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Abstract We consider the question for what kind of square integrable holomorphic functions

f , g on the unit ball the densely defined products TfTḡ are invertible and Fredholm on the

weighted Bergman space of the unit ball. We furthermore obtain necessary and sufficient

conditions for bounded Haplitz products HfTḡ, where f ∈ L2(Bn, dvα) and g is a square
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1. Introduction

Let Cn be the n-dimensional complex Euclidean space. For any two points z = (z1, . . . , zn)

and ω = (ω1, . . . , ωn) in Cn we write 〈z, ω〉 = z1ω1 + · · · + znωn and |z|2 = |z1|2 + · · · + |zn|2.
The set Bn = {z ∈ Bn : |z| < 1} is the open unit ball in Cn.

For −1 < α <∞, we denote by dvα the measure on Bn defined by dvα(z) = (1−|z|2)αdv(z).

For any multi-index m = (m1,m2, . . . ,mn), where each mk is a nonnegative integer, we will write

|m| = m1 +m2 + · · · +mn and zm = zm1
1 zm2

2 . . . zmn
n for z = (z1, z2, . . . , zn). In addition, scalar

multiplication and conjugation are defined in [1].

For z ∈ Bn, let ϕz be the automorphism of Bn, such that ϕz(0) = z and (ϕz)
−1 = ϕz . The

weighted Bergman space A2
α(Bn) is the closed subspace of L2(Bn, dvα) consisting of holomorphic

functions. The reproducing kernel in A2
α(Bn) is given by

K(α)
z (ω) =

1

(1 − 〈ω, z〉)n+α+1
,

where z, ω ∈ Bn. Let 〈·, ·〉α denote the inner product in A2
α(Bn). Then 〈h,K(α)

z 〉α = h(z),

for every h ∈ A2
α(Bn) and z ∈ Bn. Let ‖ · ‖ and ‖ · ‖2+ε denote the norm in L2(Bn, dvα) and

L2+ε(Bn, dvα), respectively. Then using the reproducing property of K
(α)
z , we have

‖K(α)
z ‖2

= 〈K(α)
z ,K(α)

z 〉α =
1

(1 − |z|2)n+α+1
,
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thus the normalized reproducing kernel is given by

k(α)
z (ω) =

(1 − |z|2)n+α+1
2

(1 − 〈ω, z〉)n+α+1
,

for z, ω ∈ Bn. For z ∈ Bn the function ϕz has real Jacobian equal to

|ϕ′
z(ω)|2 =

(1 − |z|2)n+1

|1 − 〈z, ω〉|2n+2
.

Thus we have the change of variable formula which will be very important for us later on.
∫

Bn

f(ϕz(ω))|k(α)
z (ω)|2dvα(ω) =

∫

Bn

f(ω)dvα(ω),

for every f ∈ L1(Bn, dvα).

Let Pα be the orthogonal projection from L2(Bn, dvα) onto A2
α(Bn). Pα is an integral

operator represented by

(Pαg)(z) = 〈g,K(α)
z 〉α =

∫

Bn

g(ω)
1

(1 − 〈z, ω〉)n+α+1
dvα(ω),

for g ∈ L2(Bn, dvα) and z ∈ Bn. It is clear that the above integral formula extends the domain

of Pα to L1(Bn, dvα). Given f ∈ L2(Bn, dvα), we define the Toeplitz operator Tf : A2
α(Bn) →

A2
α(Bn) by

Tfg = Pα(fg).

Tf is called the Toeplitz operator with symbol f . So, if g ∈ A2
α(Bn), we define Tḡ by the formula

(Tḡh)(z) =

∫

Bn

g(ω)h(ω)

(1 − 〈z, ω〉)n+α+1
dvα(ω),

for h ∈ A2
α(Bn) and z ∈ Bn. If f ∈ A2

α(Bn), it is clear that TfTḡh is the holomorphic function

fTḡh. For f ∈ L2(Bn, dvα), the Hankel operator Hf : A2
α(Bn) → (A2

α(Bn))
⊥ is defined by

Hf (g) = fg − Pα(fg).

