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1. Introduction

Classifying certain classes of nitep-groups de ned by their subgroup structure is important
in the study of nite p-groups. For example, nite p-groups with \large cyclic subgroups" have
been investigated by many authors. A well-known important result is the classi cation of nite
p-groups with a cyclic subgroup of indexp, which was obtained by Burnside [5] in 1897. Hua
and Tuan [7] classi ed nite p-groups with a cyclic subgroup of indexp? in terms of generators
and de ning relations for p > 2 in 1940, and Bai [1] did this for p = 2 in 1985. Ninomiya [14]
in 1994 also classi ed thesep-groups. Berkovich and Janko [2, pp.274{276] in 2008 classid
again thesep-groups in a structural form, Berkovich for p > 2, and Janko forp = 2. It is natural
to classify nite p-groups with a cyclic subgroup of indexp®. In fact, early in the last century,
Neikirk [13] classi ed these p-groups for p > 2, and McKelden [12] forp = 2. However, their
results are incorrect and some groups are missing from thepapers. Titov [16] in 1980 classi ed
these p-groups in some special cases fqr > 3. The objective in this paper is to classify these
p-groups completely in terms of generators and de ne relatios for p > 2 up to isomorphism.
This also solves Problem 12.11.13 proposed by Xu and Qu in [1.8

For convenience, we introduce some new notation. Assum@ is a group of orderp". We say
G is a G-group if G has a cyclic subgroup of indexp' and all subgroups of indexp' ! of G are
not cyclic. In other words, G is a G-group if expG = p" *.

We sketch the classi cation: If G is a regular G-group of order p", then the type of G is one
of the following: (e;3), (e;2;1) or (e;1;1;1), wheree= n 3. If the type of G is (e;3), then G

Received January 20, 2011; Accepted April 25, 2011

Supported by the National Natural Science Foundation of Chi  na (Grant No. 11071150), the Natural Science Foun-
dation of Shanxi Province (Grant No.2012011001-3) and Shan xi Scholarship Council of China (Grant No.[2011]8-
59).

* Corresponding author

E-mail address: zhanggh@dns.sxnu.edu.cn (Qinhai ZHANG)



506 Qinhai ZHANG and Pujin LI

is a metacyclic p-group. Metacyclic p-groups have been classi ed by Xu in [19]. So it is enough
to determine which ones have type €;3). If the type of G is (e;2;1), then G was classi ed by Ji
et al. in [10]. However, the list of groups given there is incaect and we correct their results. If
the type of G is (e;1;1;1), then G was classi ed by Zhang et al. in [21], so it su ces for us to
classify irregular G-groups of orderp™ with p odd.

If G is an irregular G-group of order p", then we classifyGs-groups using di erent methods.
First we prove that p = 3. We then proceed by examining two cases, depending on whier jGj <
37, 0rjGj 3. If jGj < 37, then the desired groups are completely listed in the \SmalGroups"
library of Magma [3, 4], and we only need to select those that atisfy our conditions. If jGj 37,
we classify the desired groups by considering whetheZ (G) is cyclic or not. The methods we
use are cyclic extensions and central extensions, respegtiy.

2. Preliminaries

Let G be a nite p-group. Then G is inner abelian if G is non-abelian, but every proper
subgroup of G is abelian; G is metabelian if G%°= 1; G is regular if (ab)® = aPPcs®? ¢y P for
arbitrary a;b2 G, whereg 2 ha;li% and G is ps-abelian if for arbitrary a;b2 G, (ab”” = aP*bP";
where s is a positive integer.

AssumeH and N are nite groups. Then G is an extension ofN by H if there exists a
normal subgroupM G such that N = M and G=M = H. if H is cyclic, we say that G is
a cyclic extension; if M Z(G), we say G is a central extension. And we sayG is a central
extension of degree if G is a central extension ofN by H and jNj = p.

If G is a nite group, then exp G denotes the smallest positive integem such that g" = 1
for all g 2 G, ¢(G) denotes the nilpotency class ofG, and o(b) denotes the order of an elemenb
of G. We useG,, to denote the nth term of the lower central series ofG.

AssumeA and B are subgroups of a groupG. We say that G is a central product of A and
B if G= AB and [A;B] =1, we denote this by A B.

AssumeG is a nite p-group, expG = p¢. For0 s ¢ let

«(G)= g2 Gjg” =1i; f<(G)= g jg2 Gi:

Let p's(®) = j ((G)= s 1(G)j. Then (! 1;!2;:::;!¢) is an invariant of G. For arbitrary
integer i, 1 i I, let ¢ be the number satisfying! ; i for!y 2flq;15;:::;1e0. Then
e & e . Thetypeof Gis (e1;e;:::;€ ).

basis (a U.B.) of G if every g 2 G can be uniquely expressed in the following form:
g= bllbzz b| 1 :
where 0 j <o(b),j=1;:::10.
For convenience, we summarize known results which are used this paper.

Lemma 1 ([15]) AssumeG is an inner abelianp-group. Then G is one of the following pairwise
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non-isomorphic groups:

(1) Qs;

(2) Mp(n;m) = ha;lja?" = B" =1,a%=al*?" 'i,n 2 (metacyclic); or

(3) Mp(n;m; 1) = ha;b;ga?” = " = & =1;[a;b = ¢;[c;al=[c;d=1i,n mandp=2,
m+ n 3 (non-metacyclic).

Lemma 2 ([17, Lemma3]) AssumeG is a metabelianp-group, a;b2 G. For arbitrary integers
i,j,let
ia;jb]=[a;b;a; ;@b 04
SR Rt i e
[ j

Then for arbitrary integers m, n,

y oy
[a"; b = fia:jo1(0):

i=1j=1
(@b H™ = a™ 4 o fia;jp](*Db ™ m 2

Theorem 3 ([8]) AssumeG is a group of orderp”, expG=p" ,p 3,n 2 +1. Then

(1) There exist +1 elementsb;h;by;:::;b in G such that for all g2 G, g can be uniquely
expressed agg= b :::b'b,1 p;:ii;l 1 p1 p" , whereo(b) = p" ,
o) p.

(2) Forall b;;b 2 G, ()P =10 1 .

(3) iGY p.iGi p .

4 P 2272(G).

Theorem 4 ([7]) AssumeG is a group of orderp"*?, expG = p", wherep 3,n 4. Then G
is one of the following pairwise non-isomorphic groups:

Hy= ha;b;cja” =1;0°=1;c°=1;[a;b =[a;d =[b;d = 1i;

Ho= ha;bja® =1;0° =1:[a; = 1i;

Hs= ha;b;cja?" =1;0P =1;c° =1;[a;b = a ';[a;q =[b;d = 1i;

Hs= hasbicja?" =1;0P =1;c° =1;[b;d= a” ';[a;b=[a;q=1i;

Hs = ha;bicj @ =1;0P =1;[a;= c;® = 1;[a;d =[b;d = 1i = M3(n; 1;1);

He = ha;b;cj a?" =1;0° =1;[a;b= ¢; =1;[a;d= a ';[b;d=1i;

H7 = tajbicj o =1;0P =1;[a;b = ¢;® = 1;[b;d = & “;[a;d = 1i;

Hg = ha;b;cja® =1:0P =1;[a; = c;P =1;[b;d= aP" ";[a;d = 1i where isa xed
guadratic non-residue modulop;

Ho= ha;bja® =1:0 =1:[a; = a”" 'i = M3(n;2);

Hio = ha;bj a?" =1;0°° =1;[a;b = a”" i;

Hu = heibj & = 1;07" = 1;[a;l = BPi = Ma(2;n);

n 1.

Hi= hbja = P =1;[af= a “tP;[a;pP]= a 'i.

Lemma5 ([9, p.322, Satz10.2]) AssumeG is a nite p-group. If G satis es one of the following
conditions, then G is regular:
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(1) cG)<p,

(2) p> 2andGlis cyclic,
(3) expG=p,

(4) jG=f 1(G)j < pP.

Lemma 6 ([18, p.132, Theorem 5.2.2, p. 134, Theorem5.2.11])

(1) AssumeG is nite 3-group generated by two elements. ThenG is regular if and only if
GOis cyclic.

(2) A nite 3-group is regular if and only if every subgroup generated by wo elements has
a cyclic derived subgroup.

Lemma 7 ([18, p.71, Theorem 2.2.15]) AssumeG is a nite p-group. If Z(G9 is cyclic, then
GPis cyclic.

Lemma 8 ([18, p.78, Corollary2.4.5]) AssumeG is a nite p-group, p > 2. If G can be ex-
pressed as a product of two cyclic subgroups, the® is metacyclic.

Lemma 10 ([19,20]) Every metacyclic p-group G (p an odd prime) has the following presenta-
tion:

r+s+u r+s+t

ha;bj aP =1; =a” ":[a;h = ai;

wherer;s; t;u are non-negative integers withr  1andu r. Di erent values of the parameters
r;s;t;u with the above conditions give non-isomorphic metacyclicp-groups. Furthermore, G is
split if and only if either s=0, 0ort =0, oru=0. Also jGj = p?*25* U gand expG = p'*s+t*u,

3. A classi cation of nite regular G-groups

AssumeG is a regular G-group of orderp”, p> 2,e= n 3. Obviously, G is a G-group if
and only if the type of G is one of the following: €;3), (e;2;1) or (e;1;1; 1), wheree=n 3. So
classifying regularGs-groups of orderp" is equivalent to classifying regularp-groups whose types
are (e;3), (e;2;1) or (e;1;1;1), respectively. The following three theorems give the clasi cation
of regular G-groups.

Theorem 11 AssumeG is a p-group of orderp”, p> 2,e= n 3. Then G is a regular p-group
whose type is(e;3) if and only if G is one of the following pairwise non-isomorphic groups:

(1) h;bja® =1;0 =1;[a;= afi, e 3;

@) hmbja* =1;0° "= a;[a;f= afi,e 4

@) hbja” =1;0 =1;[a;g= a”i, e 3;

4 mbja” =1;0° "= a”;[a;f= ai, e 4

(5) h;bja” =1;0° a”’:[a; = a”’i,e 5

(6) ;bjaP’ =1;0 =1;[a;f=1i,e 3

[l ||

2
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(7) m;bja =1;0° "= a;[a;f= a”i, e 4
(8) h;bja” =1;0° "= a”;[a;f= a”’i,e 5
Q) hbja® =1;0 *=a”;[a;f= a"i,e 6.

