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Abstract This paper considers a fast diffusion equation with potential ut = ∆um−V (x)um+

up in Rn × (0, T ), where 1− 2

αm+n
< m ≤ 1, p > 1, n ≥ 2, V (x) ∼ ω

|x|2
with ω ≥ 0 as |x| → ∞,

and α is the positive root of αm(αm + n − 2) − ω = 0. The critical Fujita exponent was

determined as pc = m + 2

αm+n
in a previous paper of the authors. In the present paper,

we establish the second critical exponent to identify the global and non-global solutions in

their co-existence parameter region p > pc via the critical decay rates of the initial data.

With u0(x) ∼ |x|−a as |x| → ∞, it is shown that the second critical exponent a∗ = 2

p−m
,

independent of the potential parameter ω, is quite different from the situation for the critical

exponent pc.

Keywords the second critical exponent; fast diffusion equation; potential; global solutions;

blow-up.
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1. Introduction

In this paper, we investigate the second critical exponent to the fast diffusion equation with

source and quadratically decaying potential






ut = ∆um − V (x)um + up, (x, t) ∈ Rn × (0, T ),

u(x, 0) = u0(x) 
 0, x ∈ Rn,
(1.1)

where 1− 2
αm+n < m ≤ 1, p > 1, n ≥ 2, V (x) ∼ ω

|x|2 with ω ≥ 0 as |x| → ∞, α > 0 is an explicit

parameter related to ω, determined by

αm(αm + n− 2) − ω = 0

with u0(x) continuous and bounded.

It is well known that the Cauchy problem

ut = ∆u+ up in Rn × (0, T ) (1.2)
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admits a critical exponent pc = 1 + 2
n , such that the solutions blow up in finite time for any

nontrivial initial data whenever 1 < p ≤ pc, and there are both global solutions and non-global

solutions if p > pc (see [3]) and [1, 8, 9] (for the critical case). From then on, the Fujita phenomena

have been studied for a great deal of PDEs [2, 11]. To identify the global and non-global solutions

in their co-existence region, the so-called second critical exponent was introduced by Lee and Ni

[10] with a∗ = 2
p−1 for the Cauchy problem (1.2). That is to say, with initial data u0(x) = λϕ(x)

and p > pc = 1 + 2
n , there exist constants µ,Λ,Λ0 > 0 such that the solutions blow up in

finite time whenever lim infx→∞ |x|a∗

ϕ(x) > µ > 0, λ > Λ, and must be global if a ≥ a∗ with

lim supx→∞ |x|aϕ(x) <∞, λ < Λ0.

For the nonlinear diffusion case

ut = ∆um + up in Rn × (0, T ) (1.3)

with m > 1 or max{0, 1 − 2
n} < m < 1, the critical exponent was proved as pc = m + 2

n by

Galaktionov et al. [4, 5], Mochizuki and Mukai [12], and Qi [16, 17]. The second critical exponent

to (1.3) was obtained with a∗ = 2
p−m by Mukai et al. [14] (for 1 < m < p) and Guo [7] (for

(1 − 2
n ) < m < 1).

Recently, the Fujita phenomena for reaction-diffusion equations with potentials have been

thoroughly studied as well. Zhang [19] studied the influence of the potential on the critical

exponent, without considering the quadratically decaying potential, which was shown as pc =

1 + 2
α+n by Ishige [15] for (1.1) with m = 1, and pc = m+ 2

αm+n for 1 − 2
αm+n < m < 1 by the

authors [18].

The present paper aims to investigate the second critical exponent for the problem (1.1)

with obtaining a∗ = 2
p−m . It is interesting that, differently from the situation for the critical

Fujita exponent pc, the second critical exponent a∗ is independent of the quadratically decaying

potential.

Denote by Cb(R
n) the space of all bounded continuous functions in Rn, and let

Ia =
{

ϕ(x) ∈ Cb(R
n)|ϕ(x) ≥ 0, lim inf

|x|→∞
|x|aϕ(x) > 0

}

,

Ia =
{

ϕ(x) ∈ Cb(R
n)|ϕ(x) ≥ 0, lim sup

|x|→∞
|x|aϕ(x) <∞

}

.

The main result of the paper is the following two theorems.