Suppose f and g are in L2(Bn, dvα). Consider the operator f ⊗ g on L2(Bn, dvα) defined

by

(f ⊗ g)h = 〈h, g〉αf,

for h ∈ L2(Bn, dvα). It is easy to prove that the norm of f ⊗ g is ‖f ⊗ g‖ = ‖f‖‖g‖. If T and

S are bounded linear operators, then T (f ⊗ g)S∗ = (Tf) ⊗ (Sg). We observe that the Taylor

expansion of the function (1 − z)n+α+1 around 0,

(1 − z)n+α+1 =

∞∑

k=0

Cn,α,kz
k,

where

Cn,α,k = (−1)k
(n+ α+ 1)(n+ α) . . . (n+ α+ 2 − k)

k!
, k = 1, 2, . . . , Cn,α,0 = 1,

is absolutely convergent on the closed unit disk in C for α > −1.
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Let Q0 be the integral operator on L2(Bn, dvα) defined by

Q0u(z) =

∫

Bn

u(ω)

|1 − 〈z, ω〉|n+α+1
dvα(ω), z ∈ Bn.

It is clear that Q0 is Lp bounded [2].

It turns out that the algebra property of Toeplitz and Hankel operator is closely related to

the behavior of the symbol on Bergman space of the unit ball. To make this precise, we need

to introduce the Berezin transform. If f is in L1(Bn, dvα), the Berezin transform f̃ of f is the

function on Bn defined by

f̃(z) =

∫

Bn

f(ω)|k(α)
z (ω)|2dvα(ω)

and it is easy to see that

f̃ ◦ ϕz(ω) = f̃(ϕz(ω))

for z ∈ Bn.

Definition 1.1 Let H be Hilbert space, and A : H → H be a bounded operator. Then A

is said to be left semi-Fredholm if there is a bounded operator B such that I − BA is compact

operator. Analogously, A is right semi-Fredholm if there is such a bounded operator B such that

I−AB is compact operator. A is a Fredholm operator if it is both left and right semi-Fredholm.

Fredholm operators and their properties were described in [3].

Toeplitz and Hankel operators are one of the most widely studied classes of concrete opera-

tors. The study of their properties on the Hardy and Bergman spaces has generated an extensive

list of results in the operator theory and in the theory of function spaces. Fredholmness and

Invertibility of Toeplitz operator are the most important algebra property of Toeplitz operator.

In [4], the authors proved that under certain conditions on the group generated by the Fourier

support of the symbol, a Toeplitz operator is Fredholm if and only if it is invertible. In [5], the

author discuss the Fredholm properties of some Toeplitz operators on Dirichlet spaces. In [6],

the authors discussed invertibility and Fredholm property of Toeplitz products TfTḡ for analytic

f and g on the Bergman space and the Hardy space. In [7], Cruz-Uribe characterized the outer

functions f and g for which the Toeplitz product TfTḡ is bounded and ivertible on Hardy space.

In [8], K. Stroethoff and Zheng obtained a necessary condition on boundedness of Hankel prod-

ucts HfH
∗
g and proved that the necessary condition is very close to being sufficient, as shown for

Toeplitz products on the Bergman space of the unit disk. Many interesting questions concerning

the algebra property of Toeplitz and Hankel operator on the Hardy space or the Bergman space

still remain open.

In this paper we consider the question for what kind of square integrable holomorphic func-

tions f , g on the unit ball the densely defined products TfTḡ are invertible and Fredholm on the

weighted Bergman space of the unit ball. We furthermore obtain necessary and sufficient condi-

tions for bounded Haplitz products HfTḡ, where f ∈ L2(Bn, dvα) and g is a square integrable

holomorphic function.
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Throughout the paper, we will use the letter c to denote a generic positive constant that

can change its value at each occurrence.

2. Invertibility and Fredholmness of Toeplitz products

In this section we will give necessary and sufficient condition for inverse Toeplitz operator

and Fredholm Toeplitz operator with square integrable holomorphic symbols. Before doing this,

we need the following results.

Lemma 2.1 ([9]) Let −1 < α <∞, and f and g be in A2
α(Bn). If TfTḡ is bounded on A2

α(Bn),

then

sup
z∈Bn

|̃f |2(z)|̃g|2(z) <∞.

Lemma 2.2 Suppose that f ∈ A2
α(Bn) is zero free. Let b denote any zero-free bounded

holomorphic function and F = f/b. Then there exists a constant c such that

|̃F |2+ε(z) ≤ c|̃f |2+ε(z)

for ε ≥ 0.

