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On Products of Property b,
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Abstract In this note, we present that: (1) Let X=0{X, : « € A} be |A|-paracompact (resp.,
hereditarily |A|-paracompact). If every finite subproduct of { X« : @ € A} has property b1 (resp.,
hereditarily property b1), then so is X. (2) Let X be a P-space and Y a metric space. Then,
X x Y has property b1 iff X has property b1. (3) Let X be a strongly zero-dimensional and
compact space. Then, X X Y has property b, iff Y has property b;.
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1. Introduction

It is well known that 6-refinableness [2] # property by (see [1]) & weak f-refinableness [2].
And in recent years, a great advance has been achieved with the results of o-products and
Tychonoff products of topological spaces characterized by coverings. Particularly, the papers
[3,4,11-13] were published such that the properties about both -refinable and weak #-refinable
spaces had been acquired. But no results on both o-product and Tychonoff products of property
b1 has ever been seen since the structure of topological spaces with property by is more complex
than any one of #-refinable spaces and weak 6-refinable spaces.

In this paper, the o-product of property b; and hereditarily property by, are firstly investi-
gated. Next, some characterizations on products of two spaces with property b; are proved.

Throughout this paper, X and X, (a € A) denote topological spaces (referred to as a
space or spaces); w and x denote respectively the first infinite ordinal and an arbitrary infinite
cardinal. For a set Y, we denote by P(Y") the collection of all subsets of Y. For A € P(Y), N (4)
(resp., cl A,int A,|A|) denotes the open neighborhood system (resp., the closure, the interior,
the cardinality) of A. For every U € P(Y) and A C Y, define (U)s = {U e U : UN A # 0},
Ula ={UNA:U elU}, ClU = {clU : U € U}. Let Q be a set, and Q" (resp.,2*) denote
the Cartesian products of n orders (resp., the family of all infinite sequences of elements) of
Q. Let Q<Y = U0, [QY = {s € P(Q) : |s| < w}, 8|n = (50,51,...,8,_1) if s € Q¥ and

s®a=(80,...,8.-1,0a) if s € Q™. All spaces are Hausdorff spaces which contain at least two
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points in this paper.

Definition 1.1 ([5]) Let s = (54 )aca be a fixed point in Tychonoff product [, ,{Xa : o € A}.
For each v = (ta)aca € [[pealXa @ a € A}, put Q(z) = {a € A : x4 # 54} and define
o{Xa :a € A} = {z € (Ta)aca : Q)| < w}. We call o{X, : « € A} the o-product of
{Xa : @ € A} and s the base point of it. And for every a € [A]<%, [[,co, Xa X {{5a} : @ € A\a}
is called a finite subproduct of o{X, : a € A}.

Definition 1.2 ([1]) A space X is said to have property by if each cover U of X can be refined
by a cover Uy cHy, such that, H,, is a locally finite collection of closed sets in X\ U;«p, (UH,,).

Definition 1.3 ([7]) A space is called a P-space if for every set Q and open family {G(s) : s €
Un<w$2"} such that G(s) C G(s®a) for s € Up<,Q™ and a € Q, there is a closed set K (s) C G(s)
for s € U<, such that U,<,K(s|n) = X whenever U, <,G(s|n) = X for s € Q“.

Lemma 1.4 ([6]) Let X be a space and k an infinite cardinal. Then the following are equivalent:
(a) X is k-paracompact.
(b) X is countably paracompact and every open cover of X with cardinality < k has a

o-locally finite open refinement.

Lemma 1.5 ([10]) Let Y be a metric space. Then there exists a base L=U, <, L, of Y satisfying
the conditions:

(a) L, ={L(s)|s € Q"} is a locally finite open cover of Y.

(b) L(s) =U{L(s®a):aecQ} for each s € Q" and a € .

(c) Foreachy €Y, there is an s € Q™ such that {L(s|n):n < w} is a local base of y in Y.

