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Abstract In this paper, the generalized local time of the indefinite Wiener integral X; is dis-
cussed through white noise approach, which means to regard the local time as a Hida distribution.
Moreover, similar result is also obtained in case of two independent Brownian motions by using
the similar approach.
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1. Introduction

Let B(u) be a Brownian motion. The indefinite Wiener integral X; is defined as follows
X = fg f(u)dB(u). The object of study in this paper will be the generalized local time of

indefinite Wiener integral, which is formally defined as

T T
Lr(s,t) = / / §( X — X;)dsdt,
o Jo

where 6(X;— X) is called the Donsker’s delta function. Moreover, for two independent Brownian
motions BM) and B@ | the similar result is also discussed.

In recent years, local times of Brownian motion (BM) and fractional Brownian motion (FBM)
have been studied by several authors, e.g., see [1-3]. In [1], authors discussed the intersection
local time of two independent BMs in (S)*. They gave the chaos expansion of local time and
proved it was square integrable through the white noise approach. Drumond et al. [2] discussed
the local time for FBM as generalized white noise functionals, and for any dimension d > 1
expansions of self-intersection local times were given. On the other hand, Liang in [4] considered
the generalized local time of the indefinite Skorohod integral by using the technique of the Ito-
Skorohod integral and Malliavin calculus.

In this paper, motivated by [1,4], we discuss the generalized local time of indefinite Wiener

integral through white noise approach. The paper is organized as follows. In Section 2, we
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provide some background materials from white noise analysis. In Sections 3 and 4, we present

the main results and their demonstrations.

2. White noise analysis

In this section we briefly recall some notions and facts in white noise analysis, and refer to
[1,5] for details.

The starting point of white noise analysis is the real Gelfand triple S(R) c L?*(R,RY) C
S*(R) where S(R), S*(R) are the Schwartz spaces of test functions and tempered distributions,
respectively.

Let (L?) = L*(S*(R),du) be the Hilbert space u-square integrable functionals on S*(R).
Then by the Wiener-Ito-Segal isomorphism theorem, for each ® € (L?) this implies the chaos
expansion ®(w) = Y7 (- w®" :, F,). The second Gelfand triple is: (S) C (L?) C (S)*. Elements
of (S) (resp. (9)*) are called Hida testing (resp. generalized) functionals. For f € S(R), S-
transform is defined to be the bilinear dual product on (S) x (S)* by S®(f) =< ®,: exp(-, f) :>.

Lemma 2.1 ([1,5]) Let (2,5, 1) be a measure space, and ® be a mapping defined on ) with
values in (S)*. We assume S-transform of ®:
(1) is a p-measurable function of A for f € S(R);

(2) obeys a U-functional estimate
| SPa(2f) |< Cr(N) exp{Ca(N) | 2 |*| APf [3}

for some fixed p and for C; € L'(u), Co € L*(p). Then @, is Bochner-integrable in the Hilbert
spaces (S)_4 for q large enough and

/Q Brdu(N) € (). S / Drdu(N)(f) = / (58)(f)du(N).

Q

3. The generalized intersection local time of X, and X

In this section we will study the generalized local time Ly of indefinite integral X; =

fot f(u)dB(u), which is formally defined by the following expression

T T
Lyp(s,t) = / / 0(X: — Xs)dsdt
o Jo

where § is a Dirac delta function and f is the square integral function of L2[0,7]. We always

approximate the Dirac delta function by the heat kernel p.(z) = \/2175 exp {—92”—2}

Theorem 3.1 For eacht > s > 0, the Bochner integral

1 1 K
(X — X,) = —/ exp{iA(X; — X }dA = —/ exp{i/\/ f(u)dB(u)}dA
2 R 27 R s
is a generalized white noise functional.

Proof To show this result, we need apply Lemma 2.1 to the S-transform of the integral with re-
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spect to Lebesgue measure on [0, 7. First suppose f is a step function f(u) = E?:l ajly, ) (u)
where tg = s and ¢,, = t. We only need prove the result is true for the following equality

5(Xy — X) = /exp{z)\Za] B(tj—1))}dA.