Proof Choose 0 < R < 1 such that |b(ω)| > 1√
2
, for all R < |ω| < 1. Suppose z ∈ Bn. Then

|̃f |2+ε(z) =

∫

Bn

|f(ϕz(ω))|2+εdvα(ω)

=

∫

Bn

|b(ϕz(ω))|2+ε|F (ϕz(ω))|2+εdvα(ω)

≥ 1

21+ ε
2

∫

R<|ϕz(ω)|<1

|F (ϕz(ω))|2+εdvα(ω)

=
1

21+ ε
2

∫

R<|ω|<1

|F (ω)|2+ε|k(α)
z (ω)|2dvα(ω).

Now, if h is holomorphic on Bn, then
∫

Bn

|h(z)|2+εdvα(z) ≤ 1

1 −R(2+ε)|m|+2n

∫

R<|z|<1

|h(z)|2+εdvα(z).

It suffices to prove above equality for monomials h(z) = zm.
∫

R<|z|<1

|zm|2+εdvα(z) =

∫

Bn

|zm|2+εdvα(z) −
∫

|z|≤R
|zm|2+εdvα(z)

=

∫

Bn

|zm|2+εdvα(z) −
∫

|z|<R
|zm|2+εdvα(z)

≥
∫

Bn

|zm|2dvα(z) −R(2+ε)|m|+2n

∫

Bn

|zm|2dvα(z)

= (1 −R(2+ε)|m|+2n)

∫

Bn

|zm|2+εdvα(z).

Applying the above estimate to the function

h(z) = F (z)(k(α)
z )

2
2+ε ,
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we get that
∫

R<|z|<1

|F (ω)|2+ε|k(α)
z (ω)|2dvα(ω) ≥ (1 −R(2+ε)|m|+2n)

∫

Bn

|F (ω)|2+ε|k(α)
z (ω)|2dvα(z)

= (1 −R(2+ε)|m|+2n)|̃F |2+ε(z).

Thus

|̃f |2+ε(z) ≥ 1

21+ ε
2
(1 −R(2+ε)|m|+2n)|̃F |2+ε(z),

so that

|̃F |2+ε(z) ≤ c|̃f |2+ε(z)

with c = 21+ ε
2

1−R(2+ε)|m|+2n , for all z ∈ Bn. �

Next, we will completely characterize the bounded invertible Toeplitz products and Fred-

holm Toeplitz products.

Lemma 2.3 ([9]) Let −1 < α <∞, and f and g be in A2
α(Bn). For ε > 0,

sup
z∈Bn

|̃f |2+ε(z)|̃g|2+ε(z) <∞,

then TfTḡ is bounded on A2
α(Bn).

Theorem 2.1 Let f, g ∈ A2
α(Bn) and TfTḡ be bounded and invertible on A2

α(Bn). Then

sup
z∈Bn

|̃f |2(z)|̃g|2(z) <∞

and

inf
z∈Bn

|f(z)||g(z)| > 0.

Proof Suppose that TfTḡ is bounded and invertible on A2
α(Bn). By Lemma 2.1 there exists a

positive number M such that

sup
z∈Bn

|̃f |2(z)|̃g|2(z) ≤M,

for all z ∈ Bn. Since

TfTḡk
(α)
z = g(z)fk(α)

z ,

it follows

‖TfTḡk(α)
z ‖2

= |g(z)|2‖fk(α)
z ‖2

= |g(z)|2 |̃f |2(z).

So the invertibility of TfTḡ yields

|g(z)|2 |̃f |2(z) ≥ δ1 > 0.

Since TgTf̄ = (TfTḡ)
∗ is bounded and invertible on the A2

α(Bn), there exists a constant δ2 such

that

|f(z)|2 |̃g|2(z) ≥ δ2 > 0,

for all z ∈ Bn. Let δ = δ1δ2. Then we have

δ ≤ |f(z)|2|g(z)|2 |̃f |2(z)|̃g|2(z) ≤M |f(z)|2|g(z)|2
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and thus

inf
z∈Bn

|f(z)||g(z)| ≥
√

δ

M
. �

Theorem 2.2 Let f, g ∈ A2
α(Bn). For ε > 0,

sup
z∈Bn

|̃f |2+ε(z)|̃g|2+ε(z) <∞

and

inf
z∈Bn

|f(z)||g(z)| > 0.

Then TfTḡ is bounded and invertible on A2
α(Bn).

Proof Suppose that for ε > 0

M = sup
z∈Bn

|̃f |2+ε(z)|̃g|2+ε(z) <∞

and

η = inf
z∈Bn

|f(z)||g(z)| > 0.