Lemma 1.6 ([9]) A non-empty normal space X is strongly zero-dimensional iff every open cover
{U;}¥ of the space X has finite open refinement {V;}™ such that V; N V; = () whenever i # j.

2. o-product

Now, we shall show our main theorems. The proof of the following lemma is routine and

hence, we omit it.

Lemma 2.1 Let U = {Uy : A € A} be an open cover of space X. Then the following are
equivalent.

(1) There is a refinement U, e, H, of U such that each H,, is a locally finite collection of
closed sets in X\ Uj<n, (UH;).

(2) There is a refinement Upe,,Vy, of U, where V,,={V,,» : A € A} for each n € w, such that
V,, is a locally finite collection of closed sets in X\ U;<,, (UV,,), and Vy,x C Uy for each A € A.

(3) There is a refinement Une,V, of U such that each Vy|x\u,_,(v,) is a locally finite
collection of closed sets in X\ U<y, (UVy,).

Jiang [8] proved that every F,-subspace of space Y has property by if Y has property b;. So
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every closed subspace of space Y has property b;. Now we have the following theorem.

Theorem 2.2 Let X=c{Xa : o« € A}. Suppose X is |A|-paracompact and every finite sub-
product of { X« : « € A} has property by. Then X has property b;.

Proof When |A| < w, clearly X has property by since X = [] ., X,. Without loss of generality,
let G = {G¢ : € € E} be an open cover of X and A* = [A]<“. For each a € A* and each € € E, let
us put Ree=U{R: R is open in Yy, p, ' (R) C G¢} and R, = U{Ru¢ : £ € E}, where p, : X — Y,
To, X EaQ

is defined as follows: for = (2)aca, (Pa(2))a =
Sa, a€A—{a}

. Then it is easily seen

that

(i) {pz'(Ra):a € A*} is an open cover of X and p;'(R,) C p, '(Ry) if a C b.

Since X is |A|-paracompact, there exists a locally finite family {E, : a € A*} of open sets in
X such that E, C p,;'(R,) for each a € A*. Put A = [A*]<%.

Put Dy=X —U{clE, :a € A* — A} for each A € A. Then

(i) {Dx: X € A} is an open cover of X, and cl Dy C p;!(Ra,) with ay = U{a : a € A}.

Let Z,, = Ya, — pa, (X —cl D)) for each A € A. Here notice that each Z,, is closed in Y,
and hence has property b1. Again let Ty = intp,!(Z,,) for A € A. Then

(ili) U{Th: A e A} =X.

In fact, let x € X. Then x € D) for some A € A and there exists an a € A* and an open
set R in Y, such that = € p;'(R) C Dx. Moreover, p; ' (R) C p,'(Z,,) where up = AU {a}. To
show this, assume that y € P, 1(R) — p;: (Za,)- Since ya, & Za,, Ya, € Pa, (X —clD,) and so
Ya, = Pa,(z) for some z € X —clD,. Then p,(z)=y, € R. Furthermore, z € p;'(R) C clD,.
Thus z € cl D, which is a contradiction. The proof of (iii) is completed.

By (iii), it follows from Lemma 1.4 that there is a refinement U,,<,K,,, where we may
express K, = {Km,x : A € A}, such that CLC,, is locally finite in X and cl K, » C p;kl(ZaA)
for each A € A. Since Z,, C U{R4,¢ : & € E} for A\ € A, there is a refinement U, <, W, 4, of
{Ra,¢ : £ € E} such that

(iv) BEach Wy 0, ={Wh a, e : &€ € E} is a locally finite collection of closed sets in Z,, \ Uj<r
(UWias)-

For each m,n € w, put Hpn = {p;!(Wh,are) Ncl Ky : £ € B,A € A}, Then it is easy
to check that H = Um newHmn refines G. Define a map f : w X w — w, where f(m,n) =
$[(m 4+ n)> 4+ n+ 3m]. Then f is an injection and onto map. Let Hy = Hy, with k = f(m,n).
And put Hy = X\ Ui<k (UH;), Bray, = Zax\ Uj<n (UWj7a/\)'

Claim 1 clK,,» N H, C p;}(Bmk) for each A\ € A with k=f(m,n).
Assume that there is an 2 € ¢l KynxNHr—p, ! (Bna, ). Then 24, € Z,, and 2 € p, (W), a, c,)
for some j, < n and some &, € 2. Put t = f(m, j,) < k. Then x € UH;. This contradicts z € Hy,

and completes the proof of Claim 1.