Theorem 1 Let p > pc = m + 2
αm+n , n ≥ 2, V (x) ≤ ω

|x|2 for |x| large, the initial data

u0 = λϕ(x), ϕ(x) ∈ Ia for λ > 0. If a ∈ (0, a∗), or a ≥ a∗ with λ large enough, then the solution

of (1.1) blows up in finite time.

Theorem 2 Let p > pc = m + 2
αm+n , V (x) ≥ ω

|x|2 in Rn \ {0}, u0 = λϕ(x) with ϕ(x) =

|x|αψ(x) ∈ Ia and λ > 0. If a > a∗, then there exist λ0, C1 > 0 such that the solution u is global

in time and satisfies

‖u(·, t)‖L∞ ≤ C1t
− a

2−a(1−m) for all t > 0

whenever λ ∈ (0, λ0).
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We will prove the two theorems in Sections 2 and 3, respectively.

2. Non-global solutions

In this section, we deal with the blow-up of solutions to prove Theorem 1.

Proof of Theorem 1 Let U(r, t) be a radial solution to (1.1) with initial data 0 ≤ U0(r) =

λϕ̄(r) ≤ u0(x) = λϕ(x), ϕ̄(r) ∈ Ia, ϕ̄′(r) ≤ 0. Similarly to [18], we introduce a series of

transformations. Set U(r, t) = rαv(r, t), v(r, t) = ξ(ρ, t) with

ρ = ρ(r) =
2

α(1 −m) + 2
r

α(1−m)+2
2 . (2.1)

Then due to V (x) ≤ ω
|x|2 for |x| large, we have

ξt ≥ (ξm)ρρ +
N − 1

ρ
(ξm)ρ + C0ρ

qξp, ρ > ρ0, t ∈ (0, T ),

for ρ0 large enough, with

ξ(ρ, 0) = λ
(α(1 −m) + 2

2
ρ
)− 2α

α(1−m)+2 ϕ̄
(

(
α(1 −m) + 2

2
ρ)

2
α(1−m)+2

)

, ρ > ρ0,

where

N =
2α+ 2αm+ 2n

α(1 −m) + 2
, C0 =

[α(1 −m) + 2

2

]

2α(p−1)
α(1−m)+2

, q =
2α(p− 1)

α(1 −m) + 2
. (2.2)

Let w solve






















wt = (wm)ρρ + N−1
ρ (wm)ρ + C0ρ

qwp, (ρ, t) ∈ (ρ0,∞) × (0, T ),

w(ρ0, t) = U |ρ=ρ0 , t ∈ (0, T ),

w(ρ, 0) = λ
(α(1−m)+2

2 ρ
)− 2α

α(1−m)+2 ϕ̄
(

(α(1−m)+2
2 ρ)

2
α(1−m)+2

)

, ρ ∈ (ρ0,∞).

It suffices to prove the finite time blow-up of w when ϕ̄(r) ∈ Ia for 0 < a < a∗, or a ≥ a∗ with λ

large enough.

Set

Sε(r) = ζR(r)e−ε(r−R)2 in (R,∞), (2.3)

with

ζR(r) =







r−R
r , N ≥ 3,

log r − logR, 2 ≤ N < 3.

By Lemmas 4.1 and 4.2 in [13] with a simple computation, we know that Sε ∈ C2(R,∞) and

satisfies

S′′
ε +

N − 1

r
S′

ε ≥ −2(N + 2)εSε in (R,∞),

Sε(R) = Sε(∞) = 0,

Sε > 0 in (R,∞) with

∫ ∞

R

Sε(r)r
N−1dr <∞.
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Moreover,

lim
ε→0

εN/2

∫ ∞

R

Sε(r)r
N−1dr = π

N
2 , N ≥ 3, (2.4)

lim
ε→0

ε
N
2 [log ε−

1
2 ]−1

∫ ∞

R

Sε(r)r
N−1dr = π

N
2 , 2 ≤ N < 3. (2.5)

Since ϕ̄(r) ∈ Ia, there are L,R1 > 0 such that ϕ̄(r) ≥ Lr−a for all r ≥ R1, and hence

ϕ̄
(

(α(1−m)+2
2 ρ)

2
α(1−m)+2

)

≥ L(α(1−m)+2
2 ρ)−

2a
α(1−m)+2 for all ρ ≥ ρ1 with ρ1 large enough. Set

ρ2 = max{ρ0, ρ1}, and denote

ψε(ρ) = CεSε(ρ) in (ρ2,∞), (2.6)

with

Cε =
(

∫ ∞

ρ2

Sε(ρ)ρ
N−1dρ

)−1

. (2.7)

Define

y(t) =

∫ ∞

ρ2

w(ρ, t)ψε(ρ)ρ
N−1dρ.