In fact, since Brownian motion has independent increments, i.e., for any s < ¢ < to < -+ <
t, =t the random variables B(t1), B(t2) — B(t1),. .., B(tn) — B(tn—1) are independent, by the

definition of S-transform, we have

exp{z)\zag B(tj-1))})(9)

- E(ew\a1<w+971[to,t1>>)E( i/\a2<w+971[t1,t2>>) - Ble iXan(wtg I, o, rn>>)

n

:exp{—%Zaf( ti—1 }exp{zx\Zaj /] x)dx}

for g € S(R). The measurability condition is obvious. Now we prove the bound condition. For
z € C and g € S(R), by Schwartz equality we have
| S(exp{iA(B(t;) — B(tj-1))})(z9) |
< exp{—— |2 a5t — 15— 1)}6XP{—— | AP a5t —ti—)+ 2| A / z)dr}
2 t;
< expf—1 | AP e — ) ep{ ([ glo)an?)
ti—ti1 ),
< exp{—z | A2 a5t = ti-1)}expf| 2 ]| g(@) II72},

where, as a function of A, the first factor is integral on R and the second factor is a constant.

Hence

S(exp{MZag‘(B(tj) = B(tj-1))}(z9) [< exp{—%cs [ A2 (¢ = s)bexp{n |z [°|| g |7},

where C3 = minj<;<,{a3}. By Lemma 2.1, the result is obtained.
Next suppose f € L2[0,T]. By [6], we can choose a sequence {f,}°; of step functions
converging to f in L?[0,T]. By the dominate convergence theorem, we obtain

lim 6(X; — X,) = lim %/ exp{z/\/ frn(w)dB(u)}dA.

n—oo n—oo

By the first part proof, the result is also proved in the case of f € L2[0,T]. O

We are now ready to state our main result on the generalized intersection local time L as

well as on its subtracted counterpart L(TN).

Theorem 3.2 Fort > s > 0, the truncated generalized intersection local time of X; and X,

T T
L (s,t) = / / SM(X, — X,)dsdt
0 0

given by
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is a Hida distribution, where

oo n

sM(X, - X,) = 2i / expy {IN X — X5) A, expy(z) = Z r
T JR

n!
n=N
Proof Let f be a step function f(u) = Z?Zl ajly, , 1,)(u) where tg = s and ¢, = t. By
Theorem 3.1, it is easy to see that
n tj
1 (Zj:l a; ft 11 g(x)d:v)Q
n 2 1 eXpN{_ mn 2]
(2m )i ai(ty —tj—1))? 2> af(t; —tj-1)
for all g € S(R). Hence for z € C, it follows that
| SEM(X: — X)) (29) |
1
T @rminicjcn{a?} 30 (5 — tj1))%
= Cs(t—s)N 2 exp{Cy | 2| {_inf_|g() [}*}

SEM(X; = Xo))(g) =

(t =)V expy{(Ca| 2 | { inf | g(@) [}*)

for suitable constants Cy and Cs, where (t — s)N =2 is integral on [0, 7] x [0, 7] for all positive
integers V. In fact, we have

Sioia; i z9(x)da)?
|€XPN{_ 2211 ] 3( ‘_tj 1) |
(i e T ot — t5-1)%} | 2 [ {infs<u<e | 9(2) I}Q}
2m1ﬂ1§a§n{a‘j} >t —tj—1)
<expy{Cu(t —s) |z |? {ngﬁ | g(x) [}*}

< (t-9)" exp{Ca |2 | { inf | g(a) |}?). O

< expy{

From the proof of Theorem 3.2, when we take f(u) = Ijo4(u), the intersection local time of

X; and X is the intersection local time of B; and Bs. Hence the following corollary is obtained.

Corollary 3.3 Fort > s > 0, the intersection local time of By and By given by

1 /T T
= —/ / / exp{iA(B; — Bs)}dAdsdt
m™Jo Jo JR

4. The generalized collision local time of Xt(l) and X{?

is a Hida distribution.

