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Abstract In this paper, we characterize conditions under which a tuple of bounded lin-
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1. Introduction

By an n-tuple of operators we mean a finite sequence of length n of commuting continuous

linear operators on an infinite dimensional Banach space X.

Definition 1.1 Let T = (11, T3, ...,T,) be an n-tuple of operators acting on the Banach space
X. We will let
F={n"Dr ... T k>0, i=1,...,n}

be the semigroup generated by 7. For x € X, the orbit of x under the tuple T is the set
Orb(7,z) = {Sx : S € F}. A vector x is called a hypercyclic vector for T if Orb(T,z) is dense
in X and in this case the tuple 7T is called hypercyclic. Also, by ’Z:i(k) we will refer to the set of

all k copies of an element of F, i.e.,
’Z:i(k) ={$®---®S,:5=--=85,€F}

We say that ’Td(k) is hypercyclic provided there exist a1, ...,z € X such that {W (z1®---®xy) :
W e Td(k)} is dense in the k copiesof X, X @& --- ® X.

For simplicity we state and prove our results for a pair that is a tuple with n = 2, and the
general case follows by a similar method. Also, remember that if 77, T are commutative bounded
linear operators on a Banach space X, and {m;}, {n;} are two sequences of natural numbers,
then we say {719 T>"7 : j > 0} is hypercyclic if there exists x € X such that {17 Tx™z : j > 0}

is dense in X.

Definition 1.2 We say that the pair T = (T1,T») is topologically transitive if for every nonempty
open subsets U and V' of X there exists S € F such that S(U) NV # (. Similarly, we say that
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’Td(2) is topologically transitive provided for any given nonempty open sets Uy, Vq,Us, Vo in X,
there exist two positive integers m and n such that T{"T3*(U1)NVy # @ and T T8 (Uz)NVa #£ @.

Definition 1.3 A pair (T1,T») is called topologically mixing if for any given open sets U and
V, there exist two positive integers M and N such that T{"To"(U) NV # @ for all m > M and
n > N.

Definition 1.4 We say that a pair T = (T1,T5) is hereditarily hypercyclic with respect to a pair
of nonnegative increasing sequences ({mg}, {ny}) of integers provided for all pair of subsequences
({mu, }, {nx,}) of ({mx},{nw}), the sequence {T1"*iTo"™"i : j > 1} is hypercyclic. We say that
a pair T is hereditarily hypercyclic, if it is hereditarily hypercyclic with respect to a pair of

nonnegative increasing sequences.

Definition 1.5 A strictly increasing sequence of positive integers {ny} is said to be syndetic if

supg{ng+1 — ni} < oc.

Definition 1.6 A set S C Z2+ is called thick if for every m,n € IN, there exist some iy, j, € IN
such that {(p,q) : p=tm,im+1,. .. im+Mm; ¢ =Jn,Jn+1,...,jn +n} CS. Also, we say that
S is co-finite if the complement of S in %% is finite.

Definition 1.7 Let T = (T1,T5) be a pair of continuous operators acting on a separable infinite
dimensional Banach space X. For any nonempty open sets U,V in X, we define N(U,V) =
{(m,n) :m,n e N, T7"T3U)NV £ 0} = {(m,n) :m,n e N, Ty "I, "(V)NU # O}.

Here, we want to extend some properties of topologically mixing operators to a pair of
commuting operators, and although the techniques work for any n-tuple of operators but for

simplicity we prove our results only for the case n = 2. For some topics we refer to [1-19].

2. Main results

A nice criterion, namely the Hypercyclicity Criterion for tuples, was given by N. S. Feldman

[5]-

Theorem 2.1 (The Hypercyclicity Criterion for a tuple) Suppose X is a separable infinite
dimensional Banach space and T = (T1,T%) is a pair of continuous linear mappings on X. If
there exist two dense subsets Y and Z in X, and a pair of strictly increasing sequences {m;}
and {n;} such that:

(1) T/"Ty” —0onY asj — oo;

(2) There exists a sequence of function {S; : Z — X} such that for every z € Z, Sjz — 0,
and T\ T, S;z — =z, then T is a hypercyclic tuple.

