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Products of Toeplitz Operator on the Weighted Bergman
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Abstract We consider the question for what kind of square integrable holomorphic functions
f, g on the unit ball the densely defined products TyT; are invertible and Fredholm on the
weighted Bergman space of the unit ball. We furthermore obtain necessary and sufficient
conditions for bounded Haplitz products H;Ty, where f € Lz(Bmdva) and g is a square
integrable holomorphic function.
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1. Introduction

Let C™ be the n-dimensional complex Euclidean space. For any two points z = (z1,...,2,)
and w = (w1,...,w,) in C™ we write (2,w) = 2101 + - + 2,0, and [2]? = [21]% + - + |20]2
The set B, = {z € By, : |z| < 1} is the open unit ball in C™.

For —1 < a < 0o, we denote by dv, the measure on B,, defined by dv, (z) = (1—|2]?)*dv(z).

For any multi-index m = (mq,ma, ..., my,), where each my, is a nonnegative integer, we will write
|m| =mi+ma+---+my and 2™ = 27" 252 ... 2 for z = (21, 22,...,2,). In addition, scalar

multiplication and conjugation are defined in [1].

For z € By, let ¢, be the automorphism of B,,, such that ¢,(0) = z and (p,)"! = ¢,. The
weighted Bergman space A2 (B,,) is the closed subspace of L?(B,,,dv,) consisting of holomorphic
functions. The reproducing kernel in A2 (B,,) is given by

1
(T, e

K (w) =

where z,w € B,. Let (-,-)o denote the inner product in A2(B,). Then (h, K"}, = h(2),
for every h € A2(B,) and z € B,,. Let |- [ and || - [,,. denote the norm in L*(B,,dv,) and
L?%¢(B,,,dv,), respectively. Then using the reproducing property of K ,§“), we have

2 1
KOOI = (K@ gl - — —
H z || < z iz > (1 _ |Z|2)n+a+17
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thus the normalized reproducing kernel is given by
(1— o)
(1= (w,z))ntott’
for z,w € B,,. For z € B, the function ¢, has real Jacobian equal to

o (L=
|<Pz(w)| - |1 _ (z,w)|2"+2'

k) (w) =

z

Thus we have the change of variable formula which will be very important for us later on.

/fsoz DK (@) Pdu (e /f Jdlva (@

for every f € LY(B,,dvy).
Let P, be the orthogonal projection from L?(B,,dv,) onto A2(B,). P, is an integral
operator represented by

(Pas)() = (0. K = [ o) s dunt)

n

for g € L2(Bn, dv,) and z € B,,. It is clear that the above integral formula extends the domain
of P, to L'(B,,dv,). Given f € L?(B,,dv,), we define the Toeplitz operator Ty : A2(B,) —
AZ(Bn) by

ng = Pa(fQ)'

Ty is called the Toeplitz operator with symbol f. So, if g € A2(B,,), we define T; by the formula

_ g(w)h(w)
T = [ et e )
for h € A%2(By,) and z € B,,. If f € A%2(B,,), it is clear that TyT;h is the holomorphic function
[Tsh. For f € L?(B,,dv,), the Hankel operator H; : A2(B,) — (A%(B,))* is defined by

Hy(g) = fg — Pa(f9g).

Suppose f and g are in L%(B,,dv,). Consider the operator f ® g on L?(B,,dv,) defined
by

(f®@gh=(hg)f,

for h € L*(B,,dv,). It is easy to prove that the norm of f @ g is ||f @ g| = || f|lllg]l. If T and
S are bounded linear operators, then T(f ® ¢)S* = (Tf) ® (Sg). We observe that the Taylor

expansion of the function (1 — 2)"**! around 0,
(1 _ n+a+1 chakz

where
cn+a+l)(n+a)...(n+a+2-k)
k! ’

is absolutely convergent on the closed unit disk in C for a > —1.