Claim 2 Each Hj is locally finite in Hy with k = f(m,n).
Let z € Hy. Since {cl Ky, » : A € A} is locally finite in X, take a U € N(z) such that
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(CLKwm\)unm, is finite, say {\ € A : 1K, xNU N Hy, # 0} = A for some A C A. Let

(A, &) € A x E. We can consider the following two cases.

Case 1 If 2 ¢ UyeaclK,, ,, it follows that V' = U N Nuea(X\cl Ky, ) N Hy is an open
neighborhood of & in Hy,. Then it is easy to check VN p, 1 (Wi a, ¢) Ncl Ky x = 0 for each X € A.

Case 2 If x € Uyeacl Ky, there exists a finite set A9 C A such that € cl K, , for each
i€ Ag. Since x4, € Bpa, by Claim 1, E,={¢ € E: O() N Bpa, N Wha,,e # 0} is finite for
some O(p) € N(zq,) by (v). Put

V=Un mueA\Ao (X\Cl Kmu) N ﬂﬂerp;:(O(u)) N Hy.

Then, VNpg ! (Waay,e) Vel Ky C Nueagpy, (O(1) Nel Koy N Hy Npg (Wi aye) € pg ! (O(u) 0
Wh.a,.6NBna,) = 0 for all (A,€) € Agx (E\E,); if A € A\Ay, then VNp, (Wi ay,¢) el Ky =0
for each £ € =. Hence the proof of Claim 2 is completed.

Finally, put Fi, = Hy, |, for each k € w with k = f(m,n).

Claim 3 F; is a collection of closed sets in Hy.

Pick a W € Fi. By Claim 1, W = p,1(Wya,.¢) Nl Ky N Hy, = p L (F) N pyl(Bnay) N
cl K= p;}l(F) Ncl Ky, x N Hy for some A € A and some € € =, where F is a closed subset in
Y.n. Then W is closed in Hy,.

The family Uge,, Hy satisfies the conditions in Lemma 2.1 by Claims 1 and 3. Hence, X has
property b1. O

Recall that a space X is called hereditarily property by if every subspace of X has property
b1. And we can easily check the following by Lemma 2.1.

Lemma 2.3 A space X is said to have hereditarily property by iff every open subspace of X
has property by .

Similarly, we have o-products for hereditarily property b;.

Theorem 2.4 Let X=c{Xa:« € A} . Suppose X is hereditarily |A|-paracompact and every
finite subproduct of { X« : a € A} has hereditarily property by. Then X has hereditarily property
by.

Proof Let G be an arbitrary open subspace of X. Assume that G = {G¢ : £ € =} is an open
cover of G and A* = [A]<¥. For each a € A* and £ € Z, put R,e = U{R : R is open in
Yo, ps H(R)NG C Ge} and Ry = U{Rgye : € € Z}. Then

(1) {p;'(R,):a € A*} is an open cover of G and p; *(R,) C p, '(Ra) if a C b.

Since X is hereditarily | A|-paracompact, there is a locally finite family {E, : a € A*} of open
sets in G such that clgE, C py(R,) for each a € A*. Put A = [A*]<¥. For each A € A, let us
put Dy =G — U{clgE, : a € A* — A} and put ay = U{a : a € A}. Then it is easily seen that

(2) {Dx: X €A} is an open cover of G and clgDx C p, ' (R,,) for each X € A.

