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Risk Evaluation and Capital Allocation Based on TVaR
and EVaR with Copula
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Abstract In this paper, the expressions of tail value of risk (TVaR) and exponential tail
value of risk (EVaR) for the total risk portfolio are given, which are splitted into two cases:
the bivariate case and the multivariate case according to the number of the insurances. Then
the risk contributions of the insurances portfolio and the credit portfolio are also obtained.
Further more, for clarifying the above results, a numerical example is given.
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1. Introduction

Recently, there are more awareness and relevant research on risk measurement and the
capital allocation. Specially insurance company should consider the loss of claim and default
loss of credit portfolio. So it is important to consolidate financial reserves and investments.
Measure of risk is a useful tool to evaluate the capital amount that has to be allocated to the risk
portfolio. Thus the choice of risk measure principle is the key point. Artzner et al. [1, 2] proposed
the definition of coherent risk measure, however the well-known VaR introduced by Morgan is
not coherent, and then the tail value of risk (TVaR), which is coherent, was introduced. When
applied to continuous random variables, the TVaR is the same as the conditional tail expectation.
While they are different when applied to the discrete random variables. Acerbi et al. [3], Acerbi
and Tasche [4] highlighted the difference between their definitions and properties.

In most literature on capital allocation, continuous situations are widely studied. Tasche [5]
firstly introduced the top down capital allocation principle. The capital which is allocated to each
risk is expressed in terms of the CTE of the aggregate risk to the portfolio. It has been used to
provide several closed formula and approximations of the CTE and the CTE-based allocations for
different multivariate continuous distributions. Panjer [6] solved the case of multivariate normal

distribution. Furman and Landsman [7] extended the distribution to a multivariate elliptical
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distribution and the case of multivariate Pareto distribution was considered by Chiragiev and

Landsman [8].

In most paper mentioned above, the dependence between different random variables is
constructed by the multivariate distribution. There is a copula that equals the joint distribution
function by Sklar’s theorem [9], and this tool is more effective and flexible to represent the
dependence between the random variables. Based on this method, more marginal distributions
situation can be introduced. Bargés [10] solved the case of the element distribution of portfolio,
which is exponential distribution and the dependence structure is described by Farlie-Gumbel-
Morgenstern copula. By using the TVaR as defined in Acerbi et al. [3] for its coherence property
and top down approach of the capital allocation in Acerbi and Tasche [4], he got closed form of
expressions for the TVaR and then the TVaR-based contribution of one risk over the aggregation

of all risks.

In the above mentioned papers, the risk portfolio is only constituted by insurances. While
in the present paper the total risk portfolio is constituted by the claim risk portfolio and the
default risk portfolio. Since the discrete default risk variable leads to that the distribution of
aggregate loss is discrete as well, we propose using the TVaR to obtain the aggregate risk for the
total risk portfolio and then the TVaR-based capital allocation to get the contribution of claim
risk portfolio and the default risk portfolio. In terms of loss distribution of credit portfolio, Fray
and McNeil [11] introduced the popular models that are used to deal with the dependent case
from the conceptual aspect. In this paper, we assume the elements of the credit portfolio are
independent and also independent of insurances claim loss.

The rest of the paper is organized as follows. In Section 2, we give the introduction of the
claim amount distribution and portfolio credit loss distribution. Risk of measure and TVaR-based
allocation will be introduced in Section 3. The expression of TVaR, EVaR for the aggregate risk
portfolio and TVaR-based allocation to the insurances portfolio and credit portfolio are given in
Section 4. For clarifying the results, a numerical example with the form of tables is given in the

last section.

2. The distributions of claim amount and credit portfolio default loss

In this section, we mainly present the related results based on two aspects: claim amount
distribution and credit portfolio default loss distribution. For the clarity, firstly we introduce the

assumptions in this paper.

2.1. The loss distribution for insurances portfolio

In this subsection, we introduce the cumulative density function (cdf) of total claim amount

S1 for the insurances portfolio. We consider the portfolio including N insurances.
Si=X1+Xo+- -+ Xn,

where the claim amount of the i-th insurance is denoted by X;. If X; (i = 1,2,...,N) are
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independent, the distribution of S; can be obtained by convolution operation. Actually we
usually suppose X; obey normal distribution or gamma distribution in order to simplify the
convolution operation. That is because the distribution function of the sums of the sequence of
n independent random variables which obey N (u,d2) is N (nu,nd?). The gamma distribution
has the similar property. In this paper, we introduce an effective tool-copula to present the
dependent structure of X; (i =1,2,..., N). The following contexts present the assumptions and
the result on the claim amount distribution.