Cn,a,k = (_1) k= 1,2, ey Cn,a,O = 1,
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Let Qo be the integral operator on L?(B,,,dv,) defined by

u(w)

Qou(z):/B e w>|n+a+1dva(w), z € B,.

It is clear that Qg is L? bounded [2].
It turns out that the algebra property of Toeplitz and Hankel operator is closely related to

the behavior of the symbol on Bergman space of the unit ball. To make this precise, we need
to introduce the Berezin transform. If f is in L*(B,,dv,), the Berezin transform f of f is the

function on B,, defined by
Fe) = [ FlE? @)Pdu )

and it is easy to see that

—_—— ~

fo (pz(w) = f((pz(w))
for z € B,,.

Definition 1.1 Let H be Hilbert space, and A : H — H be a bounded operator. Then A
is said to be left semi-Fredholm if there is a bounded operator B such that I — BA is compact
operator. Analogously, A is right semi-Fredholm if there is such a bounded operator B such that
I — AB is compact operator. A is a Fredholm operator if it is both left and right semi-Fredholm.

Fredholm operators and their properties were described in [3].

Toeplitz and Hankel operators are one of the most widely studied classes of concrete opera-
tors. The study of their properties on the Hardy and Bergman spaces has generated an extensive
list of results in the operator theory and in the theory of function spaces. Fredholmness and
Invertibility of Toeplitz operator are the most important algebra property of Toeplitz operator.
In [4], the authors proved that under certain conditions on the group generated by the Fourier
support of the symbol, a Toeplitz operator is Fredholm if and only if it is invertible. In [5], the
author discuss the Fredholm properties of some Toeplitz operators on Dirichlet spaces. In [6],
the authors discussed invertibility and Fredholm property of Toeplitz products 7Ty for analytic
f and g on the Bergman space and the Hardy space. In [7], Cruz-Uribe characterized the outer
functions f and g for which the Toeplitz product T¢T} is bounded and ivertible on Hardy space.
In [8], K. Stroethoff and Zheng obtained a necessary condition on boundedness of Hankel prod-
ucts HyHj and proved that the necessary condition is very close to being sufficient, as shown for
Toeplitz products on the Bergman space of the unit disk. Many interesting questions concerning
the algebra property of Toeplitz and Hankel operator on the Hardy space or the Bergman space
still remain open.

In this paper we consider the question for what kind of square integrable holomorphic func-
tions f, g on the unit ball the densely defined products 1Ty are invertible and Fredholm on the
weighted Bergman space of the unit ball. We furthermore obtain necessary and sufficient condi-
tions for bounded Haplitz products H¢Ty, where f € L*(B,,dv,) and g is a square integrable

holomorphic function.
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Throughout the paper, we will use the letter ¢ to denote a generic positive constant that

can change its value at each occurrence.

2. Invertibility and Fredholmness of Toeplitz products

In this section we will give necessary and sufficient condition for inverse Toeplitz operator
and Fredholm Toeplitz operator with square integrable holomorphic symbols. Before doing this,

we need the following results.

Lemma 2.1 ([9]) Let —1 < a < 00, and f and g be in A%(B,,). If T+T; is bounded on A2(B,,),
then

sup |/f\|5(z)|/g\|5(z) < 0.

z€B,,
Lemma 2.2 Suppose that f € A%(B,) is zero free. Let b denote any zero-free bounded
holomorphic function and F = f/b. Then there exists a constant ¢ such that

|[F2*e(2) < | f[*T=(2)
for e > 0.

Proof Choose 0 < R < 1 such that |b(w)| > %, for all R < |w| < 1. Suppose z € B,,. Then

1) = [ 7o) edva(w)

n

= [ M@)o )P dva )

n

1 / 9
> == |F (02 (w)) [P dvg (w)
2% Jpcip. )<t

1 / 2 2

= or7E |F (@) 5 (w) P dva (w).
213 R<|w|<1

Now, if h is holomorphic on B,,, then

1
() (2) < [ b))
/ 1 — R(G+e)iml+2n R<|z|<1

n

It suffices to prove above equality for monomials h(z) = 2™.