Proof SinceG is regular and the type of G is (e;3), G has a uniqueness basisx; k) such that
G = hyihkyi. Sincep > 2, G is metacyclic by Lemma [8]. By Lemma [10],

r+s+u r+s+t pr+s

G=habj a =1; P =a""; [ajh = & i;

wherer; s; t;u are non-negative integers withr 1 andu r. Di erent values of the parameters
r, s, t and u give non-isomorphic metacyclic p-groups. Furthermore, jGj = p**?s*t*U and
expG = pr+s+t+u'

Since the type invariant of G is (e;3), we havee=r+ s+ t+ u,r + s=3.

Obviously,e r+s+u. Thent=e r s u 0isuniquely determined byr, s, u. Since
r+s=3,r 1,u r,we obtain the groups listed in the theorem by considering dlpossible
values forr, s, u.

Conversely, by checking we know the conclusion is true2

Theorem 12 AssumeG is ap-group of orderp”, p > 2. Then G is a regularp-group whose type
invariant is (e;2;1) if and only if G is isomorphic to one of the following pairwise non-isomorplc
groups, where denotes a xed quadratic non-residue modulop.

(1) ha;b;cj ape=1;b°2=1;cp=1;[b;a]=c;[c;a]=[c;l:]=1i,wherep 3e 2

(2) ha;b;cj apezl;b°2:1;cp:1;[b;a]: c;[c;al=1;[c;H = a*° 1i,wherep 5e 2

(3) ha;b;cj apezl;bozzl;cpzl;[b;a]: c;[c;al=1;][c;g = i, wherep 5;e 2

(4) ha;b;cj apezl;bozzl;cpzl;[b;a]: clc;al=1;[c;H=aP’ 1i,wherep 5e 2

(5) ha;b;cj apezl;bozzl;cpzl;[b;a]: c;[c;al = a*° 1;[c;ljzli,wherep 5e 3

(6) ha;b;cj ape=1;b°Z=1;cp=1;[b;a]= c;[c;al = bP;[c;g =1i, wherep 5;e 3;

(7) ha;b;cj ape=1;U°2=1;cp=1;[b;a]= c;[c;al = bP;[c;d=1i, wherep 5;e 3;

(8) ha;bicja” =1:0P° =1;¢° =1;[b:d = c;[c;a] = b P;[c;d = aPb™i, wherep 5,
h=0;:::; 21

(9) ha;b;cj a :1;b°2:1;cp:1;[b;a]: c[c;cal=b P;[c;d=aP?Pi, wherep 5

(10) ha;b;cj =10 =1;¢P = 1;[b;d = c;[c;a] = b P;[c;d = aP bPi, wherep 5,
h=0;:::; 22

(11) hbicja® =1;0P" =1;c° =1;[b;d = c;[0P;a] = 1;[c;a] = P;[c;d = @ i, where
p 5e 3

(12) ha;bicja® =1;0°° =1;¢® =1;[b;d = c;[P;a] = 1;[c;al = bP;[c;d = @ i, where
p 5e 3

(13) he;bicja” =1;0P" =1:cP =1;[b;d = c;[P;a] = 1;[c;a] = WP;[c;H = aP® i, where
p 5e 3

(14) ha;bicja® =10 =1;c° =1;[b;d = c;[P;a] = 1;[c;al = bP;[c;d = aP® 'i, where
p 5e 3
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ha:b;cja”® =1;0P° =1;c° =1;[b:d = c;[P;a] = 1:[c;a] = aP° ":[c;H = LPi, where
ha; b; cj =10 =1; = 1;[b;a = c;[PP;a] = 1;[c;a] = aP;[c; = i, where
ha;b;cja® = B° = & =1;[bjd = ¢;® = @ ';[c;a = 1;[c;H = a®° i, where
ha;b;cjaP’ = P° = ¢ =1;[b;d=c;P = a*° ";[c;al= a*° ';[c;d = 1i, wherep 3,

h;bicja® = 0P = & =1;[b:d=cP = a “;[c;a = P;[c;d = a®° i, where

¢ =1;b;d=c=a" ';ca=bP;[cH=a" i, where

s
is)
2.
%

I
g

I

ha;b;cja” = B = P =1;[b;d= a*° ;[c;a =[c;d=1i, wherep 3, e 2
ha;b;cja®* = B = P =1;[b;d= a* ';[b:d =[c;a =1i, wherep 3,e 2
ha;b;cja” = B = ®=1;[b;d = b;[b;d =[c;a] = 1i, wherep 3,e 2
he;b;cja”” = b = P =1;[b;d = bP;[c;a] =[c;J =1i, wherep 3,e 3
ha;b;cja” = B = P =1;[c;al= a*° ;[b;d=[c;d=1i, wherep 3, e 3;
ha;b;cja® = B = P =1;[c;a] = BP;[b;d =[c;H =1i, wherep 3,e 3
ha;b;cja® = bP* = P =1;[b:d=1;[b;d= a" 'b";[c;a = BPi, wherep 3, e 2,

ha;b;cjaP = ¥ = P =1;[b;d =1;[b;d = a*° 'b";[c;a = bPi, wherep 3, e 2

..p 1

R

ha;b;cj aP = b’ = c®=1;[b;d=b;[b;d=1;[c;a] = a" 1i,wherep 3, e 2
ha;b;cj aP = b’ = c®=1;[b;d=a" 1;[b;q:1;[c;a]: i, wherep 3,e 2
ha;b;cj a? = b’ = c®=1;[b;ad=1;[b;d= b P;[c;a = aPi, wherep 3;

ha;b;cj aP = b’ = c®=1;[b;d=a" 1;[b;q= B;[c;a=1i, wherep 3,e 3
ha;b;cjaP’ = P = P =1;[b;d = tP;[b;d= a° ';[c;a=1i, wherep 3,e 3
ha;b;cja®* = B = P =1;[b;d = a “:[b;d= a” ";[c;a]=1i, wherep 3,e 3;
ha;b;cj aP = b’ = c®=1;[b;d=a" Z;[b;cj:[c;a]:li,wherep 3, e 3
te;b;ga” = ' = @ = 1;[bjd = & 'B;[%a) = @ Cilbid = @ ifeid = 1i,
3, e 4

ha;b;cj a®° = BP° = &® = 1;[b;d = a° “WP;[pP;a] = & “;[b;d =[c: 4] = 1i, where

ha;b;cjaP = P = P =1;[b;d=a *;[b;d=1;[c;a] = bPi, wherep 5 3
ha;b;cja® = P = P =1;[b;d=a" *;[b;d= a ":[c;a = Pi, wherep 5,e 3

(40) ha;bicja® = P = P =1;[b;d = a° *;[b;d=aP’ ";[c;a] = Pi, wherep 5. 3
ha; b; cj ape:b°2:cpzl;[b;a]:[b;q:[c;a]:li,Wherep 3, e 2

(41)

Proof The groups satisfying the hypothesis were classi ed incorctly in [10]. We correct this
work. The errors are as follows.
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(i) The de ning relation [ b’;a] = 1 in the following 5 groups listed in Table 1 of [10] is
missing. We add it and get groups (11){(15).

(11) hebja® =1;0° =1;cP =1;[b;d = c;[c;al = BP;[c;d= @ 'i, wherep 5,e 3;

(12) ha;bjaP =1:0° =1:cP =1;[b;d = c;[c;al = bP;[c;H = a*° 'i, wherep 5,e 3;

(13) hsbja® =1:0° =1:cP =1;[b;d = c;[c;a = P;[c;d = aP® 'i, wherep 5,e 3;

(14) ha;bjaP =1:0° =1:;cP =1;[b;d = c;[c;a] = bP;[c;H = aP® 'i, wherep 5,e 3;

(15) ha;bja” =1;0P" =1;P =1;[b;d = c;[c;al = aP° ";[c; = bPi, wherep 5 e 3

(i) By [21, Theorem 5.1], the following group in Table 1 of [10] is missing, which is group
(16).

ha; bj =10 =1;cP = 1;[b;a=c;[P;al=1;[c;a = a°;[c;g = KPi, wherep 5;

(i) The authors of [10] omit the case k = 0 of the groups (1), (2), (4) listed in Table 2 of
[10], so the following 3 groups are missing. They are the cade= 0 of groups (17), (19), (21).

haibja” = b = ¢ =1;[b;d=c;=a" ';[c;a=1;[c;d=1i, wherep 3,e 3;

he;bja” = b = ¢ =1;[b;d=c P =a" ';[c;a = bP;[c;d=1i, wherep 5,e 3;

he;bja® =B = & =1;[b;d=c;P = a° ';[c;a = bP;[c;d =1i, wherep 5,e 3.

(iv) One of the groups (11) in Table 3 of [10] is isomorphic to me of groups (7), (8). The
following is the proof.

The groups (11) areha; b;cj a?° = b= P = 1:[b;d=1;[b;d= bP;[c;a] = a" "i, where
p 3,e 3,h=1;:::;p 1

Replacing a by ab, we have ha;b;cj a* = ' = & = 1;[b;q
a” 'b "i. Replacingbby b "a” °, we haveha;b:cj a*° = bP° =
bPa M *[cia] = bPi.

Letting s be an integer satisfying sh  1(modp) and replacingbby b, we haveta; b; cj a** =
b= P = 1:[b;d=1;[b;d= brar 1;[c;a] = ® 'Pi, wheres ! is the inverse ofs in the eld
Zp.

Let t be an integer satisfyings 't? 1 or (modp), where is a xed quadratic non-residue
modulo p. Replacinga by a!, c by c!, we haveha;b;cj a** = = = 1;[b;q =1;[b;d =
b aP® “:[c;al = Pi, orha;bicj @ = B = P =1;[b;d=1;[b:d= bPaP “:[c;al = bPi.

If th < p=2, the groups are isomorphic to some groups in (7) and (8). Ith > p=2, replacing
aby a !, chbyc 1, then the groups are also isomorphic to some groups in (7) an(B).

2

= 1;[b;d = b®;[c;a] =
¢® =1;[b;d = 1;[b;g =

(v) By [21, Theorem 5.1], the following group in Table 3 of [1Q is missing, which is group
(31).

ha; b; cj = =P =1;[b;ad=1;[b;d= b P;[c;a = aPi, wherep 3.

(vi) The de ning relation [ b°;a] = a” " in the following 2 groups listed in the Table 4 of
[10] is missing. We add it and get groups (36), (37).

(3) hb;ga”” = B = P =1;[b;d= a “tP;[b;d= a* ';[c;a=1i, wherep 3,e 4

4 hmbicja” =" =cP=1;[b:d=a" ‘P;[b;:d=[c;a =1i, wherep 3,e 4.