By Lemma 2.3, we know that TfTḡ is bounded on A2
α(Bn). By the inequality of Cauchy-Schwarz,

we have

|f(z)|2|g(z)|2 ≤ |̃f |2(z)|̃g|2(z) ≤ |̃f |2+ε(z)|̃g|2+ε(z)

and |f(z)||g(z)| ≤
√
M for all z ∈ Bn. So fg is a bounded function on Bn. Note that f and g

cannot have zeros in Bn. Since |g(z)|2+ε ≥ η2+ε|f(z)|−2−ε, we have

|̃g|2+ε(z) ≥ η2+ε ˜|f(z)|−2−ε(z).

Consequently

M ≥ |̃f |2+ε(z)|̃g|2+ε(z) ≥ η2+ε |̃f |2+ε(z) ˜|f(z)|−2−ε(z).

By Lemma 2.3, we know that TfTf−1 is bounded on L2
a(Bn). Since fg is bounded on Bn, the

operator Tfg is bounded on A2
α(Bn). Since ψ = 1

fg
is bounded on Bn, the operator Tψ is bounded

on A2
α(Bn). Since

TfTḡTψ = I = TψTfTḡ,

we conclude that TfTḡ is invertible on A2
α(Bn). �

Next, we will completely characterize the bounded Fredholm Toeplitz products TfTḡ on

A2
α(Bn). We have the following result.

Theorem 2.3 Let f, g ∈ A2
α(Bn) and TfTḡ be bounded Fredholm operator on A2

α(Bn). Then

sup
z∈Bn

|̃f |2(z)|̃g|2(z) <∞

and there exists a number r with 0 < r < 1 such that

inf
r<|z|<1

|f(z)||g(z)| > 0.
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Proof By Lemma 2.1, there exists a constant M such that

sup
z∈Bn

|̃f |2(z)|̃g|2(z) ≤M.

If TfTḡ is Fredholm, then there exists a bounded operator S and a compact operator A such

that

STfTḡ = I +A.

Using the fact TfTḡk
(α)
z = g(z)fk

(α)
z , we have

‖S‖|g(z)||̃f |2(z) 1
2 = ‖S‖‖TfTḡk(α)

z ‖ ≥ ‖STfTḡk(α)
z ‖

≥ ‖k(α)
z ‖ − ‖Ak(α)

z ‖ = 1 − ‖Ak(α)
z ‖.

Since A is compact, ‖Ak(α)
z ‖ → 0 as z → 1−, so there exists 0 < r1 < 1 such that ‖Ak(α)

z ‖ < 1
2

for all r1 < |z| < 1. The above inequality shows that

|g(z)|2 |̃f |2(z) ≥M1 =
1

2
‖S‖−1

,

for all r1 < |z| < 1.

Since TgTf̄ = (TfTḡ)
∗ is also Fredholm, there is a positive constant M2 and a number r2

with 0 < r2 < 1 such that

|f(z)|2 |̃g|2(z) ≥M2,

for all r2 < |z| < 1. Thus

M1M2 ≤ |f(z)|2|g(z)|2 |̃f |2(z)|̃g|2(z) ≤M |f(z)|2|g(z)|2

and hence

inf
r<|z|<1

|f(z)||g(z)| ≥
√
M1M2

M
> 0

with r = max{r1, r2}. �

The following theorem gives a sufficient condition slightly stronger than necessary condition

for Fredholm Toeplitz operator.

Theorem 2.4 Let f, g ∈ A2
α(Bn). For ε > 0,

sup
z∈Bn

|̃f |2+ε(z)|̃g|2+ε(z) <∞

and there exists a number r with 0 < r < 1 such that

inf
r<|z|<1

|f(z)||g(z)| > 0.

Then TfTḡ is bounded Fredholm operator on A2
α(Bn).

Proof By Lemma 2.3, we know that TfTḡ is bounded operator on A2
α(Bn). Suppose that

|f(z)||g(z)| ≥ δ > 0,

for all 0 < r < |z| < 1. The above inequality implies that f and g have no zeros in the annulus

{z : r < |z| < 1}. Let b1 and b2 denote any zero-free bounded holomorphic function, respectively.
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Then F = f/b1 and G = g/b2 are zero free. By the above analysis, we have

|F (z)||G(z)| ≥ δ|b1||b2|,

for all r < |z| < 1. The function on the right is positive and continuous on annulus {z : 1+r
2 ≤

|z| ≤ 1}, thus has a positive minimum. So putting ρ = 1+r
2 , we have

|F (z)||G(z)| ≥ η1,

for all ρ < |z| < 1. Note that

η2 = inf
|z|≤ρ

|F (z)||G(z)| > 0.