In this section we characterize the equivalent conditions for a pair of operators, satisfying the
Hypercyclicity Criterion. Also, we give conditions under which a tuple is hereditarily hypercyclic
with respect to a tuple of syndetic sequences. We will use HC(T') for the collection of hypercyclic

vectors for the tuple 7 of operators.
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Theorem 2.2 Let T = (T1,T») be a pair of bounded linear operators acting on the Banach
space X such that (T{"T5")* has no eigenvalue for all m,n > 0. Let W be a nonempty open set
in X such that for any nonempty open subsets U,V of W, the set N(U, V) is a thick set. Then
’Td(2) is hypercyclic.

Proof Let B={B, :n €N} be a countable open base of X and define
Gi=J 1T (BY).

If G; "W # @, then clearly G; N W is dense in W under the relative topology, since else there
exists a nonempty set U C W such that UNG; N W = @. On the otherhand, since G; N W # O,
we have W N G; # O, and so

T™OTy ™ (B) AW # O
for some pair of nonnegative integers (mg,no). If we define
V=TT, (B;) N W,
then V' .C W. Now by using the hypothesis, there exist a pair (mg, n() of integers such that
TTI(UY NV £ O.

Thus

O £ UNT, 0T, 0T ™ T, (B) N W € UNG; N W,

that is a contradiction. Hence G; N W is dense in W for all i, and so N;G; is a dense G subset
of W. Thus, indeed
HC(T) NWwW =n;G;.

So, if x € N;G;, then Orb(7,z) N W is dense in W. Now, since (77"7T3')* has no eigenvalue for
all m,n > 0, thus by Corollary 5.6 in [5], 7 is hypercyclic. Hence, 7 is topologically transitive
and so, for any nonempty open sets U’, V' in X, there exist two pairs of nonnegative integers

(m1,n1) and (mg,ng) with mq < mg and ny < ng such that
U =17™Ty,™ (U )NW # 0,

and
V"= TmeTQ_"?(V') NW #£ Q.

By our assumption N(U”, V") is a thick set, thus N(U’, V") is also a thick set, since
N(U”, VN) + (mg —my,Ng — nl) - N(U’, V/)
This implies that Td(z) is hypercyclic and so the proof is completed. [J

Theorem 2.3 Let T = (T1,T») be a pair of bounded linear operators acting on the Banach
space X such that (T{"T5")* has no eigenvalue for all m,n > 0. Let W be a nonempty open set
in X such that for any nonempty open subsets U,V of W, the set N(U, V) is co-finite. Then T

is topologically mixing.
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Proof By Theorem 2.2, Td(z) and so 7 is hypercyclic. Thus, for any U,V of open subsets of X,

there exist the pairs (m1,n1) and (mg, n2) of nonnegative integers such that
™I, ™ U)NW #£0
and
T, ™I, ™ (V)NW # .
Define the sets U; and V; by
U =T, ™Iy "™ (U)NW
and
Vi =T, ™T, ™ (V)N W.

Then by the hypothesis of the theorem, N (U, V;) is a co-finite set and consequently N (U, V) is
also a co-finite set. Thus 7 is topologically mixing. [

Theorem 2.4 Let T = (T1,T») be a pair of bounded linear operators acting on the Banach
space X such that (T{"T3)* has no eigenvalue for all m,n > 0. Let W be a nonempty open set
in X containing two dense sets Y, Z, and suppose that there exist a pair of nonnegative integers
(mg,ni), and a sequence of mappings {Sx : Z — X} such that: for every z € Z, Spz — 0,
T/ % Sz — z, and T{"* Ty — 0 pointwise on Y. Then Td(2) is hypercyclic.

Proof Consider nonempty open sets Uy, Us, V1, Vo in W and let y € YV and z € Z. Also, let
€ > 0 be such that B(y,e) C Uy, and B(z,2¢) C V;. Since all three sequences

{Skzte, {z =TT Sezbr, {1715 y}e
tend to 0, there exists M > 0 such that
Skz, T{"Ty*y, z — Ty Ty Sz € B(0,€)

for all k > M. So,
y+SkZ€U1

and

T (y + Skz) € Vi

for all £ > M. Hence, we get
T (U) NV # O

for all K > M. Note that we can let M be large enough such that simultaneously
T (U) NV £ 0
for i = 1,2, and all £ > M. This implies that

[T T3 @ T TS (Ur @ Ua)| N (Vi @ V2) # O
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for all K > M. Now, by the same method used earlier, there exists a hypercyclic vector x ®y €
X & X for 7;(2) such that
(Saay):SeTynwaow

is dense in W @ W. This implies that Td(2) is hypercyclic and so the proof is completed. [J

Corollary 2.5 Under the conditions of Theorem 2.4, if my = n; = k, then T is topologically

mixing.