(vii) The order of groups (5) in Table 4 of [10] is not p®*3, so we remove them.
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The groups (5) areha;b;cj a** = = P = 1:[b;d = a*° Z;[b;q = P;[c;a] = 1i, where
p 3,e 3. ltis easy to see thatjha; bj = p®*? and G=ha; b = hoi. Thus, if the order of groups
(5) is p&*3, then [bF;a%] = (a*° 2)°. On the other hand, it follows from G is regular and Lemma
2 that [bF; a%] = [b** P;a] = ([ b; d)P[P;a] = @ “a”"

(viii) In the following 3 groups in the Table 4 of [10] p 3 should replacep 5. Thus we
get the groups (38), (39), (40) of Theorem.

6) m;b;cja” =" = cP=1;[b:d=a" *;[b;d=1;[c;a]= BPi, wherep 3,e 3;

(7) mbicja’ =P = cP=1:[b;d=a° *;[b;d= a ';[c;a = bPi, wherep 3,e 3

@) mb;ga” = =P =1;[b;g=a" *;[b;d=aP’ ';[c;a = bPi, wherep 3,e 3.
The reason is as follows: ifp = 3, then hc;ai®is not cyclic. By Lemma 6, G is irregular.

a” ' 8 (a" *)°, a contradiction.

Finally, those groups listed in the statement of the theoremare pairwise non-isomorphic and
satisfy all hypotheses.2

Theorem 13 AssumeG is a p-group of order p". Then G is a regular p-group whose type is
(e;1;1;1) if and only if G is isomorphic to one of the following pairwise non-isomorplt groups,
where denotes a xed quadratic non-residue modulgpandp 5,e 2 unless otherwise stated.

(1) re;bicidjaP” = P = c® = & =1;[b;d = c;[c;a] = 1;[c;H = d;[d; a] = [d; b = 1i;

(2) ha;bic;dja”” =P =cP=dP =1;[b;d = c;[c;a] = d;[c;H = 1;[d;a] =[d; b = 1i; where
e 1

@) hbicidja == =d=1; [b;d=c [c;a] = d; [c;H=aP" *; [dia] = [d; = 1i,
wherei =1 or ;

4) hbicidja” = P == dP=1;[b;d = cife;al = & ;[c; = di[d;a] = [d; B = 1i;

(5) If p 3(mod4), hesbic;da” = B = ¢ = & = 1;[b;d = ci[c;d = difc;H =
aP® ";[d;a]= a” ';[d;b =[d;q =1i, wherei=0;1o0r ;

If p 1(mod4),
te;bicide®” = P = & = & =1;[b;d = cilc;d = difeif = P ifdial = & Ti[dif = L,
wherei =0;1, ; or andl;;; arethe cosetrepresentations of the subgroup generated by

biquadratic residues ofZ,;;

(6) If p 2(mod4),

hacb;c;dja® =P =cP=dP=1;[b;d = c;[c;al= a®° ";[c;H = d;[d;a] =1;[d; = & i,
wherek =0 or 1;

If p  1(mod3),
ha;b;c;dj a” = bP = P = d® = 1;[b;d = c¢;[c;a] = a®° ";[c;H = d;[d;a] = 1;[d;H =
a® 'i,wherek=0or1,s=1; or andl;; are the coset representations of the subgroup

generated by cubic residues oZ;

(7) ha;bicidj @ = P = P = d° =1;[b;d = d;[c;al = [c;d=1;[d;a] = [d; ] =[d; ] = 1i,
wherep 3,e 1,

(8) ha;b;cida” = P =cP = dP =1;[b;8 = 1;[c;a] = 1;[c;H = d;[d;a] = [d; ] = [d; ] = 1i,
wherep 3;
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9 habicidja” =P = = d =1;[b;d = & ;[c;a] = di[c;d = 1;[d;a] = [d; b =
[d;c]=1i, wherep 3;

(10) he;bicidj @ = P = & = &P = 1;[bid = 1;[c;d] = & “;[c;H = di[d;a] = [d; b =
[d;c]=1i, wherep 3;
(11) heibicidj @ = P = @ = & = 1;[b;d = 1;[c;d] = di[c;d = & ";[d;a] = [d; b =

[d;c =1i, wherep 3;

(12) habicidj @ = B = ¢ = & = 1;[b;4 = 1;[c;a] = 1;[c;H = d;[d;a] = [d; b =
L[did= & i;

(13) e;bicidj @ = P = & = &P = 1;[b;d = 1;[c;a = & ;[c;H = di[dia] = 1;[d; ] =
& "i[d;d = 1i;

(14) ha;bicidj @ = b = ¢® = d® = 1;[b;d = d;[c;a] = 1;[c;H = 1;[d;a] = 1;[d; ] =
aP® ";[d;d =1i, wherei =1 or

(15) ha;bicidj e = P = & = o =1;[b;d = d;[c;a] = & ;e = 1;[d;a] = 1;[d; ] =
aP® ";[d;d =1i, wherei =1 or

(16) ha;bicida®” = P = & = o = 1;[b;d = d;[cia] = 1;[c;H = 1;[d;a] = & ';[d;b =
[d; c] = 1i;

A7) mbicdja = PP = & = & = 1;b;d = difc;a = 1;[c;d = & ;[d;a] =
a” 'i[d;H =[d;q = 1i;

(18) ha;b;c;dja® = P = c® = d° =1;[b;d = [c;a] =[c;d =[d;a] = [d; 1 = [d:d] = 1i,
wherep 3,e 1,

(19) ha;b;c;dja”” = P = P = dP
a” 'i, wherep 3;

(20) ha;b;c;dja® = P = c® = o
a” i, wherep 3;

(21) ha;b;c;dj a
a” i, wherep 3.

1;[b;d = [c;a] = [c;H = [dia] = [d;c] = 1][d; B =

1;[b;el = [c;a] = [c;d = [d;b = [d;c] = 1;[d;a] =

I
I
N
Y
I
<
N

1;[b;d = [c;a] = [diH = [dic] = 1;[c;H = [dia] =

Proof By Theorem 3.4 in [21] we obtain the desiredp-groups forp 5. For p = 3, we only
need to select those regular 3-groups from that list.

If e=1, then G is one of the groups of ordep* and expG = p. These groups occur in (2),
(7) and (18). If e 2, then by Theorem 3.4 in [21] we obtained the desireg-groups for the case
of p 5. For p=3, obviously, d(G) 4. If d(G) = 2, then, by using the same approach as [21,
Theorem 3.1], we getGPis not cyclic. By Lemma 6(1) there do not exist such 3-groups atisfying
the theorem's condition. If d(G) = 3 or 4, we observe that the method in [21, Theorem 3.2, 3.3]
is still e ective for p = 3. By checking the list of Theorems 3.2 and 3.3 in [21] using Emma 6(2),
we learn that these groups occur in (7){(11) and (18){(21).

The groups we obtained are pairwise non-isomorphic and satfy the hypothesis.2

4. A classi cation of nite irregular G-groups

Assume G is an irregular G-group of order p". By Lemma 15 below we havep = 3. Since
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our argument depends on Theorem 3, we proceed in two caseg$sj 3’ and jGj < 37.
Lemma 14 AssumeG is a G-group of orderp". If p 5, then G is regular.

Proof Since expG = p" 3, there existsa 2 G such that o(a) = p" 3. SincehaPi f 1(G) and
p 5,jG=f 1(G)] p*<pP. By Lemma 5(4), G is regular. 2

Lemma 15 AssumeG is an irregular G-group of orderp” and p > 2. Then
(1) p=3;
(2) GYis not cyclic;
) cG) 3
(4) G has a subgroupH generated by two elements withH °© being not cyclic.

Proof (1) follows by Lemma 14; (2) and (3) follows by Lemma 5; (4) folows by Lemma 6.2

Lemma 16 If G is an irregular G-group of order3" andn 7, then
(1) GYis one 0fC3 C3,C3 C3 CzorCy Cs,
(2) expGs =3, where G is the third term of the lower central series of G,
(3) G is 9-abelian,
(4) if a2 G, then a° 2 Z(G).

Proof (1) By Theorem 3(3) we havejGY  3%. If GCis not abelian, then G° has order . So
Z(GY is cyclic. By Lemma 7 we haveG° is cyclic, which contradicts Lemma 15(2). SoG° is
noncyclic abelian and the conclusion follows.

(2) We consider the quotient group G= 1(G9. Sincej(G= (G = jG= (GYj 3, we
havej(G= 1(GY),j = 1. Therefore, G3 1(G9, that is, exp Gz = 3.

(3) and (4) follow from the formula of Lemma 2. 2

Lemma 17 Let H; be the groups listed in Theorem 4. Then
(1) H?have the following possible cases:
HY=H9=1; H{=H?=HZ=H"" 'i=Cp HI=hi=Cy HY=Hi=Cy
HI=HI=HY=hi ha" "i=C, Cp HYH=h" “i=Cp; HL=Hh “Pi=Cp:
(2) Z(H;) have the following possible cases:
Z(H1)= H1;Z(H2) = Hz; Z(H3) = Z(Hs)= haPi hci=Cun 1+ Cp;
Z(Hg) = Z(H11) = hPi h BPi = Cp 1+ Cp; Z(Hg)= hai = Cpn;
Z(He) = Z(H7) = Z(Hg) = haPi = Cpn 1; Z(Hio) = Z(H12) = heP’i = Con 2:
(3) c(H;) have the following possible cases:
c(H1) = c¢(H2)=1; c(H3) = c(H4) = c(Hs5) = ¢(Hg) = c(H11) =2;
c(He) = c(H7) = c(Hg) = ¢(H1o) = c(H12) = 3.
(4) ( Hj) have the following possible cases:
i(H) = i(Ha)= i(Ha)= i(Hs)= i(He)= i(H7)= i(He)= re®" ';b;d;
i(H) = i(H) = i(Hwo)= i(Hu)= i(H)= e ;" 'i;wherel i 2
i(H2) = i(Ho)= i(Hwo)= i(Hu)= i(Hw)= e’ ";bi;wherei> 2.
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(5) f (H;) have the following possible cases: -
fi(H1) = fi(Hs) = fi(Ha) = fi(Hs) = fi(He) = fi(H7) = fi(He) = heP ;b P i
fi(Hz) = fi(Ho)=fi(Hw)="fi(Hu)="fi(Hw)= ha?:bi:

Proof It is straightforward by checking the list of groups listed in Theorem 4.2

4.1. Irregular G-groups of order 3’ whose center is not cyclic
Lemmas 18, 19 and 20 below are simple, but we use them severahes.