/R () = / [P dug (=) — / [ 2 dug (2)
<|z|<

B, |z|<R

:/ |zm|2+8dva(2)—/ |22 e dvg (2)

n |z|<R

2/ |22 dvg (z) — REFImI+2n / |22 dva(2)

n By

— (1 _ R(2+€)\m|+2n)/ |zm|2+8dva(z).

n

Applying the above estimate to the function
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we get that

AJF@W“M@@m%mwozu—M”@M“ﬂ/ |F ()22 6L (w)[2dva (2)
<|z|I<

n

= (1— REFelmt2n) Fte(z),

Thus )
|f|2+€(z) > T3 (1— R(2+s)|m\+2n)|F|2+a(Z)7
so that
|[F[2Te(2) < c|f[*Fe(2)
with ¢ = 1—1!%2%%’ for all z € B,. O

Next, we will completely characterize the bounded invertible Toeplitz products and Fred-
holm Toeplitz products.

Lemma 2.3 ([9]) Let —1 < a < oo, and f and g be in A2(B,). For e > 0,

sup |f[>+2(2)]g[**#(2) < oo,
z€B,

then T¢Ty is bounded on A% (B,,).

Theorem 2.1 Let f,g € A%2(B,,) and TyT; be bounded and invertible on A2(B,). Then
sup |f[2(2)]g]*() < o0
z€B,

and
inf 1£()llg()] > 0.

Proof Suppose that T¢T} is bounded and invertible on A2 (B,). By Lemma 2.1 there exists a
positive number M such that

sup |f[*(2)lg*(z) < M,
z€B,

for all z € B,,. Since
TyTekl™ = g(2) fEL,
it follows
I Tk = 1) PIFD ) = 9(2)PIF(2)-
So the invertibility of TTy yields
9(2)P1f12(2) = 61 > 0.

Since T,T7 = (TTy)* is bounded and invertible on the A2 (B,,), there exists a constant d, such
that
[f(2)*lg*(2) = 62 > 0,

for all z € B,,. Let 6 = §162. Then we have

5 < |F(2)Plg(2)PIF ()9l (2) < MIf(2)Pg(=)[?
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and thus
1)

inf |f)lg(2) = /7 O

Theorem 2.2 Let f,g € A%2(B,,). Fore >0,

sup |f[**2(z)|g[*7¢(2) < o0
zEB,

and
nf [£(:)llg(=)] > 0.

Then T¢Ty is bounded and invertible on A2(B,,).

Proof Suppose that for ¢ > 0

M = sup |f[>*2(z)|g]***(z) < o0
z€EB,

and

n=_inf 1£)llg()] > 0.

By Lemma 2.3, we know that 77} is bounded on A2 (B,,). By the inequality of Cauchy-Schwarz,

we have

1F(2)Plg(2)? < [F12(2)]g(2) < [F12+2(2)]g|2+e (=)

and |f(2)||lg(z)] < VM for all z € B,. So fg is a bounded function on B,,. Note that f and g

|—2—a

cannot have zeros in B,,. Since |g(2)|>*¢ > n**¢|f(2) , we have

—_~—

lg2+2(2) = P75 f(2)| 7272 (2).

Consequently

—_~—

M > [fPF(2)[g27e(2) > > = [f PP (2)|f ()2 (2).

By Lemma 2.3, we know that Tfoj is bounded on L2(B,,). Since fg is bounded on B,, the
operator T is bounded on A2(B,,). Since ¢ = % is bounded on B,,, the operator T} is bounded
on A2(B,). Since

TiTgTy = I =TyTfTy,
we conclude that T¢Ty is invertible on A2 (B,,). O

Next, we will completely characterize the bounded Fredholm Toeplitz products TyTy; on
A2 (B,,). We have the following result.

