

=

∫

Γ1

∑

A

φA(η)eA

n∑

i=1

(−1)i+1eidη̂i

∫

Γ2

∑

B

fB(η, ξ)eB

n∑

j=1

(−1)j+1ejdξ̂j

∑

C

gC(η, ξ)eC
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=
∑

A

n∑

i=1

∑

B

n∑

j=1

∑

C

(−1)i+j+2eAeieBejeC

∫

Γ1

[

∫

Γ2

φA(η)fB(η, ξ)gC(η, ξ)dξ̂j ]dη̂i

=
∑

A

n∑

i=1

∑

B

n∑

j=1

∑

C

(−1)i+j+2eAeieBejeC

∫

Γ1×Γ2

φA(η)fB(η, ξ)gC(η, ξ)dη̂idξ̂j .

∫

Γ2

[

∫

Γ1

φ(η)dσηf(η, ξ)]dσξg(η, ξ)

=

∫

Γ2

[

∫

Γ1

∑

A

φA(η)eA

n∑

i=1

(−1)i+1eidη̂i

∑

B

fB(η, ξ)eB]

n∑

j=1

(−1)j+1ejdξ̂j

∑

C

gC(η, ξ)eC

=
∑

A

n∑

i=1

∑

B

n∑

j=1

∑

C

(−1)i+j+2eAeieBejeC

∫

Γ2

[

∫

Γ1

φA(η)fB(η, ξ)gC(η, ξ)dη̂i]dξ̂j

=
∑

A

n∑

i=1

∑

B

n∑

j=1

∑

C

(−1)i+j+2eAeieBejeC

∫

Γ1×Γ2

φA(η)fB(η, ξ)gC(η, ξ)dη̂idξ̂j

=

∫

Γ1

φ(η)dση [

∫

Γ2

f(η, ξ)dσξg(η, ξ)].

Remark 4 Theorem 2 shows that for normal integrals integral order can be commuted though

the multiplication order of functions is not changed.

Theorem 3 Let Ω ⊂ Rn be as stated above. Suppose ϕ(η, ξ) ∈ H(∂Ω × ∂Ω, β) and ζ ∈ ∂Ω.

Then the following integrals all exist and we can obtain the following equations.

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]

=

∫

∂Ωξ

[

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]]; (2)

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(η, ξ) − ϕ(ξ, ξ)]

=

∫

∂Ωξ

[

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, ξ) − ϕ(ξ, ξ)]]; (3)

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(η, η)]

=

∫

∂Ωξ

[

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(η, η)]]. (4)

Proof We only prove that the integrals exist and the first equation is right. The other equations

can be proved similarly.

(i) First we prove that the integrals all exist. Let

I =

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)],

I ′ =

∫

∂Ωξ

[

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]].
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From Lemma 1 we have

|I| = |

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|

=
1

2
|

∫

∂Ωη

E(η, ζ)dση [ϕ(η, η) − ϕ(ζ, ζ)]| ≤
M1M2

2ωn

∫

∂Ωη

1

|η − ζ|n−1−β
|dση|

≤
M1M0M2

2ωn

∫ L

0

1

ρ
1−β
1

dρ1 =
M1M0M2

2ωnβ
Lβ ,

here ρ1 = |η − ζ|. Hence I exists. By Theorem 1 we can obtain

|I ′| = |

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|

≤ M2

∫

∂Ωξ

|

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|

≤ M13M2

∫

∂Ωξ

1

|ξ − ζ|n−1−β
|dσξ| ≤ M13M2M0

∫ L

0

1

ρ
1−β
2

dρ2 =
M13M0

β
Lβ ,

here ρ2 = |ξ − ζ|. Hence I ′ exists.

By Lemma 2, we know
∫

∂Ωξ
E(ξ, η)dσξ [ϕ(η, ξ)−ϕ(ξ, ξ)] and

∫
∂Ωξ

E(ξ, η)dσξ [ϕ(ξ, ξ)−ϕ(η, η)]

are Hölder continuous functions about η. Then we can obtain that the left two integrals of

equation (3) and equation (4) all exist. By Theorem 1 and the proof of I ′ we can know the right

two integrals of equation (3) and equation (4) all exist.

(ii) Next we prove I = I ′.

I =

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ\|ξ−η|<2δ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]+

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ∩|ξ−η|<2δ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)] = I1 + I2.

I ′ =

∫

∂Ωξ

[

∫

∂Ωη\|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]]+

∫

∂Ωξ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]] = I ′1 + I ′2.

We only need to prove I1 = I ′1 and limδ→0 I2 = limδ→0 I ′2 = 0.

I1 =

∫

∂Ωη\|η−ζ|< δ
2

E(η, ζ)dση

∫

∂Ωξ\|ξ−η|<2δ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]+

∫

∂Ωη∩|η−ζ|< δ
2

E(η, ζ)dση

∫

∂Ωξ\|ξ−η|<2δ

E(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)] = I3 + I4.