Lemma 18 Assume G is a nite p-group, N Z(G), jNj = p, G=N = hxq;X2;::0; Xl

M = hXy;Xo;:ii;Xsi. Then G = M orG =M N: Furthermore, G = M if and only if
d(G) = d(G=N); andG= M N ifand only if d(G) = d(G=N)+1.

Lemma 19 AssumeG is a nite p-group, N  Z(G), jNj= pand G=N = H. Then H%= G°
or HO= G%N.

Lemma 20 AssumeG is a G-group of order p” whose center is not cyclic,p > 2. Then there
exists a central subgroupN of order p in G such that G=N = H;, where H; is one of the groups
listed in Theorem 4.

Proof By hypothesis there existsb2 G such that o(b) = p" 3. SinceZ(G) is not cyclic, there
exists N 1(Z(G)), jNj= pand N \hb =1: Thus hiN=N = hbi=N\hb = hd is a cyclic
subgroup of orderp” 2 of G=N. That is, exp(G=N) = p" 2. Sincep > 2, G=N is isomorphic to
someH;, where H; is one of the groups listed in Theorem 42

Theorem 21 AssumeG is an irregular group of order3"*3 whose center is not cyclicn 4
and G°= C3 Cs. Then G is a G-group if and only if G is isomorphic to one of the following
pairwise non-isomorphic groups:

(1) hbcxja =1;0 =1;[ah = ¢;& =1;[a,d = a ";[b;d=1;x3=1;[xa] =
[x;b] = 1i;

(2) ha;b;c;xj a®
[x;b] = 1i;

() hbicixjad =1, =1;[ah=c;E=1;b;d=a% ¥ ";[ad=1;x3=1;[xa] =
[x;b] = 1i;

@ hbicja® =1;6" =1;[ab= ;¢ =1;[c;H=1;[c;d = bi;

) habicja® =1;6% =1;[a = ;&= 1[0 =1;[cia] = B 3;

6) ha;b;cjad =1;b" =1;[a;b= c;E=1;[c;H = b%[c;a] = 1i;

(7) he;bicidja® =1;0*=1;[a;b= c;=1;[c;f = d;[c;a] = 1;d° = 1;[d;a] = [d; ] = 1i;

(8) ha;b;c;dja® =1;¥=1;[a;b=c;E=1;[c;al= d;[c;H=1;d®=1;[d;a] =[d;H = 1i;

9) rabicja® =1;b" =1;[a= c;¢ =1;[a;d = a* "i[b;d=1i;

(10) ha;bicja® =1;6% =1;[a;b = ¢;¢ = 1;[a;d = 1;[b;d = & 'i;

(11) he;bicja¥ =1;6" =1;[a;f=c;E=1;[a;=1;[b;d= a2 3" 'i.

16 =1;[ah = ¢;& =1;[b;d = a ';[a;qd = 1;x3 = 1;[x;a] =



516 Qinhai ZHANG and Pujin LI

Proof By Lemma 20,G has a central subgroupN of order 3 such that G=N = H;, whereH; is
one of the groups listed in Theorem 4, 1 i 12. For convenience, letN = hxi. By Lemma 18,
G=MorG=M N, whereM is the group listed in Lemma 18.

Casel G=M N.

SinceG is irregular and G=N = M = Hj, H; is irregular. Thus, H; is one ofHg; H7, or Hsg.
Therefore, G is isomorphic toHg C3, H; Cgs, or Hg Cg, the groups (1), (2) and (3) listed
in the theorem.

Case2 G= M.

Subcase 1 G=N = Hq, Hy, Hig or Hyo.

If G=N = H1 or H», then by Lemma 17 we haveH;°= 1 and H,°= 1. By Lemma 19, jGY =1
or jGY = 3. This contradicts the hypothesis. If G=N = Hig or Hip, then H1o%= H1,°= Cg by
Lemma 17. This contradicts the hypothesis again. Thus, thissubcase is impossible.

Subcase 2 G=N = Hj3 or Hy.

If G=N = Hg, by Lemma 4 we can assumé&=N = ha;b;cja® = 1,0 = 1;c3 = 1;[a;H =
a¥ 'jla;d=[b;d= 1. ThenG= M = ha;b;d. By Lemma 17 we have G=N)°= ha®" i. It
follows that G° h a® ";Ni: By Theorem 16(4) we havera® ‘i Z(G). SoG® Z(G), hence
¢(G) = 2. This contradicts Lemma 15(3). If G=N = H,4, then a contradiction arises by a similar
argument. So this subcase is likewise impossible.

Subcase 3 G=N = Hs;Hg or Hys.

By Theorem 4, Hs = M3(n; 1;1);Hg = M3(n;2), and Hy;; = M3(2;n). By hypothesis, we
have N  Z(G) and jNj = p. HenceG is a central extension of degreg of an inner abelian
p-group. Such groups were classi ed by [11]. So we need only foick those G-groups G from
[11, Theorems 10, 11] that satisfyG°= C3 Csz. We get the following ve groups:

re;bicj & =1;0" =1;[a; b= ¢;¢ =1;[c; = 1;[c;d] = B¥i;

heibicja® =1;0" =1;[a;b = ;3 =1;[c;d=1;[c;a] = 17 3i;

ha;bicja® =1;0 =1;[aib = ¢;& =1;[c;H = ¥ [crd = 1i;

he;b;c;dja¥" =1;¥ =1;[a;bl= c;E=1;[c;H=d;[c;a] =1;d® = 1;[d;a] = [d; b = 1i;

he;b;c;dj @ =1;0° = 1;[a; b = ¢;¢ = 1;[c;a = d;[c;H=1;d% = 1;[d;a] = [d; b = 1i.

These are the groups (4){(8).

Subcase 4 G=N = Hg, H7 or Hg.

If G=N = Hsg, then by Theorem 4 we haveG = M = hg;b;c;xj a® = x';b® = xI;[a;H =
exk;c® = x[a;d = a® 'xM;[b;d = x":x3=1;[x;a] = [x;b] = 1i, wherei:j;k;l;m;h =0,1 or
2 and they are not all simultaneously zero.

SinceG is a G-group, a®" = 1. Since G%= C3 Cgs, [b;d=1and 3 = 1. Let ¢; = cxX: Then
G=habig;xjad =1;03=xi;[a; = ¢;8 = 1;[a;ci] = ¥ xM;[b;q]=1;x3=1;[x;a] =
[x;b] = 1i.
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If b* =1, then m 6 0. This is group (8). If b>6 1, then j 6 0. Thus jk  1(mod3) has
a solution, sayj. Let x3 = xI. Then G = ha;bj a® =1;0% = xg;[a;b = ¢, = 1;[a;c1] =
a® 'x:[b;a]=1;x3 =1;[xq;a] = [x1;b] = 1i. Obviously, mj =0;1 or 2. If mj =0, this is
group (9). If mj = 1, replacing b by a®" *b, then we get group (5). If mj = 2, replacing b by
a 3" b, then we get group (4).

If G=N = H; or Hg, we get groups (6), (7), (10) and (11) by a similar argument.

We prove the groups (1){(11) are pairwise non-isomorphic.

It is easy to see that ( G) = ha®;ci for groups (1){(3), so d(G) = 3 for these groups (1){(3).
On the other hand, d(G) = 2 for groups (4){(11). Thus it is enough that we prove that g roups
(1) (3) are pairwise non-isomorphic, and similarly for groups &) through (11).

We know that Hg;H7;Hg are pairwise non-isomorphic. SoHg Cj3;H; Cs;Hg Cgs are
pairwise non-isomorphic. That is, groups (1),(2) and (3) are pairwise non-isomorphic.

By Lemma 16(3) we knowG is 9-abelian. Hence the following are true:

»(G) = ¥ *:b;d = Cs2 Cs2  Cj for groups (4), (5) and (9);
2(G)=he® “;b;c;d=Cs;z C3 Cs  Csfor group (8);

2(G) =t “;b;d = Cy Mg(2;1) for group (6);

2(G) = ¥ “;bic;d = C Mg(1;1;1) for group (7);

2(G)= e “:bjd = Cy ¢, M3(2;1;1) for group (10), (11).

Observing that ,(G) is either abelian or not, we know that none of (4), (5), (8) or (9) is
isomorphic to any one of (6), (7), (10) or (11).

By checking »(G), we know that groups (4), (5) and (9) are not isomorphic to group (8).

We observe that groups (4) and (5) have a maximal subgroupa; ¢ which is isomorphic to
M3(n; 1;1). On the other hand, nho maximal subgroup of group (9) is isonorphic to M3(n; 1; 1).
It follows that group (9) is neither isomorphic to group (4) nor (5). Moreover, by [11, Theorem
11], we know that (4) is not isomorphic to (5). Thus the groups(4), (5), (8) and (9) are pairwise
non-isomorphic.

For group (7), 1( 2(G)) = C3. For group (6), (10) and (11), we have 1( 2(G)) = C3.
It follows that group (7) is not isomorphic to any of (6), (10) and (11). We consider again

2(G) for groups (6), (10) and (11). Observe that Cs2 M3(2; 1;1) has a maximal subgroup
which is isomorphic to M3(2; 1; 1). But no maximal subgroup of C32  M3(2; 1) is isomorphic to
M3(2;1;1). It follows that (6) is not isomorphic to either of (10) or ( 11).

Finally, assume there exists an isomorphism from the group (10) to the group (11). As
o(b) = 9, by Lemma 16 we can assume :a! a:b:ict, b! a23" “Hzckz. From o(a) = 3",
then 3 - i;. Sincec =[a ;b] = [a1b:cv;a2®" “Pzckz]  [a;bfiz(mod G3), we conclude
¢ duz(modGs). Since p ;c ] =[B2cke;diz] = [b;giz = a21i23" ' = (a )3 "= 4?7,
2j2  1(modGgs), a contradiction. Thus, (10) is not isomorphic to (11) either.

Conversely, it is easy to verify that these groups listed in he theorem satisfy all hypotheses2

Theorem 22 AssumeG is an irregular group of order3"*3 whose center is not cyclicn 4 and
jGY = 33. Then G is a G-group if and only if G is isomorphic to one of the following pairwise
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non-isomorphic groups:

@) hbiexjad =1;0 = 1;[ab = ¢;& = 1;[ad = @ “;b;d = x;x% = 1;[xa] =
[x;b] = 1i;

() habicjad =1;b" =1;[a;hj= c;E=1;[a;d = & ";[b;d = bi;

(3) rebicja® =1;0" =1;[a= ;¢ =1;[a;d = a* ";[b;d = bfi;

@ hbicxjad =1;0 = 1;[ab = ¢;& = 1;[ad = x[b;d = a ;x3=1;[xa] =
[x;b] = 1i;

(5) hbicja® =1;0" =1;[a= ;¢ =1;[a;d = B [b;d = a® 'i;

6) raybicja® =1;0" =1;[a;= ;¢ =1;[a;d = P;[b;d = a® 'i;

(7) hbicixjad =1, =1;[a;h= c;E=1;[a;d= x[b;d=a2 ¥ ";x®=1;xa]=
[x;b] = 1i;

®) mbicja® =1;0" =1;[ab= ;@ =1;[a;d = B [b;d = &> 3" i

) ha;bicja® =1;6 =1;[a;b= ¢;E=1;[a;d = bF;[b;d = a2 3" 'i.