If we take η = min(η1, η2), then

|F (z)||G(z)| ≥ η,

for all z ∈ Bn and the Toeplitz operator T 1
F Ḡ

is bounded on A2
α(Bn). By Lemma 2.2 and

Theorem 2.5, we have TFTḠ is bounded and invertible. By the inverse operator theorem, we

have (TFTḠ)−1 is bounded too. Since Tb2 is Fredholm, there are bounded and compact operators

R2 and K2 such that Tb2R2 = I +K2. It follows that

TfTḡR2 = Tb1TFTḠ + Tb1TFTḠK2,

thus

TfTḡR2(TFTḠ)−1 = Tb1 + Tb1TFTḠK2(TFTḠ)−1.

Since Tb1 is Fredholm, there are bounded and compact operators R1 and K1 such that Tb1R1 =

I +K1. Then

TfTḡR2(TFTḠ)−1R1 = I +K1 + Tb1TFTḠK2(TFTḠ)−1R1.

Hence TfTḡ is right-Fredholm operator. Similarly TfTḡ is left-Fredholm operator. So that TfTḡ

is Fredholm operator. �

3. Boundedness of Haplitz product

In this section we will give a necessary and sufficient condition for bounded Haplitz product

HfTḡ with f ∈ L2(Bn, dvα) and g being square integrable holomorphic function. Before doing

this, we need the following results.

Lemma 3.1 ([9])

〈F,G〉α =
1

Γ(2m+ 1)

∑

|γ|=m

∫

Bn

DγF (z)DγG(z)(1 − |z|2)2mdvα(z)+

2m−1∑

j=1

a′j
∑

|γ|=m

∫

Bn

DγF (z)DγG(z)(1 − |z|2)2m+jdvα(z)+

m∑

j=1

b′j

∫

Bn

F (z)G(z)(1 − |z|2)2m+j−1dvα(z),

for any m ∈ N and F,G ∈ A2
α(Bn).
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Lemma 3.2 ([9]) Let f ∈ L2(Bn, dvα). Then

|(Tf̄h)(z)| ≤
1

(1 − |z|2)n+α+1
2

‖h‖|̃f |2(z) 1
2 ,

and

|(H∗
fu)(z)| ≤

1

(1 − |z|2)n+α+1
2

‖u‖‖f ◦ ϕz − Pα(f ◦ ϕz)‖,

for all h ∈ A2
α(Bn), u ∈ (A2

α(Bn))
⊥ and z ∈ Bn.

Lemma 3.3 ([10]) On A2
α(Bn), we have

k(α)
z ⊗ k(α)

z =

∞∑

k=0

Cn,α,k
∑

|γ|=k

k!

γ!
Tϕγ

z
Tϕγ

z
.

Adopting the same method as in Lemma 4.5 in [9], we have

Lemma 3.4 Let ε > 0, δ = 2+ε
1+ε and f ∈ L2(Bn, dvα). For all u ∈ (A2

α(Bn))
⊥, h ∈ A2

α(Bn)

and multi-index γ with |γ| = m ≥ n+α+1
2 , we have

|(DγTf̄h)(z)| ≤ c
|̃f |2(z) 1

2

(1 − |z|2)m [Q0(|u|δ)(z)]
1
δ ,

and

|(DγH∗
f )u(z)| ≤ c

‖f ◦ ϕz − P (f ◦ ϕz)‖2+ε

(1 − |z|2)m [Q0(|u|δ)(z)]
1
δ ,

for all z ∈ Bn.

Theorem 3.1 Suppose f ∈ L2(Bn, dvα), g ∈ A2
α(Bn),

sup
z∈Bn

‖f ◦ ϕz − P (f ◦ ϕz)‖2+ε |̃g|2(z)
1
2 <∞.

Then HfTḡ is bounded.

