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On the Congruence o(n) =1 (mod n)
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Abstract Let k > 2 be an integer, and let o(n) denote the sum of the positive divisors of
an integer n. We call n a quasi-multiperfect number if o(n) = kn + 1. In this paper, we give
some necessary properties of them.
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1. Introduction

For a positive integer n, let ¢(n), w(n) and o(n) denote the Euler function of n, the number
of distinct prime factors of n and the sum of the positive divisors of n, respectively. Let a be an
integer. C. Pomerance [8] proved that S(a) = {n: o(n) = a (mod n)} has density 0. It is known
that o(n) = n+1 if and only if n is prime, thus we only need to consider o(n) = kn+1 for k > 2.
We call n a quasi-multiperfect(QM) number if o(n) = kn + 1 with £ > 2. In particular, we call
n a quasiperfect number if o(n) = 2n+ 1 and n a quasi-triperfect(QT) number if o(n) = 3n+ 1.
Up to now, no quasiperfect numbers are known, but necessary properties of them are described
in many papers [1-7].

In this paper, we obtain the following results:
Theorem 1 Ifn is QM and odd, then w(n) > 7. If n is QM and even, then w(n) > 3.

Theorem 2 If n is an even QM and w(n) = 3, then n is QT and n = 2%13%2p? where oy, as

are even,

2a1+13a2+1 T -
= \ + A/ +
p= 2a1+1+3a2+1_1,p> 201 , p> 32 .
In fact,
2a1+13a2+1 1 2a1+13a2+1
——<p<

Qon+1 4 3o+l _ q 2 Qo+l 4 3o+l _ 17
Corollary 3 Ifn is an even QM and w(n) = 3, then n > 10190,

Conjecture 4 There is no even QM with three different divisors.
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2. Proofs

Lemma 1 ([5, Theorem 3]) Ifn is a quasiperfect number, then w(n) > 7.
Lemma 2 Ifn is QT and n = 2*13%2p®3 | then s are even for 1 < i < 3.

Proof Since n is QT, we have o(n) = 1 (mod 3). If a; is odd, then o(2%1) = 201+ — 1 =0

(mod 3), thus o(n) =0 (mod 3), a contradiction. Hence oy is even. Since n is QT, we have
o(n) = o (2213%2p™3) = 213%™ 1 1 =1 (mod 2).
That is,
on)=(1+244+2°)1+34--+32)(1+p+---+p*)=1 (mod 2).

We have (a2 +1)(az+1) =1 (mod 2), hence ay and a3 must be even. This completes the proof
of Lemma 2. J

Proof of Theorem 1 Assume that o(n) = kn + 1 and n is odd. If w(n) < 6, then we have

pp—om 1 m 357 1 1817
= n  n ¢n) "2 46 10 12 16

Thus k = 2, n is a quasiperfect number. By Lemma 1, we have w(n) > 7, a contradiction.

Assume that o(n) = kn + 1 and n is even, if w(n) = 1 or 2, then we have

on) 1 n 2 3
g<p=2WW _ " =22
- n n<¢(n)_1 2

Thus k = 2, n is a quasiperfect number. By a result of Cattaneo [2], n must be an odd square,

=3.

a contradiction. This completes the proof of Theorem 1. [

Proof of Theorem 2 Since n is an even QM and w(n) = 3, we may assume that n = 2% p{?p5*,
where 3 < p; < po. If p1 > 5, then

o) 1 _n _2 35
Then o(n) =2n+1 or o(n) = 3n+ 1. By Lemma 1, we have o(n) = 3n + 1, thus n is QT and
n = 2*13%2p*_ Hence we have
(20 =B (Tt - 1) = 23T (p — 1) + 2(p - 1). 1)
Let {a,b} = {2211 32271} with a > b > 8. Then
(=10 —-1)p=* 1) =abp™(p—1) +2(p - 1). (2)
By (2) we have

P (pla=1)b=1) = (p~1)ab) = (a—1)(b—1) +2(p - 1)
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That is,
pa3(ab—(a+b—1)p> —(@-1)(b—1)+2(p—1). (3)
By (3) we have ab — (¢ +b—1)p > 0, thus
ab
P< a+b—1 )

By (4) we have p < a, p <b. By (2) and p{2(p — 1) we have ptb — 1. Hence p < b— 2. By (2)

we have
b((a—1)(p™* —1) —ap™(p—1)) = (a =)™+ —1) +2(p — 1) > 0. (5)
Thus
(p+2)((a =)™ =1) —ap™(p—1)) < (a = E*T = 1) +2(p - 1). (6)
Then
a((p+2)(*™ =1 = (p+2p™(—1) - =™ =1)) <@+ DE* - 1) +2(p - 1),

That is,
a(2p™ —p—1) <p* 24 ptt 4 p— 3

Hence
a<p°‘3+2+pa3“+p—3:p2+p+1;—33
- 2p —p—1 2 - 22
Y s _ P apo3
o2l 2p? —p—1 '
Then we have
Vva <p<b. (7)

By (3) and (7) we have
P <p*(ab—(a+b—-1)p) =(a—1)(b—1)+2(p—1)
<P -2)p*=3)+20p—1)=p* —5p? +2p+4 < p*.

Since a3 is even and agz > 0, we have ag = 2.

By (3) and a3 = 2 we have
p*ab—(a+b—1)p) =(a-1Db-1)+2(p—-1) < (P’ =2)(b—-1)+2(p - 1)
=p*(b—1) = 2(b—p) <p*(b-1).

Thus ab—(a+b—1)p<b—1. So

< ab _ b—1 < ab _1
P =1 a+b—1 a+b-1 2

By (4) and (8), we have
2o¢1+13a2+1 1 2a1+13a2+1
9a1+1 4 3o+l _ | ) <p<

2a1+1 + 3a2+1 _ 1’
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thus

2a1+13a2+1
p= [2a1+1 4 302+l _q
This completes the proof of Theorem 2. [

Proof of Corollary 3 If n is an even QM with w(n) = 3 and n < 10'% then by Theorem 2

we have p > v2+1 and p > v3%*1 thus
(20¢13a2)3/2 . \/6 <n= 2a13a2p2 S 10100'

Then we have 2°13%2 < (L2:2)2/%, hence a; < 216 and a; < 136.
Let

ab }

:2a1+1 b:3a2+1 _ |:
a 9 , P (I+b—1

By (2) in the proof of Theorem 2, we have
(a+b—1)p°>—(a—1)(b—1)(p+1)+2=0.

Using Mathematica, it is easy to verify that if oy € {2u : v = 1,2,...,108}, as € {20 : v =
1,2,...,68}, then
(a+b—1)p% = (a—1)(b—1)(p+1)+2#0,

a contradiction. This completes the proof of Corollary 3. [
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