I ′1 =

∫

∂Ωξ

[

∫

∂Ωη\(|η−ξ|<2δ∪|η−ζ|< δ
2
)

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]]+

∫

∂Ωξ

[

∫

(∂Ωη\|η−ξ|<2δ)∩|η−ζ|< δ
2

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]] = I ′3 + I ′4.

Let E(η, ζ) =
∑n

l=1 fl(η, ζ)el, B(η, ξ) =
∑n

k=1 gk(η, ξ)ek, ϕ(η, η) − ϕ(ζ, ζ) =
∑

C ϕC(η, ζ)eC . By
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Definition 1 and Theorem 2 we have

I3 =

∫

∂Ωη\|η−ζ|< δ
2

E(η, ζ)dση

∫

∂Ωξ\|ξ−η|<2δ

E(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)]

=

∫

∂Ωη\|η−ζ|< δ
2

n∑

l=1

fl(η, ζ)el

n∑

i=1

(−1)i+1eidη̂i

∫

∂Ωξ\|ξ−η|<2δ

n∑

k=1

gk(η, ξ)ek

n∑

j=1

(−1)j+1ejdξ̂j

∑

C

ϕC(η, ζ)eC

=

n∑

l=1

n∑

i=1

n∑

k=1

n∑

j=1

∑

C

(−1)i+j+2eleiekejeC

∫ ∫

Σ1

flgkϕCdη̂idξ̂j .

Here Σ1 = {(η, ξ) | η ∈ (∂Ωη\|η − ζ| < δ
2 ), ξ ∈ (∂Ωξ\|η − ξ| < 2δ)}.

I ′3 =

∫

∂Ωξ

[

∫

∂Ωη\(|η−ξ|<2δ∪|η−ζ|< δ
2
)

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]]

=

n∑

l=1

n∑

i=1

n∑

k=1

n∑

j=1

∑

C

(−1)i+j+2eleiekejeC

∫ ∫

Σ2

flgkϕCdη̂idξ̂j .

Here Σ2 = {(η, ξ) | ξ ∈ ∂Ωξ, η ∈ (∂Ωη\(|η − ξ| < 2δ ∪ |η − ζ| < δ
2 ))}. Let Σ3 = {(η, ξ) | η ∈

∂Ω, ξ ∈ ∂Ω, |η − ζ| > δ
2 , |η − ξ| > 2δ}. Then Σ1 = Σ3 = Σ2. Hence I3 = I ′3.

|I4| = |

∫

∂Ωη∩|η−ζ|< δ
2

E(η, ζ)dση

∫

∂Ωξ\|η−ξ|<2δ

E(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)]|

≤
M1M2

ω2
n

∫

∂Ωη∩|η−ζ|< δ
2

1

|η − ζ|n−1−β
|dση|

∫

∂Ωξ\|η−ξ|<2δ

1

|η − ξ|n−1
|dσξ|

≤
M2

0 M1M2

ω2
n

∫ δ
2

0

1

ρ
1−β
1

dρ1

∫ L

2δ

1

ρ2
dρ2 ≤

M2
0M1M2

ω2
nβ

(
δ

2
)β | lnL| + | ln 2δ|)

≤
M2

0 M1M2

ω2
nβ

(
δ

2
)β(| ln L| + |2δ|−ε) ≤ M14δ

β−ε,

where 0 < ε < β. Hence limδ→0 |I4| = 0. In integral I ′4, ζ, ξ and η satisfy the following

inequalities:

|ξ − ζ| ≥ |η − ξ| − |η − ζ| > 2δ −
δ

2
> δ;

|η − ξ| ≥ |ξ − ζ| − |ζ − η| > |ξ − ζ| −
δ

2
>

1

2
|ξ − ζ|.

Then we have

|I ′4| ≤
M1M2

ω2
n

∫

∂Ωξ

[

∫

(∂Ωη\|η−ξ|<2δ)∩|η−ζ|< δ
2

1

|η − ζ|n−1
|dση|

1

|η − ξ|n−1
|dσξ||η − ζ|β

≤
2n−1M1M2

ω2
n

∫

∂Ωξ

[

∫

(∂Ωη\|η−ξ|<2δ)∩|η−ζ|< δ
2

1

|η − ζ|n−1−β
|dση|

1

|ξ − ζ|n−1
|dσξ|

≤
2n−1M2

0 M1M2

ω2
n

∫ δ
2

0

ρ
β−1
1 dρ1

∫ L

δ

1

ρ2
dρ2 ≤

2n−1M2
0 M1M2

ω2
nβ

(
δ

2
)β(| lnL| + |δ−ε|) = M15δ

β−ε.
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Hence limδ→0 |I ′4| = 0. Then |I1 − I ′1| = limδ→0 |I1 − I ′1| = limδ→0 |I4 − I ′4| ≤ limδ→0 |I4| +

limδ→0 |I ′4| = 0. Therefore, I1 = I ′1.