(i) Suppose X; (i =1,2,...,N) are exponentially random variables. The cdfs and proba-
bility density functions (pdf) of X; (i =1,2,...,N) are respectively given by

Fx,(z;))=1- e Nt fx(x;) = Ne T =12 ... N,

where we suppose the expectation satisfies 1 < )\% <My (i=1,2,...,N), ie, 6 = ]%40 <\ <1
(ii) A dependence structure for (X7, X3, ..., Xn) based on the FGM copula was introduced
in Yeo and Valdez [12] and Gatfaoui [13,14]. The multivariate FGM copula is defined by

N
C(ul,UQ,...,uN):u1u2-~~uN X (1+ E E 0j1j2~~~jkﬁj1ﬁj2"'ﬁjk)7
k=21<j1<ja<---jr <N

where .y = 1 — u(.) (For the details see Nelsen [9], p. 108). For u; € [0,1],i =1,2,..., N, and
the dependence parameter 60}, ;,...;, € [—1,1], at the same time we have here 2 — N — 1 copula
parameters.

(iii) Based on above assumptions, the pdf of S; can be obtained (for the dails see Barges
[10]) and it is

N
fs,(51) Zh(Sl;)\la--w/\N)"'Z Z 05y ja-jn X

k=21<j1<ja<-jr <N

k
(Z Z (—1)lh(81;2a1)\j1,2a2)\j2,...,2ak)\jk,/\ik+1,...,/\iN)), (1)
=0

(a1-ar)€EA L

where

N
h(st; M1, AN) = ( 11 AjA_in)Aie‘ml,

=1 j=lj#i

AO,k = {(17 17 ceey 1)1></€}7A1,k = {(17 17 .. '70)1></€7 ) (07 17 ceey 1)1></€}7

Ao ={(1,1,...,0,0)1xk,---,(0,0,1, ..., D1ixr}ty- s Ak = {(0,0,...,0)1xk }-

2.2. The loss distribution for insurances portfolio

When the company receives the premiums, it has to consider how to increase the value
of the asset by investing, such as buying the default corporate bond. Consider a portfolio of
M counterparties and fix some time period [T, T + AT] where AT is typically one year. For
1 < i < M, let the random variable Y; be the default indicator for obligor i at time T + 1,
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taking values {0,1}. 1 represents default and 0 represents non-default. We introduce a sequence
of iid exposures E; (i = 1,2,..., M) and entire debt amount D; (i = 1,2,..., M) such as the
face value of the discount bone. Under the condition that defaults of different obligator are
dependent, the bernoulli mixture models in R. Fray and A. McNeil [11] are widely used in the
practice, such as CreditRisk+, CreditMetrics and CreditPortfolioView. In our paper, assume that
the entire exposure is lost in the event of default, that is, F; =1 (i = 1,2,..., M). Moreover, the
default probability and debt amount are identical for all obligators, equal to p and D, that is,
PY;=1)=p(i=1,2,...,M). And the default probability of different obligator is independent.
Over the time period [T, T + 1], the default loss is denoted by Sa with Sy = Zf\il D;E;Y;. Based

on the above assumption, we have
M
Sy = DY
i=1

And the distribution of S3 is binomial distribution, i.e.,
P(Sy = Dt) = Chp'(1 — p)M .

If M is large and p is small, we can use Poisson distribution to estimate the distribution of Ss,

that is
—p,,t
P(SQZDt):et"ua

where u = Mp.
And now we turn to the total loss. We consider the aggregate loss S which is the sum of
total claim amount S; and total default loss S, that is, S = S + Ss.

3. Risk of measure and TVaR-based allocation

Let (Q, A, p) be probability space such that  is the sample space, A the o-field of events,
and P the probability measure. S, which is measurable real-valued, represents a loss random
variable such that w € Q. S(w) > 0 represent a loss. In this part, we show the definitions of

some risk of measure.
Definition 3.1 Given the confidence level k € (0,1) and S, we define the following:
(i) The k-value-at-Risk (k-VaR)
VaRy(S) = inf(s € R, Fs(s) > k).
Actually the VaR is the smallest number s such that the probability that the loss S exceeds s is
no larger than 1 — k. Moreover, it is not coherent since it does not satisfy the subadditivity. In
other words, let S1 and Sy be two loss random variables. VaR(S7 + S2) < VaR(S1) + VaR(Ss2)

is not necessary. The example could be found in R. Fray and A. McNeil [11].
(ii) The k-Tail-at-Value (k-TVaR)

TVaRx(S) :ﬁ /k VaR.,(5)du 2)
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E[STissvar, (s3] + VaRi(S)(Pr(S < VaRy(S)) — k)

= . 3
T—x 3)
Similarly to the exponential premium, we introduce another measure of risk.
(iii) The k-Exponentially-Value-at-Risk (k-EVaR)
1 §VaRu () g
EV&Rk(S) :10gea (%) (4)
B {5svar, (s)}) + €2V [Pr(S < VaRy(S)) — k]
=log,s ( T % ) (5)

Among the TVaR of S which represents the capital amount at risk, the capital amount allocated
to S1 and Sy are attractive. They are also called the TVaR contribution of the S; and S to the
S and denoted TVaRy(S;;S) (i = 1,2). We give the expressions of TVaRy(S;;5) (i = 1,2) as
follows.