In the section we will discuss the generalized local time Ly of indefinite integral Xt(l) =

fo f1(w)dBD (u) and X = g f2(0)dB@ (v), where B! and B are two independent Brow-
nian motions and fi, f2 are all in LQ[O, 7).

Theorem 4.1 For each t,s > 0, the Bochner integral
1
s(xN - x@) = o / exp{iN(X) — X(P)}1dA
R

is a generalized white noise functional.
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Proof Suppose f1 and f; are all step functions

u) = Zall[tl,l,tz)(u)a fQ(U) = Z ka[sk,l,sk)(’U)
=1 k=1

Wheretozoatn:t50§u<tST:1a'ndSOZO, Sm:S,OS’U<SST:1 SinCCB(l) and
B®) are two independent Brownian motions, BM (t;) — BM(t;_1) and B (s) — B®) (s},_1) are

also independent. By the definition of S-transform, we have
S(exp{ir(X;" - XP)1(9)

m
_ HE iXag(wi+g,I,_ tl) H *Z)\bk w2+g,1s k,l,skﬁ)
=1 =

_ {eXp{_uZ Htr—ty }exp{z/\zal/ z)dz}}

[\)

el

{exp{—%zba - 1}exp{—mzbk [ sty
k Sk—1

for g € S(R). The measurability condition is obvious. Similarly to the proof of Theorem 3.1, for
z € C and g € S(R), we have
| S({expir(X; = XP)})(z0) |

m

< exp{—% AP QD ai (b —tim) + ) bi(sk — se—1) Y exp{(n +m) | [P g(x) |22},

1=1 k=1
where, as a function of A, the first factor is integral on R and the second factor is a constant,
which implies that 6(Xt(1) - Xs(z)) is a Hida distribution. O

Theorem 4.2 Fort,s > 0, the truncated generalized collision local time of Xt(l) and X 5(2) given

by
LY (s / / M (xM — XP)dsdt

is a Hida distribution, where

W (x® _ xy@y= L A x® - x@ _ Zoo z
W (X, X )_271- exp v {IN(X; XA, expy(x) =
R

n!’
n=N

Proof Let f; and f5 be step functions fi(u) = > ailpy, ) (w), f2(v) = 300 b, ) (0).
By Theorem 4.1, we find that
1 .
(2r(3oi=y af (b —tia) + Z? 1 7 (sk — Sk—l)))%
exp{— Cim @ ftl ) z)de — 370 by, Skt g(x)dx)?
202 af(t — tzf1) + > b2 (sk — sk—1))

SEM (XM - x@))(g) =

for all g € S(R). Because

| expy{— i lftl ) x)de — 370 by, fsk g(x)dx)?
Py 2030, af(t — tlfl) + >y bp(se — sk—1))

H
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2 [ g(@)dz) (5, [ g(a)da)

<
_eXpN{ 06(5+t) }
B 2mini <j<n{ar} info<a<r | {g(x) [} D00, til,l dz
= PN Co(s +1) .
m Sk
2, )t (o) Y [ ae)

ming <j<n {ar} ming<p<m{br} (infoco<r | () [)*(s +1)° !
CG(S + t)

< (s 0" exp{Cr( inf | g(a) 2},

< eXPN{

maxi<i<n,1<k<mianbr})?
Cs :

where CG = minlglgn)lgkgm{a%, b%} and C7 = (
Hence, it follows that

S N
ﬁ exp{Cr( inf | g(x) )| 2 *}

< Cs(s + )N expy{Cr( inf [ g(a) ) | = ),

| SEM (XM — XP))(z9) | <

where Cg = (27C)~2 is a constant. And (s + ¢)NV =2 is integral on [0, T] x [0, 7] for all positive
integers N. O

From the proof of Theorem 4.2, the following corollary is obvious.

Corollary 4.3 Fort,s > 0, the collision local time ofB,gl) and B§2) given by

1 (T 47
Ly(s,t) = — / / / exp{ir(BY — B@)ldAdsdt
2r Jo Jo Jr
is a Hida distribution.

Remark 4.4 Comparing with work in [1], we extend the collision local time of Brownian motion

to the case of indefinite Wiener integral Xt(l) and X
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