Theorem 2.3 Let f,g € A2(B,,) and TyT; be bounded Fredholm operator on A%(B,,). Then

sup [f2(2)]g[2(2) < oo
zEB,

and there exists a number r with 0 < r < 1 such that

inf_[f(2)llg(z)| > 0.

r<|z|<1
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Proof By Lemma 2.1, there exists a constant M such that

sup |f[2(2)]g]?(2) < M.

z€B,
If T¢T; is Fredholm, then there exists a bounded operator S and a compact operator A such
that
Using the fact Tngk:ga) = 9(2) kL, we have

1712 1 [e3 [0}
ISIllg()If12(2)% = ST Tkl = 1T, Tk
> ([RE] — AR = 1 — [ AR,

Since A is compact, HAkga)H — 0 as z — 17, so there exists 0 < 71 < 1 such that ||Ak§°‘)|\ <1
for all r; < |z] < 1. The above inequality shows that

9PITR(:) = My = g7

for all r; < |z| < 1.
Since T,Tf = (TyT3)* is also Fredholm, there is a positive constant Mz and a number 7o
with 0 < 79 < 1 such that
F)PlgP (=) > Mo,
for all r9 < |z] < 1. Thus
MMy < |f(2)Plg(2) PR ()laP(=) < MIF()Pla(=)P
and hence

M M,

i >
nf_ I @)lla(] = | =52 >0

with r = max{ry,ro}. O
The following theorem gives a sufficient condition slightly stronger than necessary condition

for Fredholm Toeplitz operator.

Theorem 2.4 Let f,g € A%2(B,). For e > 0,

sup [f[>+(2)]g[*t*(z) < oo
z€B,

and there exists a number r with 0 < r < 1 such that

inf_|f(2)llg(2)] > 0.

r<|z|<1

Then T¢Ty is bounded Fredholm operator on A2 (B,,).

Proof By Lemma 2.3, we know that 7Ty is bounded operator on A2 (B,,). Suppose that

[f(2)llg(2) = 6 >0,

for all 0 < r < |z| < 1. The above inequality implies that f and g have no zeros in the annulus

{z:r <|z| < 1}. Let by and by denote any zero-free bounded holomorphic function, respectively.
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Then F' = f/by and G = g/by are zero free. By the above analysis, we have
[F(2)||G(2)] = 6[ba||ba],

IN

for all 7 < |z| < 1. The function on the right is positive and continuous on annulus {z : 1£*

+7‘

|z| < 1}, thus has a positive minimum. So putting p = 17, we have

[F()]|G(2)] = m,
for all p < |z] < 1. Note that

ne = inf |F(2)||G(z)| > 0.
|z|<p

If we take n = min(n1,72), then

[F(2)[|G(2)] = n,
for all z € B,, and the Toeplitz operator T is bounded on A%(B,). By Lemma 2.2 and
Theorem 2.5, we have TrT# is bounded and invertible. By the inverse operator theorem, we

have (TrTg) ™ is bounded too. Since 15, is Fredholm, there are bounded and compact operators
Rs and K>3 such that TERQ = I + Ks. It follows that

Tj’TgRQ = Tb1 TFTG + Tbl TFTGKQ,

thus
TyT;Re(TrTg) ™t = Ty, + T, TrTe Ko(TrTa) ™

Since Ty, is Fredholm, there are bounded and compact operators Ry and K; such that T, Ry =
I+ K;. Then
TiT;Ro(TrTg) ' Ri = I + K1 + T, TrTo Ko (TrTg) ' Ry

Hence T'¢T}y is right-Fredholm operator. Similarly T'yTj is left-Fredholm operator. So that TT}y
is Fredholm operator. [J
3. Boundedness of Haplitz product

In this section we will give a necessary and sufficient condition for bounded Haplitz product
H;T; with f € L*(B,,dv,) and g being square integrable holomorphic function. Before doing

this, we need the following results.