For each X € A, let us put Oy = U{O : O is open in G, and p;(O) C Dy}. Then

(3) p2(Ox) C Dx Cp;l(Ra,) for each A € A and p; 1 (Oy) C p;:(O#) if A C p.
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It can be easily checked that U{p;(Ox) : A € A} = G. Put Fy = clOxN (cl Ry, — Ra,).
Then, we have the following.

() el (F)NG =0,

To show this, assume the contrary. Take an = € p;'(FA)NG. Then z,, € F\ C cl Ry, — Ra,,
x ¢ clgp, H(Oy) since clgp, (Ox) C py (R, ). Next, we have z € clgp, ! (Ox). To observe this,
take an H € Ng(z). Then there are some a € A* and some open set W, in Y, such that x €
p.t(W,) C H. Let =AU {a}. Put K = (pa") 1 (W,). Then x € pal(K) = (pa’pa, ) *(W,) C
H. Since z,, € Fy C clOy, Oy Npg"(K) # 0. Pick a 2 € Oy N pg"(K). Then z = pg*(b) for
some b € K. There is a y € X such that p,, (y) =b. i.e., ya, = pg“pau (y) = b € Oy. Moreover,
y € p;: (K) NpgH(Ox) € HNp,(Ox) # 0. Thus, 2 € clgp, ' (Ox). This is a contradiction.
Then (5) is true.

We can easily see that R,, N Oy = clOy — F\ C UgczRq,¢ for each A € A. By property
by space of R,, N Oy, there is a cover UpcWn a, Of {Ra,e : & € E} such that each W, ,, =
{Wh.ay,e : £ € E} is a locally finite collection of closed sets in Rq, N Ox\ Ujcr, (UW; g, )-

For each m,n € w, put Hpn = {pg!(Whn,are) Nl Ky : £ € E,X € A}, Then it is easy
to check that H = Um newHmn refines G. Define a map f : w X w — w, where f(m,n) =
1l(m 4+ n)? 4+ n+3m]. Then f is an injection and onto map. Let Hy = Hy,, with k = f(m,n).
And put Hy = G\ Uick (UH;), Bray, = Ray, NOX\ Ujcn (UWjq,)-

Then, we assert that

(6) Each Hj is locally finite in Hy;

(7) Hi|m, is a collection of closed sets in Hy.

The proofs of (6), (7) are quite similar to Claims 1-3 of Theorem 2.2. So, the details are
omitted.

Hence, G has property b;. Furthermore, X has hereditarily property b;. O

3. Tychonoff products

It is well known that most covering properties poorly maintain its products. Now we prove

the following theorems.

Theorem 3.1 Let X be a P-space and Y a metric space. Then, X x Y has property by iff X
has property b;.

Proof <. Let £ = U, <L, be a base of Y satisfying the conditions (a)—(c) in Lemma 1.5. Let
G = {G¢ : £ € E} be an open cover of X XY and Q*=U,.,[Q]". For each s € Q* and { € Z,
put L(s,§) = U{E : Eis open in X, E x L(s) C G¢} and E(s) = U{E(s,€) : £ € E}. Then
E(s) C E(s @ «) for a € Q. Since X is a P-space, there is a closed set F(s) in X such that

(1) F(s) C E(s) for each s € QF;

(2) Up<wF(s|n) =X whenever U,<,FE(s|n) = X for s € Q¥.

Since each F'(s) has property by, there exists an open cover Bs = Up<,,Bs pn, where By, =
{B(s,n,&) : £ € 2}, such that
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(3) Each B; ,, is a locally finite collection of closed sets in F'(s)\Uj<n (UBs;), and B(s,n,§) C
E(s,n,§) for each £ € E.

For each m,n € w, put Dy, ,, = {B(s,n,§) x cl L(s) : s € Q™ ¢ € E}. Then it is easily seen
that

(4) D = Upm newDm n is a refinement of G.