Proof Suppose u ∈ A2
α(Bn) and v ∈ (A2

α(Bn))
⊥. By Lemma 3.1, we have

〈HfTḡu, v〉α =〈Tḡu,H∗
fv〉α

=
Γ(1)

Γ(2m+ 1)

∑

|γ|=m

∫

Bn

Dγ(Tḡu)(z)Dγ(H∗
f v)(z)(1 − |z|2)2mdvα(z)+

2m−1∑

j=1

a′j
∑

|γ|=m

∫

Bn

Dγ(Tḡu)(z)Dγ(H∗
f v)(z)(1 − |z|2)2m+jdvα(z)+

m∑

j=1

b′j

∫

Bn

(Tḡu)(z)(H∗
f v)(z)(1 − |z|2)2m+j−1dvα(z).

By Hölder’s inequality,

( ∫

Bn

|f |2(ω)dvα(ω)
) 1

2 ≤
( ∫

Bn

|f |2+ε(ω)dvα(ω)
) 1

2+ε .

By Lemma 3.2, we get

|(H∗
f v)(z)(Tḡu)(z)| ≤

1

(1 − |z|2)n+α+1
‖f ◦ ϕz − P (f ◦ ϕz)‖|̃g|2(z)

1
2 ‖u‖‖v‖
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and
∣∣
∫

Bn

(H∗
f v)(z)(Tḡu)(z)(1 − |z|2)qdvα(z)

∣∣ ≤ c‖u‖‖v‖,

for all q ≥ n+α+1. So if we choose a large m, such that 2m ≥ n+α+1, then each of the terms
∫

Bn

(H∗
f v)(z)(H

∗
gu)(z)(1 − |z|2)2m+j−1dvα(z)

is bounded by M‖u‖‖v‖, for j = 1, . . . ,m.

Let

Π =
Γ(1)

Γ(2m+ 1)

∑

|γ|=m

∫

Bn

Dγ(Tḡu)(z)Dγ(H∗
f v)(z)(1 − |z|2)2mdvα(z)

and
∏

=

2m−1∑

j=1

a′j
∑

|γ|=m

∫

Bn

Dγ(Tḡu)(z)Dγ(H∗
f v)(z)(1 − |z|2)2m+jdvα(z).

By Lemma 3.4 and the Lp boundedness of operator Q0, we have

Π ≤ c sup
z∈Bn

‖f ◦ ϕz − P (f ◦ ϕz)‖2+ε |̃g|2(z)
1
2 ‖u‖‖v‖

and ∏
≤ c sup

z∈Bn

‖f ◦ ϕz − P (f ◦ ϕz)‖2+ε |̃g|2(z)
1
2 ‖u‖‖v‖.

So the product HfTḡ is bounded on (A2
α(Bn))⊥, as desired. �

Theorem 3.2 Suppose f ∈ L2(Bn, dvα), g ∈ A2
α(Bn), HfTḡ is bounded, then

sup
z∈Bn

‖f ◦ ϕz − P (f ◦ ϕz)‖2 |̃g|2(z)
1
2 <∞.

Proof By Lemma 3.3, we have

Hf (k
(α)
z ⊗ k(α)

z )Tḡ = Hf (

∞∑

k=0

Cn,α,k
∑

|γ|=k

k!

γ!
Tϕγ

z
Tϕγ

z
)Tḡ

=
∞∑

k=0

Cn,α,k
∑

|γ|=k

k!

γ!
HfTϕγ

z
Tϕγ

z
Tḡ

=

∞∑

k=0

Cn,α,k
∑

|γ|=k

k!

γ!
Sϕγ

z
HfTḡSϕγ

z
.

Since Hf (k
(α)
z ⊗ k

(α)
z )Tḡ = (Hfk

(α)
z ) ⊗ (Tḡk

(α)
z ), it follows

‖Hf (k
(α)
z ⊗ k(α)

z )Tḡ‖ = ‖f ◦ ϕz − P (f ◦ ϕz)‖2 |̃g|2(z)
1
2

and

‖f ◦ ϕz − P (f ◦ ϕz)‖|̃g|2(z)
1
2 = ‖Hf(k

α
z ⊗ k(α)

z )Tḡ‖

= ‖
∞∑

k=0

Cn,α,k
∑

|γ|=k

k!

γ!
Sϕγ

z
HfTḡSϕγ

z
‖
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≤
∞∑

k=0

|Cn,α,k|‖
∑

|γ|=k

k!

γ!
Sϕγ

z
HfTḡSϕγ

z
‖

≤
∞∑

k=0

|Cn,α,k|‖HfTḡ‖

≤ c‖HfTḡ‖ <∞,

where we use the fact that
∑∞

k=0 |Cn,α,k| is convergent. �
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