Definition 3.2 TVaR-based allocation is defined by

E[Si X Itssvar,(s)}] + BsE[Si X I{s—var,(s)}]
1-% ’

TVaR(S;; 5) = i=1,2 (6)

where
Pr(S < VaRg(9)) — k
Bs = Pr(S = VaRy(95))
0, Pr(S = VaRg(S)) =0.

, Pr(S = VaRg(S5)) # 0;

Using the additivity of expectation, we can get

2
TVaRx(S) = Y TVaRg(S;; 5).
i=1

4. The main results on TVaR, EVaR and TVaR-based capital allocation

For obtaining the distribution function of S to get the risk of measure introduced in the

Section 3, we suppose S7 and So are independent, therefore,

M
Fs(s) =P(S1+ 82 <s) =Y _ P(S1 < s—tD)P(Sy =tD),
t=0
M
fs(s) =" fs,(s —tD)m, (7)
t=0

where we denote m;, := P(S2 = tD) = C%,;p'(1 — p)(M —t).
4.1. TVaR and EVaR

In the subsection, we will present the expressions of TVaR and EVaR and they are splitted
into two cases according to the number of the insurance portfolio IV: the bivariate case and the

multivariate case.

4.1.1. The bivariate case
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Under the situation of two insurances and the assumption mentioned in the Section 2, we

have
fs.(81) = (14 0)h(s1; A5 A2) — Oh(s1; A1;202) — Oh(s1;2A1; A2) + Oh(s152M1;202),

where

€7>\151 )\1)\2
Az — A1 A1 — A2
The TVaR and EVaR of the total aggregate risk S = S; + Sy are given in the following

propositions.

e 28t

h(s1; A5 A2) =

Proposition 1 Let X;, X2 be two exponentially distributed random variables with joint cdf

defined by a bivariate FGM copula as follows
FX11X2 (xlv xQ) = 9FGM(FX1 (xl)v FX2 (I2)>a

where © € [—1,1]. At the level of k, at the term of S = S7 + Sa, we have,

M
1
TV&Rk(S) :—1 s E [(1 + 6‘)901 (t;VaRk(S); A1 )\2) - 9(p1 (t;VaRk(S); 2A1; )\2)—
t=0

le(t; VaRy (S), A1; 2)\2) + 0 (t; VaRg (S), 2A1; 2/\2)],

A2 A _ 1 A1 _ 1
A \o) = 1(tD—x)_ Vv tD . M X (tD—x) - ViD ).
1t 0 00) =322 (VD) + )+ e (@v D)+ 1)
Proof Suppose the distribution of S is continuous. We get Pr(S < VaRy(S) — k) =0, i.e.,

VaRy,(S)(Pr(S < VaRx(S) — k)

=0.
1—-k
The TVaR of S takes the form
] o | M .
TVaRg(S) =—— sfs(s)ds = —— T / sfs, (s —tD)ds
1=k Jvary(s) 1—k§[ ! VaRe(S)
1 & >
=T"% Z [Wt/v . s(L40)h(s —tD; A3 A2) — Oh(s — tD; A1;200)—
t=0 aRx ()
Oh(s — tD;2\1; Aa) + Oh(s — tD; 21 2A2)ds] (8)
Define
e e A1A ALA
/ sh(s —tDj; A1; A2)ds :/ 3[71 2 e~M(s—tD) 4 172 o —da(s—tD)| 44
VaRy (S) VaRy(S)viD  LA2 — A1 A1 — A2
A2 A\ (tD—(VaRx(S)ViD)) 1
= a VaRy(S) VitD —
e (VaRe($) v tD) + 1))+
A1 1

As(tD—(VaRg (S)V¢D)) 1
ot [(VaR(S) V tD) + /\2]

=p1(t; VaRg(S); A5 A2),

where a V b = max(a, b). Substituting o1 into (7) gives
| M
TV&Rk(S) = [(1 + 6‘)901 (t; VaRk(S); )\1; )\2) - 6‘301 (t; VaRk(S); 2)\1; )\2)—

1-k
t=0
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01 (t; VaRy (S); A1;2X2) + 01 (¢ VaRk (S); 2M15 2X2)],

where
o 1 A
= SV

Proposition 2 Under the assumptions mentioned in Proposition 1, we have

1

eMEP=T)— (3 v tD) +
A2

@1(t; 75 A15 A2) = 2 P=2)— (2 v tD) + —).