By Hölder’s inequality,

y′(t) =

∫ ∞

ρ2

wmρN−1
(

ψ′′
ε +

N − 1

ρ
ψ′

ε

)

dρ+ C0

∫ ∞

ρ2

ρN+q−1ψεw
pdρ

≥ −2(N + 2)εym(t) + C0

(

∫ ∞

ρ2

ρN−1− q

p−1ψεdρ
)−(p−1)

yp(t)

= yp(t)

(

C0

(

∫ ∞

ρ2

ρN−1− q

p−1ψεdρ
)−(p−1)

− 2(N + 2)εy−(p−m)(t)

)

,

and thus

y′(t) ≥ C0

2

(

∫ ∞

ρ2

ρN−1− q

p−1ψεdρ
)−(p−1)

yp(t) (2.8)

provided

y−(p−m)(t) ≤
C0

(

∫ ∞
ρ2
ρN−1− q

p−1ψεdρ
)−(p−1)

4(N + 2)ε
,

or equivalently,

y(t) ≥ C
− 1

p−m

0

(

∫ ∞

ρ2

ρN−1− q
p−1ψεdρ

)

p−1
p−m (

4(N + 2)ε
)

1
p−m ,

which is ensured by

y(0) ≥ C
− 1

p−m

0

(

∫ ∞

ρ2

ρN−1− q

p−1ψεdρ
)

p−1
p−m (

4(N + 2)ε
)

1
p−m . (2.9)

We deduce from (2.8) that

y(t) ≥
(

y−(p−1)(0) − C0

2

(

∫ ∞

ρ2

ρN−1− q
p−1ψεdρ

)−(p−1)

(p− 1)t
)− 1

p−1

,

and hence, y(t) → ∞ as t → T = 2
C0(p−1) (

∫ ∞
ρ2
ρN−1− q

p−1ψεdρ)
p−1y−(p−1)(0). This concludes

that w blows up in finite time for large initial data required by (2.9).
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Now we verify that the condition (2.9) is valid under either a ∈ (0, a∗), or a ≥ a∗ with λ

large. By (2.3) and (2.6),

y(0) =

∫ ∞

ρ2

w(ρ, 0)ψε(ρ)ρ
N−1dρ

≥ λL
(α(1 −m) + 2

2

)− 2(a+α)
α(1−m)+2

Cε

∫ ∞

ρ2

ρ
N−1− 2(a+α)

α(1−m)+2 ζρ2 (ρ)e
−ε(ρ−ρ2)2dρ

= λL
(α(1 −m) + 2

2

)− 2(a+α)
α(1−m)+2

Cεε
−N

2 + a+α

α(1−m)+2

∫ ∞

√
ερ2

τ
N−1− 2(a+α)

α(1−m)+2 ζρ2

( τ√
ε

)

e−(τ−√
ερ2)

2

dτ.

(2.10)

On the other hand, (2.9) is equivalent to

y(0) ≥ C
− 1

p−m

0 C
p−1
p−m
ε

(

∫ ∞

ρ2

ρN−1− q

p−1 ζρ2(ρ)e
−ε(ρ−ρ2)2dρ

)

p−1
p−m (

4(N + 2)ε
)

1
p−m

= B0C
p−1
p−m
ε ε

−N(p−1)
2(p−m)

+ q

2(p−m)
+ 1

p−m

(

∫ ∞

√
ερ2

τN−1− q

p−1 ζρ2

( τ√
ε

)

e−(τ−√
ερ2)2dτ

)

p−1
p−m

(2.11)

with B0 = C
− 1

p−m

0 (4(N + 2))
1

p−m . We have by (2.4), (2.5) and (2.7) that

Cε

∫ ∞

√
ερ2

τ
N−1− 2(a+α)