Define a map f : w x w — w, where f(m,n) = $[(m + n)*> 4+ n+ 3m]. Then, f is a bijection
map. Put Hyx = D,y when k = f(m,n). Then, we prove that

(5) Each Hy, is locally finite in X x Y\ U;« (UH;) with k = f(m,n).

In fact, let (z,y) € X x Y\ Uj<x (UH;). Since {cl L(s) : s € Q™} is locally finite in Y, there
exists W € N(y) such that A = {s € Q™ : W NclL(s) # 0} is a finite set. Let (s,§) € Q™ x E.
We can concern about the two cases.

(a) If y ¢ Useacl L(t), then V = X x (W Niea (Y\clL(t))) € N(y). It is easy to check
VN (B(s,n,&) x cl L(s)) = 0 for each s € Q™.

(b) If y € Useacl L(t), there is a finite set Ag C A such that y € cl L(t) for each t € Ag. By
(3), each By, is a locally finite collection of closed sets in X\ U;<y, (UBy;) since F(t) is closed
in X. Take some neighborhood U; of x in X\ Ujcy, (UBy;) for t € Ag. Then Z; = {{ € = :
Ui N B(t,n,§) # 0} is a nonempty finite set. Then it follows that V' = Niea U X (W Ngea\a,
(Y\clL(s))) is a neighborhood of (z,y) in X X Y\ U;<x (UH;). Moreover, V N (B(s,n,&) x
clL(s)) C (U NB(t,n, &) x WnclL(t)) = 0 for (s,8) € Ag x (E\E); if s € Q™\ Ay, then
VN (B(s,n,&) x clL(s)) = for each € € E.

Since Uj<pn ((Ugea B(s,4,8)) x cl L(s)) C Up<k(UH,) whenever ¢ < n with r = f(m, i) for each
s € Q™ each Hy ‘Xxy\u un,) 18 a closed family in X x Y\ U;<j (UH;). Since D refines G, by
Lemma 2.1, X has property b;.

i<h(

=. The conclusion holds trivially since X x {y} is closed in X x Y for a fixed point y € Y. O

Theorem 3.2 Let X be a strongly zero-dimensional and compact space. Then, X X Y has

property by iff Y has property b.

Proof Let U be an open cover of X x Y. Take some U(z,y) € U for each (x,y) € X xY. There
exist S(z,y) € N(z) and T(z,y) € N(y) such that (z,y) € S(z,y) x T'(z,y) C U(x,y). Since
X x {y} is compact, there exists an open cover {S(z,y) : x € A(y)} of X where A(y) is a finite
set. By Lemma 1.6, there is a disjoint collection {E(z,y) : € A(y)} such that

(i) E(z,y) is open-and-closed in X and E(x,y) C S(z,y) for each = € A(y);

Put T(y) = N{T(x,y) : « € A(y)}. Then

(ii) X x{y} C U{E(z,y) xT(y) :x € A(y)} and Y = U{T'(y) : y € Y}

Since Y has property by, there is a cover Up<, B, of Y, where B,, = {By,o : @ € A, }, such
that

(iii) B, is a locally finite collection of closed sets in Y\ U<y, (UB;);

(iv) Each B,,,o C T(yn,qa) for some y, o €Y.

Put H, = {E(%,Yn,a) X Bn,a : * € A(Yn,a), @ € Q,} for each n € w. Then it is easy to check
H = Up<wHy refines Y. Put (X x V), = X X Y\ Uicn, (UH;) and Y,, = Y\ U;<, H;. Then



On products of property by 247

(X xY), =X xY, since UH,, = X x (UH,,). By the similar way to that of Theorem 3.1 (5),

we have each H,, is locally finite in (X x Y),, and H, ’(Xxy)n is a collection of closed subsets of

(X xY),. Hence, X x Y has property by since U,e,,H,, satisfies the conditions in Lemma 2.1.
=. The conclusion holds trivially since {z} x Y is closed in X x Y for a fixed point z € X. O
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