Proof By Lemma 20, G has a central subgroupN of order 3 such that G=N = H;, where H;
is one of the groups listed in Theorem 4. For convenience, assie N = Ixi. Then G = M or
G=M N, whereM is the group listed in Lemma 18.

Casel G=M N.

SinceG is irregular and G=N = M = H;j, H; is irregular. By inspection, H; is one ofHg; H7
or Hg. SoG is isomorphic to one ofHg C3, H; Csz or Hg Cs, but their derived subgroups
are, in each of these cases, isomorphic t83 Cs. This contradicts the hypothesis.

Casell G=M.

Subcase 1 G=N = Hi;H2;Hs;Hs;Hs; Hg; Hig; Hyp Or Hyo.

If G=N is isomorphic to one ofH1;H,;H3;H4;Hs; He; H11, then, since Lemma 17,jHi(i =1
or 3 for theseH;, we havejGY = 1;3 or 3 by Lemma 19. This contradicts jGY = 33.

If G=N = H 1o, then by Theorem 4 we have thatG=N = ha;bja®" = 1,6 = 1;[a;b = a® ’i.
Then G = M = ha;bi. By Lemma 17, (G=N)°= ha®" “i. It follows that G° h a® “;Ni: By
Theorem 16(4), %" “i  Z(G). S0G® Z(G) and ¢(G) = 2. This contradicts Lemma 15(3).

If G=N = H1,, then by Theorem 4 we have thatG = ha;b;xj a3 = x';b5° = xi;[a;b =
a® ‘Bxk; ;] = a® 'x':x3=1;[x;a] =[x;b] =1i, wherei;j;k;| 2f0;1;2gand they are not
all simultaneously zero. SinceG is a G-group, a®" = 1. By Lemma 16(4), a*’ ‘2 Z(G). Using
the formula in Lemma 2, we have &;b;lj = 1;[a;b;d = [b*;a] = [b;a® = [a;h 3= a 3 ' 2
Z(G). It follows that G°= ha®" “©Pxki = Cgy. This contradicts jGY = 33.

Subcase 2 G=N = Hg.

By Theorem 4, assumeG = M = ha;bj a3 = x';b® = xi;[a;h = oxk;c@ = x';[a;q] =
a® "xM:[b;d = x":x3 =1;[x;a] = [x;b] = 1i, wherei;j:k;l:m;h 2 f0;1;2g and they are not
all simultaneously zero.

Since G is a Gs-group, a® = 1. We claim ¢® = 1: If not, then by the formula in Lemma
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2, we get: BB = [a;B[a;b; 5°C Y72 = 3 6 1: On the other hand, [a;b*] = [a;xI] = 1; a
contradiction. Let ¢; = cx¥: Then [a;H = ci; 2 = 1;[a;c] = a® 'x™;[b;c] = x".

SincejGY = 33, h 8 0. It follows that ( h;3) =1, so m+ hy 0(mod 3) has a solution,
sayt. Then [ab;ci= a® '. Leta; = ab;c; = ¢x M. Then G = hay;b;x;c j @b =1;b% =
X lahl = 66 =1;[ac] = & gl = xM;x3 = 1;[x;a1] = [x;b] = 1i. If b} =1, then,
replacing x by x", we get group (1). Ifb® 6 1, then j 6 0. Replacing x by x/ , and letting h; = hj
we obtain h; 6 0. By calculation, G = ha;;bj ad’ = 10 =1;[a;;b = C2; 6 = 1;[a1;¢] =
a® ";[b;@] = Bi. If hy = 1, then we get group (2). If hy = 2, then we get group (3). If
hy = 4, then it reduces to the case ofh; = 1.

Subcase 3 G=N = Hj.

By Theorem 4, assumeG = M = ha;b;c;xj a® = x';b® = x;[a;b = cx¥;c® = x;[a;d =
x™:[b;d = a "xNix3 = 1;[x;a] = [x;b] = 1i, wherei;j;k;l;m;h 2 f0;1;2g and they are not
all simultaneously zero.

By the same argument as in Subcase 2G = ha;b;c;xj a® = 1;b® = xl;[a;f = ¢;;& =
L[a;c] = xM;[b;a] = a3 'xM;x3=1;[x;a]=[x;b] = 1i. SincejGY =33, m60.

Subcase 3.1 x" =1.

If b® =1, then, letting x1 = x™, we get group (4). Ifb> 6 1, then j 6 0. Let x; = x/ and
my=mj. Then G = ha;b;q j a¥ =1;b" =1;[all = c;¢ = 1;[a;c] = B35 [bya] = @& i
If my =1, then we get group (5). If m; = 2, then we get group (6). If m; =4, then it reduces
to the case ofmq = 1.

Subcase 3.2 x" 61.

We haveh 6 0. Let x; = x". Then G = ha;b;g;x; ja® = 1;b® = leh = ¢;c =
Llajc] = xP[b;q] = a® "xq;x3 =1;[x1;a] = [x1;b] = 1i.

Assumeb® = 1. If mh = 1;then G isisomorphicto group (1). Infact, :a! ab; b! bisan
isomorphism from group (1) to G. If mh = 2, then, letting a; = a;by, = P? andc, = c2a 3" 'x 1,
it reduces to the case ofmh = 1. If mh =4, then it reduces to the case ofmh = 1.

If b®>6 1, then j 6 0. If mh =1; then, letting j; = jh, we deduce thatj; 1 or 2 (mod 3).
If j; 1(mod3),then :a! ab; b! a2 3" "B is an isomorphism from group (3) to G. If
j1. 2 (mod3),then :a! ab; b! a2 ¥ 'I?is an isomorphism from group (2) to G. If
mh = 2; then, letting by = B?, ¢; = Ga ¥ 1xl andj; = 2jh, it reduces to the casemh = 1. If
mh = 4, then it also reduces to the case ofmh = 1.

Subcase 4 G=N = Hg.
By an argument similar to that in Subcase 3, we get groups (1){3) and (7){(9).

Those groups listed in the statement of the theorem are painise non-isomorphic, and satisfy
all hypotheses. The details are omitted.2

4.2. Irregular G-groups of order 3’ whose center is cyclic
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Lemma 23 AssumeG is a G-group of orderp". Then G has a maximal subgroupM which is
a G-group.

Proof SinceG is a G-group of orderp", there existsa 2 G such that o(a) = p" 3. Thus G has
a subnormal seriedai <N <M <G . Obviously, the maximal subgroup M of G is a G-group.
In the following theorem, unless otherwise stated, the vales of all parameters are 01 or 2.

Theorem 24 AssumeG is an irregular group of order 3"*3 whose center is cyclicn 4 and
G%= C3; Cs. Then G is aG-group if and only if G is isomorphic to one of the following pairwise
non-isomorphic groups:

1) hbicixja® =1;08 =1;¢ = 1;x® = 1;[a;H = [a;d = [b;d = [a;x] = 1;[b;%] =
a® ';[c;x] = hi;

@ hbicxja® =1; =1, = 1;[af = a® ;x*=1;[a;x] = bife;x] = @ Cifaid =
[b;d=[b;x =1i;

() hbicxjad =1;¥=1;c3=1;[a;h = a*
[b;d = [b;X = 1i;

@) hbicxja’ =1, =1;¢ = 1;[ad= a® ;x*=1;[a;x]= b&[c;x] = & ;[a;d =
[b;d = [b;X = 1i;

G) hbicixja® = 1,0 = 1;6% = 1;[a;h = @ ;%% = 1;[a;x] = 1;[b;x] = ¢;[ciX] =
a® ';la;d=[b;d=1i.

1

;x3=1;[a;x] = be[e;x] = @ *;[a;d =

Proof By Lemma 23, G has a maximal subgroupM such that M = H;, whereH; is one of the
groups listed in Theorem 4. Letx 2 GnM. Then G = hM; xi.

SinceG%= C3  Cs, we get by Lemma 2 that for all g1; 0> 2 G, [05; 2] = [ 01; 821°[01; @2; 01 2
[01;02;01; 0] = 1. Thus, ¢ 2 Z(G) for all g2 G; thatis, f 1(G) Z(G). Thus x3i  Z(G).
Assumea 2 M and o(a) = 3". Then ha®i  Z(G). By hypothesis, o(a) o(x). Since Z(G)
is cyclic, x3i h a%i. Assumex® = a°™, m is an integer. Letx; = xa ™ 2 GnM. By
Lemma 16(3) we getx} = (xa ™) = x% °" = 1. Similarly, x3i h a%i. Sinceo(x;) 9,
we can assume = at¥" ' Let x, = x;a 3" °. Then x23 = (xza ¥ 2)3 =x3a ¥ ' =1
Thus G = hM;x,i. For convenience, we replace, by x, soG = hM;xi, wherex® = 1. Since
G%= C3 Cs, we havec(G) = 3 by Lemma 15(3).

Case1l] M = Hj;Hs;Hg;H1g, H1p Or Hyo.

If M = Hy;Hg or Hyj, then, by Theorem 17,f (M) are not cyclic. But f 1(G) Z(G), a
contradiction. If M = Hs, then by Theorem 4 we haveM = ha;b;cj a3 =1;b® = 1;[a;H =
c;=1;[a,d=[b;d=1i. Sincehci = M %harM G, i G. Sincejhcij =3, jhcij  Z(G).
By Lemma 16(3), a° 2 Z(G). Thus Z(G) is not cyclic, a contradiction. If M = Hjyg or Hy,,
then, by Lemma 17,M %= Cq, which contradicts G°= C3 Ca.

Case 2 M = H;.
By Theorem 4, we haveM = ha;b;cja¥ =1;b0®=1;c8 = 1;[a;h = [a;c] = [b;d = 1i.
Obviously, he®i  Z(G). Since Z(G) is cyclic, we have p;x] 6 1;[c;x] 6 1 and G° = Hb;X]i
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Hc;x]i = C3  Cs. Thus there exist integersm; n such that [ab™c"; x] = [a; x][b; X" [c; x]" = 1.
Let a; = ab"c". Then [a;;x] = 1.
SinceG® M and G°= C; Cj, we have p;x] = a®" "bick.