α(1−m)+2 ζ1(τ)e
−τ2

dτ ≥ C1ε
N
2

C
p−1
p−m

ε

(

∫ ∞

√
ερ2

τN−1− q

p−1 ζρ2

( τ√
ε

)

e−(τ−√
ερ2)2dτ

)

p−1
p−m ≤ C2ε

N(p−1)
2(p−m)

with some C1, C2 > 0 independent of ε. Since q = 2α(p−1)
α(1−m)+2 , we have

ε
a+α

α(1−m)+2 ≫ ε
q

2(p−m)
+ 1

p−m as ε→ 0,

provided 0 < a < a∗ = 2
p−m . If a = a∗, the right hand sides of (2.10) and (2.11) share the same

order of ε. So, we can arrive at (2.9) by letting λ be large enough. If a > a∗, for any fixed ε,

there exists λε > 0, such that (2.9) holds whenever λ > λε. �

3. Global solutions

In this section, we will show that the solutions must be global and decay to zero as t→ ∞,

if a > a∗ with λ small, where u0(x) = λϕ(x) with ϕ(x) = |x|αψ(x) ∈ Ia.

It suffices to consider the case of a∗ < a < αm+ n. The conclusion for a ≥ αm+ n can be

proved by comparison. Introduce the following auxiliary problem






Wτ = (Wm)ρρ + N−1
ρ (Wm)ρ, (ρ, t) ∈ [0,∞) × (0, T ),

W (ρ, 0) = Mρ−b, ρ ≥ 0
(3.1)

with N defined in (2.2), b = 2(a+α)
α(1−m)+2 . The condition p > pc with a∗ < a < αm + n implies

b < N . It was known by [6] that the problem (3.1) admits the self-similar solution

W = τ−βbf(ρτ−β), β =
1

2 − (1 −m)b
=

α(1 −m) + 2

4 − 2a(1 −m)
, (3.2)
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with f(η) satisfying






(fm)′′ + N−1
η (fm)′ + βηf ′ + βbf = 0, η > 0,

f ′(0) = 0, limη→∞ ηbf(η) = M.

It is easy to verify that there exists M0 > 0 such that

‖η 2α
α(1−m)+2 f(η)‖L∞ ≤ ‖(η + 1)−

2a
α(1−m)+2

(

(η + 1)bf
)

‖L∞ ≤M0. (3.3)

Lemma 3.1 Let a∗ < a < αm+ n, M1, τ0 > 0, and (h(t), τ(t)) solve the ODE system






















h′(t) = λp−1M
p−1
1 (λm−1τ(t) + τ0)

− a(p−1)
2−a(1−m) hp(t), t > 0,

τ ′(t) = hm−1(t), t > 0,

h(0) = 1, τ(0) = 0.

(3.4)

Then there is λ0 > 0 such that h(t) is bounded in [0,∞) whenever λ ∈ [0, λ0).

Proof The local existence and uniqueness of solutions to (3.4) follow from the standard ODE

theory. Since h′(t) > 0 for t > 0, the solution h(t) ≥ 1 can be continued whenever h(t) is finite.

Suppose h(s) exists in [0, t]. Then τ(t) =
∫ t

0
hm−1(s)ds. Since 0 < m ≤ 1, h′(t) > 0, we

have

hm−1(t)t ≤ τ(t) ≤ hm−1(0)t = t.

By (3.4), we know

h′(t) ≤ λp−1M
p−1
1 (λm−1hm−1(t)t+ τ0)

− a(p−1)
2−a(1−m) hp(t)

= λp−1M
p−1
1 (λm−1t+ h1−m(t)τ0)

− a(p−1)
2−a(1−m) h

p+ a(p−1)(1−m)
2−a(1−m)

≤ λp−1M
p−1
1 (λm−1t+ τ0)

− a(p−1)
2−a(1−m) h

p+ a(p−1)(1−m)
2−a(1−m) , (3.5)

for h(t) ≥ 1. Due to a > a∗ = 2
p−m , integrate (3.5) to get

1 − h
1−p−a(p−1)(1−m)

2−a(1−m) ≤
(

p+
a(p− 1)(1 −m)

2 − a(1 −m)
− 1

)

λp−1M
p−1
1

∫ t

0

(λm−1s+ τ0)
− a(p−1)

2−a(1−m) ds

≤
(

p+
a(p− 1)(1 −m)

2 − a(1 −m)
− 1

)λp−mM
p−1
1 τ

−( a(p−1)
2−a(1−m)

−1)

0
a(p−1)

2−a(1−m) − 1
. (3.6)

Let λ0 > 0 satisfy

(

p+
a(p− 1)(1 −m)

2 − a(1 −m)
− 1

)λ
p−m
0 M

p−1
1 τ

−( a(p−1)
2−a(1−m)

−1)

0
a(p−1)

2−a(1−m) − 1
= 1.