1
EVaRj (8) =logs {1— Z [(1 4 0)@a(t; VaR4(S); A1; A2) — O (t; VaRy(S); 2013 Aa) —
9@2 (t, VaR (S), A1; 2)\2) + 9(/72 (t, VaR (S), 2A1; 2/\2)]},

where

AMAe ape 1 sy Ao 1
i A o) = 1 ( 1)(zVtD) AotD (6—X2)(zVtD) )
(82 213 22) VIS VS W ]+)\1—)\26 [Ag—(se ]

Proof Basically, the proof is analogous to the prior proposition. According to the definition of
EVaR (5), if we have the related integral result to the 1 (t; b; a; A1; A2) in the proposition which
we denote pa(t; b; a; A\1; A2), actually

P2 (t; 75 A1 A2) 5:/ e*h(s —tD; A5 A2)ds

_ MAe aupr b o @ved) AMA2 aupr 1 o) @viD)
“hont = I vy v b vy k

We could obtain the expression of EVaR represented in proposition.
4.1.2. The multivariate case

Now supposing that there are N different exponential claim losses variables joined by a
multivariate FGM copula, we have the pdf of Sy (see (1)). Therefore, in terms of TVaR and
EVaR for the multivariate case, the results can be got by substituting function ¢; for 3 and @2

for ¢4, where

w3(t;z; A1; Aas s AN) ::/ sh(s —tD;A1; Ag; .. .; An)ds

N N 1
> 10 Ou _A)e““D*x’*((IvtD>+A—i>],

i=1  j=1,j#i i

wa(t; s A1; A0 .05 AN) = 55h(s —tD; A5 1. .5 AN )ds

N N )\)\ )\6>\ tDe(6 Ai)(zViD)
:Z[ 11 N — A Xi—0 }

=1 j=1,j#i

Thus

TVaRk( )

1 M N
= 1% Z [903 t VaRk ) AL, A Z 9j1j2"'jk X

t=0 k=21<j1<jo<--jp <N
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k
(Z (=1) i3 (1 VAR (S): 2 Ay 20505, 2% Mg i) )|,
1=0 (a1-ap)EALL
EVaRy(S)
M N
:logeg{ Z[g&; t VaRk ) )\1,,)\N)+Z Z 9j1j2...jk><
t=0 k=21<j1<j2<-jp <N
k
(Z (= 1) 0a(t; VaRk(S): 2 Ajy, 2920, 2% A M- - .,/\iN))} }

=0 (a1--ar)EA K

4.2. TVaR-based capital allocation

The risk of measure presents the capital amount that has to be allocated to the total risk
portfolio which includes N insurances portfolio and credit portfolio for consolidating the capital,
such as TVaR-based capital. Then this subsection presents the expressions for the contributions
to the N insurances portfolio and the credit portfolio by using the criteria (6). The related

results are given in the following propositions.

Proposition 3 On the above assumptions, the attribution to Sy over the T'VaR-based capital

is:
TVaRy,(Sa: S)
1 M N
= - {ZtDﬂ't [505(15 VaRk(S) )\1,...,)\N)+Z Z 051 g X
t=0 k=21<j1<j2<-jr<N
k
(=1) s (t; VaRg(S9); 221 ), , 292\, 2% N Nin)
P@5(1; Valv 3 J1 Jor - Ik M1y 000y NN
=0 (a1--ar)EAL K
where

N N
Aj
5 (t; VaRg (S); A1, -, An) = D ( 11 7)\ Y ) AV (S) D) ¢
i=1  j=1,j%#i 7

Proof By the conditional expectation and independence of S; and Ss, we obtain:

M

E[SoI(ssvar, (5] = 3 tDm, P(S1 > (VaRy(S) — tD)).
t=0

Define

/ h(Sl;)\l,...7/\N)d81

VaRy (8)—tD

(517)\15' "7)\N)d51

(VaRk (S nD)+

N N
= 7)\1(V3Rk(5)*tD)
Z( H AJ ) :

\_/
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thus
E[S21{55vaR, (s)}]
M N
:ZtD?Tt[gD5(t;VaRk(S);)\1,...,)\N)-i-z Z Hjljz...jkx
=0 k=2 1<j1 <ja<--jk <N

k
(3 3 (1t VaRA(S): 2 X, 2 N+ 2% N Aig s Ain) ) .