Subcase 2.1 If k =0,then j =0 by [b;x;x;x] = 1. Thatis, [b;X] = a‘fn ' wherei 6 0.
Assume E;x] = ai®" 'B°d. By [c;x;x;x] =1 we havet = 0. Since G®= C; Cs, s60. Let
by = a3 'b°. Then [c;X] = by. Let a, = a. It is easy to deduce that fpy;x] = a3" ", It
follows that G = hay;by;c;xjad’ =1;8 =1;c3=1;x3=1;[ay; ] = [az;c] = [by;¢] = [az;x] =
1[b;x] = a3 ";[c;X] = bui. This is group (1).

Subcase 2.2 If k 6 0, letting ¢; = a®" "B ck, then [b;X] = c;. Assume Fr;x] = a3 'bd.
Then [c1;%,x] 2 Z(G) since [e1;%,x] 2 Gs. That is, [ci;x;x] = [bPc;x] = [b;X]%[cy; x]' =
cat? 'ptd’ 2 Z(G). SinceZ(G)is cyclic, e’ cs 2 ha®" 'i. Itfollowsthat st 0 (mod 3); s+
t2 0 (mod3). Then we haves=0; t =0. So [c;;x] = a}3" ", r 6 0. Thus there exists m such
that [¢";x] = ad" . Let b, = ¢! and c; = b. Then [b;x] = a;®" *;[cz;x] = bP. This reduces
to Subcase 2.1.

Case 3 M = Hs.

By Theorem 4, we haveM = ha;b;cja¥ =1;8=1;3 =1;[a;b= a3 ';[a;d =[b;d = 1i.
Sinceta3i h ¢i = Z(M) Gand[c;x]® = (cc*)® =1, we have[c;x] = a¥" 'd. Since E;x;x;x] =
1, we getj = 0. Thus [c;x] = a¥ . Since Z (G) is cyclic, i 6 0. Assume [a;x] = a'® ‘b,
[b:x] = au3" "b'c". From [b;x;x;x]=1we getv=0. Thus G = ha;b;c;xja¥" =1;p3=1:¢3 =
Liah=a" “lad=[bd=1;x=1;[c;x= @% “faix]= a® Bcbi= ' et

Sincei 6 0, there exists m; satisfying u + im 0 (mod3). Let by = bc"t such that
[b1;x] = ¢¥. Sincei 6 0, there exists m, satisfyingr+im, 0 (mod3). Let a; = ac™2 such that
[a1;x] = bic'*. We observe thatt; may be di erent from t. Then G = hay;by;c;xjaj =1;b} =
L =1;[a;b]= ad" “jlad=[b;c=1;x3=1;[c;x] = a2 “;[a;x] = B¢ [by;x] = ¢vi.

If w =0, by considering all possible values of parameters;t;;i, we get groups (2), (3) and
4).

If w60, then G°= ra® 'i h ci. Sincew 6 0, there exists m satisfyingt+wm 0 (mod 3).
Let a, = a;bP such that [a;x] = 1. Then G = hay;by;c;xjad =1;8 =1;c% =1;[ay; ] =
ad" ilazc=[by;d=1;x3=1;[c;x] = a® ";[az;x]=1;[b;x] = ci, wherew;i 6 0.

If i =2, then, replacing x by x2, it reduces to the casei = 1. Thus G = hay;by;C;X j ag" =
LB =1, = 1;[a ] = af' “ifazc = [ = 1;x3 = 1;[eix] = &' Cifazx] = 1;[by;x] =
i, wherew 8 0. If 2w 2 (mod 3), then, letting x; = x? and a3 = a3, it reduces to the case
2w 1 (mod3). Thus we get group (5).

Case 4 M = Hy.

By Theorem 4, we haveM = ha;b;cja® =1;¥=1;3=1;[b;d= a* ';[a;f=[a:d=1i:
Sincehai = Z(M) G, we can assumed;x] = a'¥ " Furthermore, let [b;x] = a¥ ‘b,
[c;x] = au3" "b'ev.

By the symmetry of b and c, we may assume 6 0 without loss of generality.
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Let ¢, = a3 'b°ct. Then [b;X] = ¢, t 6 0. Hence [c;x] 2 Gs  Z(G). It follows from
[c;x;x] =1that v=0and w=0. Thus G = ha;b;g;x ja =1;6® =1;¢ = 1;[b;q] =
a® ix3=1;[ax]= a¥ b = ;e x] = a' “i[aje] = [b;d = 1i, wheret 6 0. If
[c1;x] =1, then ha;x;cyi is isomorphic to H, or Hs. This reduces to Cases 1 or 3. Ifdy;x] 6 1,
letting x1 = xb", then [c;;Xx1] = 1. Thus the maximal subgroup ha; x;; c;i is isomorphic to H,
or Hs, This reduces to Cases 1 or 3 again.

Case 5 M = Hs.

By Theorem 4, we haveM = ha;bja¥ =1;0¥=1;[a;bf= ;S =1;[a;d= a® ":[b:d=1i.
SinceM®= ma®" 'i hcd G, we have E;x] = a®" 'd. Since £;x;x;x] = 1, we havej = 0.
SinceG® = " "i h ci, we have p:x] = a’® ‘¢, [a;x] = a® ‘¢ and m is an integer
satisfyingm + u 0 (mod3). Let x; = xc™. Then [a;x1] = ¢’. Let | be an integer satisfying
l+v 0 (mod3)andx, = x;H. Then [a;x,] = 1. By calculation, we have x3 2 ha'®" "i. Let
x3=am" " andxz = x.a M *. Thenx3 =1,

If [c;x3] = 1, then ha;c;x3i = H3. Thus the problem reduces to Case 3. Ifd;x3] 6 1, then
G = habicix ja¥ = 1;0° = 1;[ah = ;& = 1;[a;d = @ ;[b;d = 1;x3 = 1;[a;xs] =
Lb:xs] = a3 “cS;[c;xs] = @ i, wherei 6 0. Let a; = axs. Then [a;;c] = 1. Since
has; c; x3i is a maximal subgroup ofG isomorphic to Hg4, this reduces to Case 4.

Case 6 M = H7; or Hg.

If M = Hy, then by Theorem 4 we haveM = ha;bja® =1;*=1;[a;H=c;E=1;[b;d =
a® ":[a;d =1i:SinceM%=r® ‘i hd G, wehave ;x] = a® 'd. By [c;x;x;x] =1
we getj = 0. Since G°= ha® i h ci, we have p;x] = a3 ‘¢, [a;x] = a3 "¢v. Let
m be an integer satisfyingm + v 0 (mod3) and x; = xb™. Then [a;x;] = a'¥" ". Since
[@*1:b] = [a;bé] = [a;][a;b] = ¢ = ¢ = cad?” ", we havei = 0, that is, [c;x1] = 1. Thus
ha;c; x1i = Hz or are abelian. This reduces to Cases 1, 2 or 3.

If M = Hg, then a similar argument likewise reduces to Cases 1, 2 or 3.

Those groups listed in the statement of the theorem are painise non-isomorphic, and satisfy
all hypotheses. The details are omitted.2

Theorem 25 AssumeG is an irregular group of order 3"*3 whose center is cyclicn 4 and
G%°= C3 Csz Cs. Then G is a G-group if and only if G is isomorphic to one of the following
pairwise non-isomorphic groups:

1) hbicia® = 1;0° = L;[ab = ¢ = 1;fad = & [b;d = 1;x3 = 1;[a;x] =
bi[b;x] = 1;[c;x] = 1i;

(2) hajbic;¥a® = 1;0° = 1;[a;f = ¢;AE = 1;[a;d = & ";[b;d = 1;x3 = 1;[a;x] =
bilb;x = &' *ifeix = 1i;

(3) hab;c;¥a® = 1;0° = 1;[a;f = ¢;A = 1;[a;d = & ";[b;d = 1;x3 = 1;[a;x] =

b;[b;x] = a2 3" ":[c;x] = 1i.

Proof By Lemma 23,G has a maximal subgroupM which is isomorphic toM = H;, where H;
is one of the group listed in Theorem 4. Letx 2 GnM . Then G = hM;xi. Obviously, G° M.
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SinceG°%= Cs Cs Cs, GY 1(M )

Case 1l M = Hj;Hy4;Hs;H7, Hg,Hg, Hip, H1p Or Hyo.

If M = H,;H4;H7, Hg,Hg Or Hyq, then, by Lemma 17, 1(H2) = 1(Hg) = 1(H11) =
Cs Cs, 1(Ha)= 1(H7)= 1(Hg) = M3(1;1;1). Thus G° 1(M), a contradiction.

If M = Hs, then, by Theorem 4, we haveM = ha;b;cj a® = 1;0® = 1;[a;h = c;& =
1;[a;d =[b;d=1i. Sincehci = M® G, hci Z(G). By Theorem 16,  Z(G). Thus Z(G)
is not cyclic, a contradiction.

If M = Hyo or Hio, then by Lemma 17,M °= Cg, which contradicts G°= C3 Cz Ca.

Case 2 M = H;.

By Theorem 4 we haveM = ha;b;cja® =1;b*=1;c3 =1;[a;H =[a;c] =[b;d = 1i. By
Lemma 17, 1(H:;)=C3 Cs Cg: Obviously, G°= ((M)= ha®" "i h bi h ci. By Theorem
16,Ma% Z(G). SinceZ(G) is cyclic, we have p;X] 6 1;[c;x] 6 1. Assume ;X = ai3" "b ck.

Subcase 2.1 k=0.

By [b;x;x;x;x] =1 we getj =0. Thatis, [b;X] = a®" ;i 6 0: Assume E;x] = a3 "bd.
By [c;x;x;x;x] = 1 we gett = 0. Since Z(G) is cyclic, s 6 0. Let by = a3 "p>. Then
[c;x] = by. Assume R;x] = a'%' IWCW. SinceG%= C3 Csz Cs, we getw 6 0. Since [a;x;x] =
[a'3" "Byc¥;x] = [by;xIV[e; X" = a® 'Y, [axxx] = [a® ‘BYix] = [byx]Y = av¥ T el
It follows that [ a;x3] = [a; x]3[a; x; x]*[a; x; x; x] = [a;x;x;x] 6 1. On the other hand, x3 2 M
and M is abelian, so §&;x%] = 1, a contradiction.

Subcase 2.2 k 6 0.