Theorem 2.6 Let 7 = (T1,T») be a pair of bounded linear operators acting on the Banach space
X. If T satisfies the Hypercyclicity Criterion and ({my},{nr}) is a pair of syndetic sequences,
then T is hereditarily hypercyclic with respect to ({my}, {ng}).

Proof Since ({mx}, {nk}) is syndetic, there exists a pair (m, n) of integers such that my1—my <
m and ng1 —nk < n for all k. This implies that for any k& there exists (m},n}) € ({mw}, {ns})
such that km < mj, < (k+1)m and kn < nj, < (k+ 1)n. Let B be an open neighborhood of 0
and U be any nonempty open subset of X. Define

2m—12n—1 . )
W= N 570
i=1 j=1

and

V =T, 2T, *"(U).
Since 7 satisfies the Hypercyclicity Criterion, Td(2) is topologically transitive. Indeed, let 7°
satisfy the Hypercyclicity Criterion and let ({m;},{n;}), Xo, Yo, and S; : ¥ — X be as given
in the Hypercyclicity Criterion. Note that Hypercyclicity Criterion will also be satisfied by any
pair of subsequence ({m;, },{n;.}) of ({m;},{n;}). Now, let Uy, V1, Uz, and V5 be any nonempty
open subsets of X. Pick z € Xy, y € Yy and € > 0 so that B(x,e¢) C Uy and B(y,2¢) C V1. By

the conditions of Hypercyclicity Criterion, there exists an integer r large enough, satisfying:
Ty, Sey, Ty To™Spy —y € B(0,¢€).
So we get x + S,y € B(z,¢) C Uy and
1T T Sey — yll + [T T ]| < 2e.

Thus, we have
T Ty Spy —y € By, 2¢) C VA.

Hence, T7"" T, (U1) N V4 is nonempty for r large enough. This implies that there exists a pair
of subsequence ({m;, },{n;.}) of ({m;},{n;}) such that for all k& we have
T Ty (U) NV # O.
Now, since Hypercyclicity Criterion will also be satisfied for ({m;, },{n;,}), by using the
same method we can see that there exists kg large enough such that

T, o T (Uy) NV # 0.
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Since (my,, ,njy,, ) is an element of the sequence ({m;, },{n;, }), we have
T, oM (U) NV £ O
and so Td(z) is topologically transitive. Thus, there exists a pair (p, q) of integers such that
TPTHU)NW #£ O
and
TITy(W)NV # Q.

Note that mro < p < m(rg + 1) and nsy < p < n(sg + 1) for some pair of integers (ro, so). In
the intervals [mro, m(ro + 1)], [nso,n(so + 1)], consider elements mj, and nj, of the sequences

{my} and {ny}, respectively. Now, let the case p < mj, and ¢ < nj and set
t(p) = miy 11 —p, t'(p) =2m — (M, 11 —p),
t(q) = ”;go+1 —dq, t/(Q) =2n— (n;co-i-l —q).
Clearly,
L<t(p), t'(p) <2m—1,
1 <t(q), t'(q) <2n-—1.

This implies that
W C T;t(ZD)T;t(q) (B) N T;t (ZD)TQ*t (9) (B)

So, clearly we get
TPTH (T Ty O (B) NI T, (V) £ 0,

from which we can conclude that
TP It () A B = 1) T 0 (U) N B £ O

and
Tr-t WrEmpa=t @t gy — ottt (B AV £ 0.

So, in the case of p < mj, and g < nj_, 7 is hereditarily hypercyclic with respect to ({my}, {nx}).
In other cases, for example, if ¢ > nj , then by substituting ¢(q) by ¢ — n} , and '(q) by

2n — (¢ — n%o), we can get a similar result. So the proof is completed. [
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