Lemma 3.1 ([9])

\FGa :m hz_:m |, DTFEDIGE ~ o) dva(2)+
X; |Z/ DVF(2)DVG(2)(1 ~ |2*)*"* dva (2)+

b’

NER

oo~

1

for any m € N and F,G € A%

<.
Il

/ = |21 dva (),
(B

n)-
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Lemma 3.2 ([9]) Let f € L*(By,dv,). Then
1

(Th)(2)| < —Mﬂumuﬂ ()3,
! (1—2?)
and .
|(HFu)(2)| < WHUHWO v, — Po(fop),

for all h € A%(B,,), u € (A2(B,))* and z € B,,.

Lemma 3.3 ([10]) On A2(B,), we have

k(a ®ka)*zcnak Z 'T@ZT@;
Ivl= w7

Adopting the same method as in Lemma 4.5 in [9], we have

Lemma 3.4 Lete > 0,0 = f—j“rz and f € L*(B,,dv,). For all u € (A%(B,))*, h € A%2(B,)

and multi-index v with |y| = m > 22%L we have
(DVTsh)(2)| < (|f| |( &;m [Qo(lul’)(2)]7,
and
(DY yu(z)| < c|fwz(1__P|(ZJ|c;;f‘Z)||2“[ Qol[ul®)(2)]7,

for all z € B,,.
Theorem 3.1 Suppose f € L*(B,,,dv,), g € A%(B,),
sup [|f 0 p. = P(f 0 0:)l5, ]9 () < oo.

ZEn

Then H;Ty is bounded.

Proof Suppose u € A2(B,) and v € (A2(B,,))*. By Lemma 3.1, we have
(HyTgu, v)o =(Tgu, Hjv)a

Y VT N DTEE (1 — 1212027 du. (=
_mﬂz_:m/m]) (Tyu) (2) D7 (H0)(2)(1 = |2*)*" dva(2)+

2m—1

> 3 [ DTG~ ) v )

i=1 |yl=m* Br
S G TN ~ (s,
By Holder’s inequality,

([ UP@awae)? < ([ 178 @) ™

By Lemma 3.2, we get

() (:) (Ty0)(2)| < sy 0 0= = PU o )P o]
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and

| [ (HE @)~ 4R e )| < lal o]

n

for all ¢ > n+ a+ 1. So if we choose a large m, such that 2m > n+ «a + 1, then each of the terms
/ (Hjv)(2)(Hyu)(2)(1 = |2[*)*" " dva(2)
B, .

is bounded by M|ul|||v]], for j =1,...,m

Let
_ @ , T
1= Tem 1) = / D (Tqu)(2) DY (Hjv)(2) (1 — |2[*)*" dva (2)
and -
1= X |Z/ D (Tyu) () DT — |27l ().

By Lemma 3.4 and the LP boundedness of operator (g, we have

Ty 1
< e sup 1f o= = P(f o @2)llayclgl?(2)2 [[ullllv]]
z n

and

[I<e sup 1f 0= = P(f 0 02)llay|al?(2) % ul ][]

So the product H;Tj is bounded on (A42(B,))*, as desired. O
Theorem 3.2 Suppose f € L*(B,,dv,), g € A%2(By,), HfT; is bounded, then
ATYIRE!
sup |1 002 = P(f 0 02 ol () < oo

Proof By Lemma 3.3, we have

Hy (k) @ ESNT, = Hy Z Croak |T¢2T@2)Tg

k=0 |v|=Ek
=Y Chonk Z HfTsz@wT
k=0 ly|= k
_chak Z ’YHfT!?SGQ'

lyI= k!
Since Hy(k{™) @ kXNTy = (HkS™) @ (T;k), it follows
(c T 1
[ Hp (k) @ kSN Tyl = 1| £ 0 2 — P(f 0 2)[llg[2(2)?
and

If 0 0= — P(f o 0)lllgP(2)? = HHf(k“ ® k“‘))TfII

= HZCnak Z HfT(?SEZH

[vI= k7
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- k!
< 1Chanll Y ?SVJszTgSEzH
k=0

lvl=k "

oo

<3 (ol 1HS T
k=0

< o HyTy | < oo,

where we use the fact that >y |Ch,a,k| is convergent. O]
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