=0 (almak)eAl’k

Because § = 0, i.e., Pr(S < VaRg(S) — k) = 0, the proposition is got.
Proposition 4 The capital attributed to S; can be expressed as

TVaRy(S; S)
M

N
_ 1 kz [806 VaRk(S)—tD);/\l,...,)\N)—l-Z Z 9j1j2"'jkx

k=21<j1<ja<---ji <N

(Z > (CD'Pe(VaRK(S) = D527 Agy 2% Ay 2% g N5 Ain) )|
=0 (a1--ar)EA K

where
N N 1
ts A A2 AN) = [ — e (g —}.
@6 ( 1; A2 N) Z H MO /\J) (x4 + )\i)
=1 j=1,j#i
Proof Because S; is a continuous random variable, by the conditional expectation and inde-

pendence of S7 and Ss, we obtain:

+oo
E[S1I1s—var,(s)}] = Z E[S11;s, —var, (5)-nr}]P(S2 = nL) =0,
n=0
L E[S:1 Z / $1fs, (s1)ds
1-k s> vare()] 1—k o VaRy (S)—tD A
Define
QDG(t;LL'; )\1; )\2; ey )\N) Z:/ slh(sl; )\1; )\2; e )\N)dsl
[ 1] )
> II (@) + 1)
N L)+ AR
=1 j=1,j#i Ai(A )\J) A
thus
TVaRk(Sl, )
| M N
= =7 2 [eo((VaRA($) = tD): Ao AN) Y0 DD By
t=0 k=21<j1<jo<-jr<N

k
(Z 3 (“D'es((VaRi(S) — tD); 2\, 2%, ..., 2% AM,AW,...,AW))]

=0 (a1--ar)EA K
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5. An numerical example

In this concluding example we show how the risk measure and risk contribution discussed
in Section 3 may be calculated. We consider the default portfolio of size M=1000 and insurance
portfolio of size N=2 with parameter § = 0.8 which implicates a correlation of 0.2 between X;
and X5. In terms of other parameters, A\ = 1/2, A\; = 1/3 and the default probability p equals
0.05. In order to make the expectation loss of two risk portfolio be equal, we consider D = 0.1.
Then we estimate VaR, TVaR and EVaR at different probability levels. The results are listed in
Table 1.

Sh So S
k VaR  TVaR EVaR VaR TVaR EVaR VaR  TVaR EVaR
0.95 12.5627 15.7272 17.5756  6.1000 6.4579 6.4676  17.6887 20.7826 22.6194
0.97 14.4736 17.3885 19.0187 6.3000 6.6558 6.6645  19.5288 22.4125 24.0206
0.99 18.0508 21.2234 22.5651 6.7000 6.9307 6.9385  23.1233 26.2947 27.5809

Table 1 Estimates of risk measure for different portfolios

From Table 1 we have that with the increase of the value of k, the estimates of risk of
measure are also increasing. Secondly, we could find that TVaR and EVaR for S are smaller
than the sum of TVaR and EVaR for S; and the risk of measure for S;. From the economical
aspect, the risk becomes smaller by diversification. Another result is that the EVaR mostly

highlights the tail risk, TVaR more and the VaR is smallest among the three risk measure tools.

S} S,
k  VaR TVaR EVaR VaR TVaR EVaR
0.95 6.1000 6.4579 6.4676  6.2000 6.5250 6.5375
0.97 6.3000 6.6558 6.6645  6.4000 6.6801 6.6905
0.99 6.7000 6.9307 6.9395  6.7000 6.9703 6.9764

Table 2 Estimates of default portfolio with binomial distribution and poisson distribution

We could find that when dealing with the large default portfolio, the poisson distribution
is a nice estimate of the binomial distribution from Table 2. The relative errors are less than 2
percent at different levels and it could simplify the process when getting the expression of TVaR
and EVaR.

k TVaR(S) TVaR(S1;S) TVaR(Sy;5)

0.95  20.7826 6.0821 14.7005
0.97  22.4125 6.0937 16.3188
0.99  26.2947 6.1313 20.1634

Table 3 TVaR-based allocations for different portfolios
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At last we show the estimates of TVaR-based allocations for different portfolios by Table 3.

Comparing the TVaRg(S1) and TVaRy(S2) in Table 1 with TVaR(S1;S) and TVaR(Ss;S), we

could find that the risks become smaller whatever is S7 or S3. In other ways, the two portfolios

both decrease their risk by diversification.
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