And define

Cλ =
(

p+
a(p− 1)(1 −m)

2 − a(1 −m)
− 1

)λp−mM
p−1
1 τ

−( a(p−1)
2−a(1−m)

)−1

0
a(p−1)

2−a(1−m) − 1
, (3.7)

hλ =
( 1

1 − Cλ

)

1

p+
a(p−1)(1−m)
2−a(1−m)

−1
(3.8)
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for λ ∈ (0, λ0). It follows from (3.6)–(3.8) that h(t) ≤ hλ. �

Proof of Theorem 2 Since ϕ(x) = |x|αψ(x) ∈ Ia, we get ψ(x) ∈ Ia+α. There is D > 0 such

that

ψ(x) ≤ D(1 + |x|)−(a+α) for all x ∈ Rn.

Without loss of generality, assume ψ(x) is radial with r = |x|. Let M in (3.1) be large so that

M > D
(

2
α(1−m)+2

)b
. With ρ defined in (2.1), we have

W (ρ(r), 0) = Mρ−b = M
( 2

α(1 −m) + 2

)−b
r−(a+α) > D(1 + r)−(a+α) ≥ ψ(r).

So, there is τ0 ∈ (0, 1) such that ψ(r) < W (ρ(r), τ0). Denote ζ(ρ, τ) = λW (ρ, λm−1τ + τ0) with

λ > 0. Then ζ satisfies






ζτ = (ζm)ρρ + N−1
ρ (ζm)ρ, (ρ, t) ∈ [0,∞) × (0, T ),

ζ(x, 0) = λW (ρ, τ0), ρ ≥ 0.

Set ū = rαh(t)ζ(ρ(r), τ(t)), with (h(t), τ(t)) solving (3.4). It is easy to verify that

ūt − (ūm)rr −
n− 1

r
(ūm)r + V (r)ūm − ūp ≥ ūt − (ūm)rr −

n− 1

r
(ūm)r +

ω

r2
ūm − ūp

= rαζ(ρ, τ)(h′(t) − rα(p−1)hp(t)ζp−1(ρ, τ)),

ū(r, 0) = rαζ(ρ(r), 0) = λrαW
(

ρ(r), τ0
)

≥ λrαψ(r) = λϕ(x).

To check ū is a supersolution of (1.1), it suffices to show

h′(t) ≥ (rαζ(ρ, τ))p−1hp(t). (3.9)

Actually, by (3.2) and (3.3),

‖rαζ(ρ, τ)‖L∞

= λ
(α(1 −m) + 2

2

)
2α

α(1−m)+2

∥

∥

∥
ρ

2α
α(1−m)+2 (λm−1τ(t) + τ0)

−βbf(ρ(λm−1τ(t) + τ0)
−β)

∥

∥

∥

L∞

= λ
(α(1 −m) + 2

2

)
2α

α(1−m)+2 (λm−1τ(t) + τ0)
−βb+ 2αβ

α(1−m)+2

∥

∥

∥
η

2α
α(1−m)+2 f(η)

∥

∥

∥

L∞

≤ λM1(λ
m−1τ(t) + τ0)

− a
2−a(1−m) ,

with b = 2(a+α)
α(1−m)+2 , β = α(1−m)+2

4−2a(1−m) , M1 = M0

(α(1−m)+2
2

)
2α

α(1−m)+2 . By Lemma 3.1, there exists

λ0 > 0 such that (3.9) is true whenever λ < λ0. Consequently, ‖u(r, t)‖L∞ ≤ ‖ū(r, t)‖L∞ ≤
hλ‖rαζ(ρ, τ)‖L∞ ≤ Ct

− a
2−a(1−m) for all t > 0 with C = M1(hλλ)

2
2−a(1−m) . �
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