Let c; = a® 'bck. Then [b;X] = ¢;. Assume Ei;x] = a3" "b°cl. If s=0, then t =0 by
[c;x;x;x;x] = 1. Replacing ¢; by b, and b by ¢, this reduces to subcase 2.1. 1§ 6 0, then,
from [c1;x;x] = [B5¢,; x] = [b;xs[cr; x]' = a3 'btcl’, we have i x;x;x] = [bStci”z;x] =
[b; Xt oy x5 = ctar s+ 3" ¢ (st ) Since Byixix;x] 2 Z(G), st 0 (mod3) and
s+ t2 0 (mod 3); a contradiction.

Case 3 M = Hsj.

By Theorem 4 we haveM = ha;b;cja¥ =1;=1;S3=1;[a;= & ';[a;d=[b;d=1i:
Sinceha®i h ¢i = Z(M) G, we can assumed;x] = a3 "d. By [c;x;x;x;x] =1 we getj = 0.
That is, [c;x] = a'%" . SinceZ(G) is cyclic, 3-i. SinceG’= (M) =t 'i h b h d,
we have p;x] = a¥ "b°ct and b;x] = a'3" "b'c¥. Since b;x;x;x;x] = 1, we havev = 0.
Thus we havea® =1;* =1;3 = 1;[a;d = & ';[a;d = [b;d = 1;[c;x] = a%" ';[a;x] =
a’® ‘pc[b;x = aud v,

Since 3-1i, there exists| satisfying li + u 0 (mod3). Let by = bé. Since 3-i, there exists
m satisfyingmi + r 0 (mod3). Let a; = ac™. SinceG°= C3 Cz Cz, we haves60;w 6 0.
Since (v;3) = 1 there exists m; satisfying mw+t 0 (mod3). Let a = a;l,™*. We have
ad =10 =1, =1;[anb] = & ;lad=[bi;c=1;[cix] = & ;[azx] = b [or;x] =
c.
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Sincex3 2 M, we havex® = ajfbzds, where 1 13 3";1 Iyl3 3. Since k3;x] = 1,
I, = 0. Furthermore, [ay;x%] = 1. On the other hand, [az;x3] = [az; x]®[a; x; X*[az; x; x; X ] =
[a2; x;x;x] & 1, a contradiction.

Case 4 M = Hs.

By Theorem 4 we haveM = ha;bj a¥" =1;0*=1;[a;bf= ;S =1;[a;d= a® “:[b:d=1i:
By Lemma 16(4) we getx® 2 Z(G);a® 2 Z(G). Since Z(G) is cyclic and o(a) = exp G, we can
assumex® = a’", where m is an integer. By Lemma 16(3), G is 9-abelian. Replacingx by
xa M wegetx?=1. By Lemmal17,M°=t® i hcd G, M)=h ‘i hb hd G.
SinceG® (M), G°= ma®" ‘i h bi h ci. We consider the quotient groupG = G=ha®" 'i.
Then hei = MO Z(G). Thus we can assumed;x] = ai3" *. We consider the quotient group
G=G=MC Thentd = (M) Z(G). Thus we can assumelf;x] = a'3" "cS. Furthermore, we
assume §;x] = a¥3" 'B'cY. Thus we havea® =1;BF=1;[af=c;E=1;[a;d=a> ';[b;d=
La;x] = a®" "pevi[b; = a® TcSi[e;x] = a¥ ;x® =1.

Let m; satisfymy+ u 0 (mod3), x; = xc™:, | satisfy | + w 0 (mod3), x, = x;10. Since
G°=ta®" i h bi hci,we havev60. Since [a*2;b*2] = &2 we geti = s. Thus @ =1;b% =
Llah=cE=1;[ad=a® ";b;d=1;[a;xz]= b';[b;x] = a2 "¢;[c;xz] = ¥ ;xI=1.

Subcase 4.1 [c;x2]6 1. Thatis, i 60.

Sincex =1, x,*2 1(Heg). We havex,3 = a™3" "p"2c™:. Since

[a; %231 = [&; X2J3[@; X2; X213[&; X2; X2; X2] = [@; X2; X2 X2] = [BY; X5 X2] = [ x0] = @43 * =
a3 " and [a;am3 "bM2gMe] = [a;d"2c™e] = [a; ¢ ][a; B"2] = [a; M3 [a; Mz = ame3" 'ne,
we get 3j m, and m3 = v. Therefore 1 = [X23;X,] = [¢';X,] = a¥¥" " 61, a contradiction.

Subcase 4.2 [c;xz] = 1.

Since p;x2%] = [a; x23[a; X2; X213 [a; X2; X2;x2] = 1 and [b; %3] = [b;x]® = 1, x2° 2 Z(G).
Since Z(G) is cyclic, we havex,3 = a™3" ". Replacing x» by x,a M3 °, we getx,® = 1.
Thus G = he;xz j @ = 1;0° = 1;[al = ;@ = 1;[a;d = @ ;[b;d = 1;x2% = 1;[a;x2] =
b':[b;x] = a'® 1;[c;xz] =1li.Ifv=21andr =0, thenwe getgroup (1). fv=1andr =1,
then we get group (2). If v=1 and r = 2, then we get group (3). If v = 2, then, replacing x»
by x,2, there existsm satisfyingm +2r 0 (mod 3). Replacingx, by x,c™ reduces to the case
v=1.

Those groups listed in the statement of the theorem are paieige non-isomorphic, and satisfy
all hypotheses. The details are omitted.2

Theorem 26 AssumeG is an irregular group of order 3"*3 whose center is cyclicn 4 and
G%= Cy Cz. Then G is aG-group if and only if G is isomorphic to one of the following pairwise
non-isomorphic groups:

(1) hbic;a® =1;x3=1;[a;x]= & ‘B =1;[ajf=a" ";b;X=c;E=1;[c;x] =
a® ';[a;d=[b;d=1i;

@) hbicia® =1;x3=1;[ax] = a ‘& =1;c;x = b;B=1;[b;x = a¥ “jal =
[a;c =[b;d =1i;
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(3) hajb;xa® =1;03=1;[a;b = x%x% = 1;[a;x] = a¥ *;[b;x] = 1i;

@) h;bxa® =1;0 =1;[ab= x%x* =1;[ax] = a [ = a¥ 'i;

(5) ha;b;xa® =1;b3=1;[a;b= x3x°=1;[a;x]= a¥ “;[b;x = a2 3" i;
6) hib;xa® =1;0 =1;[a; = x%x° = 1;[a;x] = @ “bifb;x] = 1i;

(7) hajb;xa® =1;03=1;[a;b = x3x%=1;[a;x]= a “bib;x=a® i

@) hab;xa® =1;0¥=1;[a;H = x%x%=1;[a;x] = a “bib;x=a% ¥ i;
©) hbixa® =1;0 = 1;[a; = x%x° = 1;[ax] = & "7 [b; X = 1i;

(10) he;b;xad =1:6° =1;[a;f = x3;x% = 1;[a;x] = a® ‘B [b;x = a3 i;
(11) heb;xa® =1;6° =1;[a;h = x3;x9 = 1;[a;x] = a* ‘B [b;x = a2 3" i.

Proof BylLemma 23,G has a maximal subgroupM which is isomorphic toH;, whereH; is one of
the groups listed in Theorem 4. Letx 2 GnM . Then G = hM;xi. Assumea2 M ando(a) = 3".
Then he®i  Z(G), &%  Z(G), o(a) o(x). SinceZ(G) is cyclic, x® h a®. Thus we have
x® = a®™. Obviously, xa ™ 2 GnM. Let x; = xa ™. Then x{ = (xa M)® = x% M =1,
We have G = hM;x 1i. For convenience, we replace; by x, so G = hM;xi;x® = 1. Obviously,
G° M. SinceG’= Cy Cs, G° 2(M).

Case 1l M = Hj;Hy4;Hs, H7, Hg, Hg Or Hys.

If M = Hy, by Theorem 4 we haveM = ha;bj a3" =1;b% = 1:[a; = 1i. If o([b;X]) 3,
then [b*;x] = [b;x]® = 1. Thus h®i 2 Z(G) and so Z(G) is not cyclic, a contradiction. If
o([b; x]) = 9, then we have [b;x] = a¥" “B. Since p;x;x;x;x] =1, we getj = 0. It follows from
x3 2 M that [b;x%] = 1. On the other hand, [b;x%] = [b;x]® = &% ' & 1, a contradiction. If
M = Hg or Hji, then a contradiction arises by a similar argument.

If M = Hy, then, by Theorem 4 we haveM = ha;b;cj a¥ = 1;b® =1:c® = 1;[b;d =
a® ":la;b =[a;d=1i. Thus [c;x]® = (¢ 1c*)3 =1 and [b;X]® = (b )3 = 1. By Lemma 17,
Z(M) = hai. Obviously, hai  G. It follows from x3 2 M that [a;x%] = 1. On the other hand,
sinceG%= Cy Cs, we have p;x] = ¥ °. Then G°= Ha;x]; [b: X; [c; X]; [a; H; [a; ]; [b; d; Gsi.
By Lemma 16, 3-i. Thus [a;x3] = [a;x]* = a®" ' 6 1, a contradiction.

If M = Hs, then, by Theorem 4 we haveM = ha;b;cj a3 = 1;0® = 1;[a;h = ¢;& =
1;[a;d = [b;d = 1i. Sincetci = (M)° G, hci Z(G). By Theorem 16, e’  Z(G). Thus
Z(G) is not cyclic, a contradiction.

If M = Hy, then, by Theorem 4 we haveM = ha;b;cj a3 = 1;0® = 1;[a;h = ¢;& =
1;[b0;d = & ';[a;d = 1i. By Lemma 17,M°= ta®" 'i hcd G. SinceG is 9-abelian,

>(M) = 3 “;b;d. By G® (M), G°= ra® ‘i h ci. We consider the quotient group
G=te®" 'i. Thenhi = M? Z(G). Thus we can assumed;x] = a3 . Since p;x® =
(bB)2 = 1, we get o[b;x]) 3. SinceG®= Cg Cs, we have f;x] = a3 “c, where 3 -
r. Thus [a;x3] = [a;x]® = &% ". On the other hand, it follows from x° = 1 that x3 2

1(M). Thus we have x3 = am3" 'pnzcms. |t follows that [a;x3] = [a;aM:3" 'pzcms] =
[a;b"2] = [a; g™2[a; b; §n2(mz D=2 = cmzg 3" 'mz(mz D=2 3 contradiction. If M = Hg, then a
contradiction arises by a similar argument.
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Case 2 M = Haj.