By Lemma 4 we know limδ→0(
∫

∂Ωξ∩|η−ξ|<2δ
E(ξ, η)dσξ) = 0. Then for any ε > 0, we can

find a number δ′ > 0, such that |
∫

∂Ωξ∩|η−ξ|<2δ
E(ξ, η)dσξ| < ε when 0 < δ < δ′. Then when

0 < δ < δ′, we obtain

|I2| = |

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ∩|η−ξ|<2δ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]|

= |

∫

∂Ωη

E(η, ζ)dση(

∫

∂Ωξ∩|η−ξ|<2δ

E(ξ, η)dσξ)[ϕ(η, η) − ϕ(ζ, ζ)]|

≤ M2ε

∫

∂Ωη

|E(η, ζ)||dση ||ϕ(η, η) − ϕ(ζ, ζ)| ≤
M1M2ε

ωn

∫ L

0

1

|η − ζ|n−1−β
|dση|

=
M0M1M2ε

ωn

∫ L

0

ρ
β−1
1 dρ1 =

M0M1M2L
β

βωn

ε = M16ε.

Hence limδ→0 |I2| = 0.

I ′2 =

∫

∂Ωξ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]]

=

∫

∂Ωξ∩|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ[ϕ(η, η) − ϕ(ζ, ζ)]]+

∫

∂Ωξ\|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]] = N1 + N2.

N2 =

∫

∂Ωξ\|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ξ, ξ)]]+

∫

∂Ωξ\|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(ζ, ζ)]] = τ ′
1 + τ ′

2.

When |ξ − ζ| > 3δ, |η − ξ| < 2δ, we have

|η − ζ| ≥ |ξ − ζ| − |η − ξ| > |ξ − ζ| − 2δ > |ξ − ζ| −
2

3
|ξ − ζ| =

1

3
|ξ − ζ|.

Then

lim
δ→0

|τ ′
1| ≤ lim

δ→0

M1M2

ω2
n

∫

∂Ωξ\|ξ−ζ|<3δ

∫

∂Ωη∩|η−ξ|<2δ

1

|η − ζ|n−1

1

|η − ξ|n−1−β
|dση||dσξ|

≤ M17 lim
δ→0

δβ

∫ L

3δ

1

|ξ − ζ|n−1
|dσξ| ≤ lim

δ→0
M18[lnL − (3δ)−ε]δβ = 0,

where 0 < ε < β.

τ ′
2 =

∫

∂Ωξ\|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(ζ, ζ)]]

=

∫

∂Ωξ\|ξ−ζ|<3δ

[

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)]dσξ [ϕ(ξ, ξ) − ϕ(ζ, ζ)].

For limδ→0

∫
∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η) = 0, limδ→0 τ ′
2 = 0. Hence limδ→0 N2 = 0.
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Similarly to the proof of Theorem 1, we have

|

∫

∂Ωη∩|η−ξ|<2δ

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)]| ≤ M19
1

|ξ − ζ|n−1−β
|dσξ|.

Then we have limδ→0 |N1| ≤ limδ→0

∫ 3δ

0 M19M0M2
ρ

n−1

1

ρ
n−1−β
1

dρ1 = limδ→0
M0M19M2

β
(3δ)β = 0.

Hence limδ→0 I∗2 = 0. The proof is completed. 2

Similarly we can prove the other equations.

Remark 5 Essentially, Theorem 3 draws the following conclusion: If there is a weak singular

integral in the twice integrals (i.e., it is convergent in the sense of generalized integral), the integral

order can be commuted although the other integral is convergent in the sense of principal value.

The proving method is outlined as follows: at the beginning we try to prove that the integrals

are convergent in the sense of principal value and then prove that the equations exist.

Theorem 4 Let ∂Ω be as stated above. Then we have
∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξϕ(η, ξ) =

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξϕ(η, ξ) +
1

4
ϕ(ζ, ζ).

Proof By Theorem 3 and Lemma 1, we can obtain
∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξϕ(η, ξ)

=

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(η, ξ) − ϕ(ξ, ξ)]+

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(η, η)]+

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)] +

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξϕ(ζ, ζ)

=

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, ξ) − ϕ(ξ, ξ)]+

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(ξ, ξ) − ϕ(η, η)]+

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξ [ϕ(η, η) − ϕ(ζ, ζ)] +
1

2

∫

∂Ωη

E(η, ζ)dσηϕ(ζ, ζ)

=

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξϕ(η, ξ) −

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξϕ(ζ, ζ) +
1

4
ϕ(ζ, ζ).

From Lemma 3 we have
∫

∂Ωξ
[
∫

∂Ωη
E(η, ζ)dσηE(ξ, η)]dσξϕ(ζ, ζ) = 0. Hence

∫

∂Ωη

E(η, ζ)dση

∫

∂Ωξ

E(ξ, η)dσξϕ(η, ξ) =

∫

∂Ωξ

∫

∂Ωη

E(η, ζ)dσηE(ξ, η)dσξϕ(η, ξ) +
1

4
ϕ(ζ, ζ).

Remark 6 The last theorem shows that when the twice integrals are convergent in the sense

of Cauchy-type principal values, there is an extra item after the integral exchanging order and

this agrees with the result in complex analysis.
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