By Theorem 4 we haveM = ha;b;cja¥ =1;¥=1;3=1;[a;b= a3 ';[a;d =[b;d = 1i.
By Lemma 17,Z(M)=ta% hc Gand (M)=t® i hb hd G. We consider the
quotient group G = G=ma®i. Then i = M° Z(G). By [¢;x]® = (¢ )% = ¢ 3(c¥)® =1,
we can assumed:x] = a'¥ . Since Z(G) is cyclic, [c;x] 6 1. Thatis, i 6 0. We consider
the quotient group G = G=ha®" i h ci. Thenhi = (M) Z(G). Thus we have that
;X = a"® "¢ andfa;x]= a% ‘p°c; 0 r 8. SinceG°= Cq Cs, 3-r. Thus a® =
L =1;3=1;[ah=a" j[aid=[b;d=1;x=1;[c;x] = a¥ ";[b:x] = a'¥" ‘c¥;[a;x] =
a? ‘b°ct, wherei60; 0 r 8 3-r.

Sincei 6 0, there exists my satisfyingu+im; 0 (mod3). Letb; = bc":. SinceG°= Cy Cs,
w 6 0. Thus there exists m; satisfyingt mjys+ wm, 0 (mod3). Let a; = ab"2, ¢; = ¢V
and a, = al'. We have fy;x] = aj** ‘ared "', Thenwe have 1 r; 20 r, 2. Let
x1 = xb, "2. Replacinga by a,, b by by, c by ¢; and x by x;, we havea®" = 1;b® = 1;c =
Liah = a® “j[ad = [b;d = 1;x° = 1;[c;x] = @@ ';[b;x = c;[a;x] = a3 ‘b, where
1 n 2.

Sincex3 2 (M), we have that x3 = a™3" "p"zcMs. |t follows from [x3;x] = 1 that
[am:3" 'pnzgme:x] = [2¢Me;x] = cm2ame? * = 1. Thus mp = m3 = 0. So [a;x3] = 1. Since
[a;x3] = [a; xPla;x;x;x] = a3 "as¥" '=1,r,+s 0 (mod3). Replacingx by xa m:3" *
we getx3=1. Thus G = hgxja® =1:03=1;3 = 1;[a; = a® “;[a;d =[b;d = 1;x8 =
1;[c;x] = & ¥ [b;X] = c;[a;x] = a"*¥" b "1i, where 1 ri 2.1fry =1, we getgroup (1). If
r1 = 2, then, replacing x by x?, b by b& and c by ¢?, we get group (1) again.

Case 3 M = H;.

By Theorem 4 we haveM = ha;b;cja® =1;®=1;c3=1;[a;H =[a;c] =[b;d=1i. Since
Z(G) is cyclic, [b;X] 6 1;[c; x] 6 1. It follows from [ b; x]* = (b *6)3 =1 and [¢;x]® = (¢ 1c¥)3 =
1 that o([b;X]) = o([c;X]) = 3. Let [ b;x] = a3 b c.

Subcase 3.1 k=0.

Since p;x;x;x;x] =1, we getj = 0. Thus [b;x] = &%’ ', i 80. Assume c:x]= a? ‘bt
Since p; x;x;x;x] =1, we gett = 0. If s=0, letting m be aninteger satisfyingim+r 0 (mod 3),
and replacing ¢ by b™ c, we obtain [c;x] = 1. It follows that Z(G) is not cyclic, a contradiction.
Thus s 6 0. Soa¥ = 1;0° =1;¢ = 1;[a;l = [a;d = [b;d = 1;[b;X] = a% ';[c;x] =
a? 'B’;x°=1, wherei 60;s60.

Replacingbby a'3" 'b° and a by as', we havea® =1;¥=1;3=1;[a;b =[a;¢ =[b;d =
1[0 = a® “i[c;x] = b;xe=1.

SinceG%= Cy Cg, we have f;x] = a3 “p’c", where 0 u  8;3-u. If w=0, then
[a;x%] = [a; x]%[a; x; x]® 6 1. On the other hand, since M is abelian, f;x3] = 1, a contradiction.
Thus w 6 0. We have [a; x3] = [a; x]3[a; x; x*[a; x; x; x] = au3" '
1that w+u 0 (mod3). By x3 2 Z(G), we can assume thatx® = a'3" ";1 6 0. Replacing x by
xa '3 “andabyac’, wegetG=h;xja® =1;88=1;3=1;x3=1;[a;=[a;d=[b;d=
La;x]= a3 “c Y;[b:x = a® ":[c;x] = bi, whereu 6 0.

1
a%3" . It follows from [a; x3] =
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If u=1, then we get group (2). If u = 2, then, replacing x by x?, b by b? and ¢ by ¢?, it
reduces to the case ofi = 1.

Subcase 3.2 k 60.
Replacingcby a®" "bck, we get ;X = c. Assume E;x] = a'3" "b°cl. SinceG%= Cy Cj
2(G), we gets=0. By [c;x;x;x;x] =1, we gett = 0. Replacing c by band b by c, it reduces
to Subcase 3.1.

Case 4 M = He.

By Theorem 4 we haveM = ha;bj a¥" =1:0¥=1;[a;h= c;E =1;[a;d = a® ":[b;d=1i.
By Lemma 17,M°= te®" 'i hcd G,and (M)=h® 'i hb hdc G. We consider
the quotient group G=ha®" 'i. Then hci = MO G. It follows that hci  Z(G). Assume
[c;x] = a'3" ', We considerG=ma®" "i h ci. Thenhi = (M) G. Sohi Z(G). Assume
b:x] = a3 'd. SinceG%= Cy Cs, we can assumed;x] = a¥ “Dck, wherel i 83-
i. Thus @ =1;0® = 1;[af = ¢.& = 1;[a;d = & ";[b:d = 1;[c;x] = a3 ";[a;x] =
a¥ ‘oo =ad ‘dix¥=1:

Replacing x by xb ¥, we get p;x] = a'%" “b. Thus G°= rai®" “bi h ci. It follows from
[@%;b¢] = ¢ that u = t. Thus there exists m satisfying 3m+ i 1 or 2 (mod3). Replacingx
by xc™ which forcesi = 1 or 2, we havea® =1;*=1;[a;b= c;E=1:[a;d= a® ;[b;d=
Lc;x] = ai¥ “:[arx]= &% “b[b:x= a? ‘ci;x®=1; wherei =1 or2.

Subcase 4.1 u=0

Assumex3 = am:3" 'phzcMs. Then [a;x3] = [a;aM:3" ‘phzcMe:] = c¢Mzam:? . On the
other hand, [a;x3] = [a;x]®[a;x;xP[a;x;x;x] = a3 . Thus ms = i;m, = 0. Thatis, x3 =
am3 'd. Letc = am¥ ¢ by = bd", xg = xbI™ Y, xp = X, X3 = X I oandry = ir.
Thus G = hajxs j a3 = 1;08 = 1;[a;by] = x&;x = 1;[a;xs] = @ “B;[by;xs] = a¥ i,
whereji;r; =0;1 or 2, respectively. By considering all possible values ofgrametersj; and rq,
we get groups (3){(11).

Subcase 4.2 u60.

It follws from [a; x;x;x] = [0 ;x;x] = [dY ;x] = alV that [a; x3] = [a; x]°[a; x; x]3[a; x; x; X] =
a¥" 'au’3 = a+3" ' Onthe other hand, sincex3 2 1(Hg), we havex® = a™3" 'nzgms,
Thus a*13" " =[a;x3] = [a;aM:3" "przcms]= cmzam:3" ', |tfollowsthat mp =0;msz=i+].

Since k3;x] = [a™3" '¢d*i;x] =1, i+j 0 (mod3). It follows that x3 = am:3" "
Replacingx by xa M:3" * we getx3 = 1. Sincei+j 0 (mod3), we getj 6 0. Thus G =
hcxjad =18 =1;[a;b=cE=1:[a;d=a “:[b;d=1;x3=1;[a;x] = a3 “b;[b;x =

23n 1

a® 'c;c;x]= au¥" i, whereu;j 60, i+j O(mod3yl i 83-i.
Let m be an integer satisfying 1 um 0 (mod3). Then [ax™:;b] = [a;b*" [x™; b
1 (modhe® i), [ax™;c = [a;d[x;c]® = a@® um3" ' = 1. Thus the maximal subgroup

hax™;b;d of G is a G-group generated by three elements. It follows thathax™;b;d is one
of H{;H3 or Ha. It reduces to one of Cases 1, 2 or 3.
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Case 5 M = Hig or Hys.

If M = Hyo, then, by Theorem 4 we haveM = ha;bj a® =1:b% =1;[a;H = a® i. Since
MO= ta3" °i  G° we observe thatG®= Cq Cs = ha® “i h bdi. Assume R;x] = ai3" “b¥,
b:x=a% “BSand 1 i;r 9. Replacingx by xb i, we get p;x] = b¥. If the maximal
subgroupha; x; b%i of G is aG-group generated by three elements, thema; x; b%i = H1; H3 or Hy.
It reduces to one of Cases 1, 2 or 3. Ifa; x; b%i is generated by two elements, therj 6 0. Since
o(x3) 3, we havex3 = a“3" "B, Thus [b;x%] = 1. Since [a;x3] = [a; x][a; x; xI*[a; x; x; X] = 1,
x3 2 Z(G). Since Z(G) is cyclic, we havex® = am¥" ', Replacing x by xa ™" °, we get
o(x) = 3. Thus ha;x;b%i = Hg. This reduces to Case 4. IfM = Hj,, then it reduces to one of
Cases 1, 2, 3 or 4 by an argument similar to that forM = Hg.

Those groups listed in the statement of the theorem are painise non-isomorphic, and satisfy
all hypotheses. The details are omitted.2

4.3. Irregular G-groups of order less than 3’

Since all 3-groups of order less than Bcan be found in the SmallGroups database, we learn
the following using Magma [3, 4].

Theorem 27 There are no irregular G-groups of order3*.

Theorem 28 G is an irregular G-groups of order3® if and only if G is isomorphic to one of
the following groups in the SmallGroups database:
3,4,5,6,7,8,9,13,14,15,17,18,25,26, 27,28,29,30,21%3,54,55,56,57,58,59, or 60.

Theorem 29 G is an irregular G-groups of order3® if and only if G is isomorphic to one of

the following groups in the SmallGroups database:
4,5,6,7,8,13,14,15,16,17,18,19,20,21,27,28,29,67/1074,75,77,80,82,83, 86,90,95,96,97,98,99,
100,101,253,254,261,262,263,264,284,285,388,389,390
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