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Abstract This paper considers a fast diffusion equation with potential u; = Au™ —V (z)u™+
upin]R"X(O,T),Wherel—#M <m<lLp>1,n>2V(z)~ ﬁwitthOas |x| — oo,
and « is the positive root of am(am +n — 2) —w = 0. The critical Fujita exponent was

determined as p. = m + amiﬂ in a previous paper of the authors. In the present paper,

we establish the second critical exponent to identify the global and non-global solutions in

their co-existence parameter region p > p. via the critical decay rates of the initial data.
With wo(z) ~ |z|7% as |z| — oo, it is shown that the second critical exponent a* = piim,

independent of the potential parameter w, is quite different from the situation for the critical

exponent pc.
Keywords the second critical exponent; fast diffusion equation; potential; global solutions;

blow-up.
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1. Introduction

In this paper, we investigate the second critical exponent to the fast diffusion equation with

source and quadratically decaying potential

up = Au™ = V(x)u™ +uP, (x,t) € R" x (0,7T),
(1.1)
u(z,0) = up(z) > 0, x eR”,
2
am+n

parameter related to w, determined by

where 1 — <m§1,p>1,n22,V(:C)~#WitthOasm—>oo,a>Oisanexplicit

am(am+n—2)—w=20

with ug(z) continuous and bounded.

It is well known that the Cauchy problem

ur = Au+uP inR" x (0,7) (1.2)
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admits a critical exponent p. = 1 + %, such that the solutions blow up in finite time for any
nontrivial initial data whenever 1 < p < p., and there are both global solutions and non-global
solutions if p > p. (see [3]) and [1, 8,9] (for the critical case). From then on, the Fujita phenomena
have been studied for a great deal of PDEs [2,11]. To identify the global and non-global solutions
in their co-existence region, the so-called second critical exponent was introduced by Lee and Ni
[10] with a* = p%l for the Cauchy problem (1.2). That is to say, with initial data ug(z) = Ap(z)
and p > p. = 1+ %, there exist constants p, A, Ag > 0 such that the solutions blow up in
finite time whenever liminf, . |2|* ¢(z) > g > 0, A > A, and must be global if a > a* with
limsup,_, . |z]%p(z) < 00, A < Ao.

For the nonlinear diffusion case
=Au"4+u” inR"x(0,7) (1.3)

with m > 1 or max{0,1 — —} < m < 1, the critical exponent was proved as p. = m + 2 by
Galaktionov et al. [4, 5], Mochizuki and Mukai [12], and Qi [16, 17]. The second critical exponent
o (1.3) was obtained with a* = p_im by Mukai et al. [14] (for 1 < m < p) and Guo [7] (for
(1-2)<m<1).

Recently, the Fujita phenomena for reaction-diffusion equations with potentials have been
thoroughly studied as well. Zhang [19] studied the influence of the potential on the critical
exponent, without considering the quadratically decaying potential, which was shown as p. =
1+a—+n by Ishige [15] for (1.1) with m = 1, and p. = m + aern for 1 — aern < m < 1 by the

authors [18].

The present paper aims to investigate the second critical exponent for the problem (1.1)

with obtaining a* = p_im. It is interesting that, differently from the situation for the critical
Fujita exponent p.., the second critical exponent a* is independent of the quadratically decaying
potential.

Denote by Cp(R™) the space of all bounded continuous functions in R™, and let

L = { (@) € Cu(R")] () > 0, Timinf || o(x) > 0},

I* = {(p(x) € Cp(R™)|p(z) > 0, limsup |z|*¢(x) < oo}
x| =00
The main result of the paper is the following two theorems.

n>2 Vi) < e for |z| large, the initial data

ug = Ap(x), p(x) €1, for A > 0. If a € (0,a*), or a > a* with A large enough, then the solution

Theorem 1 Let p > p. = m +

aern’

of (1.1) blows up in finite time.

Theorem 2 Let p > p. = m + 2=, V(z) > o in R™\ {0}, uo = Ap(z) with p(z) =

|z|%(z) € I* and A > 0. If a > a*, then there exist Ao, C1 > 0 such that the solution u is global

in time and satisfies
lu(- )| L < C1t72*a<ifm) forallt >0

whenever A € (0, Ao).
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We will prove the two theorems in Sections 2 and 3, respectively.

2. Non-global solutions
In this section, we deal with the blow-up of solutions to prove Theorem 1.

Proof of Theorem 1 Let U(r,t) be a radial solution to (1.1) with initial data 0 < Up(r) =
Ag(r) < wuo(z) = dp(z), @(r) € I, ¢'(r) < 0. Similarly to [18], we introduce a series of
transformations. Set U(r,t) = r®v(r,t), v(r,t) = &(p, t) with

2 a(dl-—m)+2
2 .

p=p(r)= mT (2.1)
Then due to V(z) < ryz for |z| large, we have
&= (§")pp + %(ﬁm)p + Cop?s”,  p>po, t €(0,T),
for py large enough, with
£(p,0) = )\(7@(1 —2m) i 2p)_ﬁ@((7a(l —2m) 2y, > g,
where o
_2a(p=1)
N [l el
Let w solve
wi = (W), + XL (™), + Coprur, (p+1) € (po,00) x (0,T),
w(po;t) = Ulp=py» t e (0,T),

_ 20
w(p, 0) = N[ p) " TITE (S pyanEE) e (o, o0).

It suffices to prove the finite time blow-up of w when @(r) € I, for 0 < a < a*, or a > a* with A
large enough.

Set
Se(r) = Ca(r)e =" in (R, c0), (2.3)

with
r—R N > 3,

logr — log R, 2< N <3.

By Lemmas 4.1 and 4.2 in [13] with a simple computation, we know that S. € C?(R,c0) and
satisfies

N -1
S+ =S 2N +2)eS. in (R,o0),

Se(R) = Se(00) =0,
Se >0 in (R, oc0) with / S.(ryrNtdr < o0.
R
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Moreover,
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lim EN/2/ S.(r)yrN"tdr = >, N >3, (2.4)
e—0 R

linés% [1oge*%]*1/ S.(ryrNldr =7, 2<N <3. (2.5)
E— R

Since ¢(r) € I,, there are L, Ry > 0 such that @(r) > Lr~® for all » > R, and hence
@((Mp)aﬂjmﬂ) > L(wp)_@(lf?ﬂ)+2 for all p > p; with p; large enough. Set

2

p2 = max{po, p1}, and denote

with

Define

Ye(p) = CS=(p)  in (p2,00), (2.6)

C. = ( h Sa(p)pN_ldp)fl- (2.7)

P2

vy = [ wlp (000 .

P2

By Holder’s inequality,

y'(t)

and thus

provided

or equivalently,

v

° _ N -1
/ wmpN 1(1#;'4-
P2

“2(N + 2)ey™ (1) + CO(/Oo pN—l—ﬁwsdp) e

P2

wdp+ Co [ oM hurdy

P2

W (t) (Co( / T ) o+ 2>ay<pm><t>) ,
p

C e a —(p—1)
vz 2([ o) (28)

P2

oo [ —(p-1)
f eV )
4(N +2)e ’

—(p—m) CO(
y PT(t) <

p—1

y(t) > Cy o (/ pN*l’Tglwadp) TN 4 2)e) T

P2

which is ensured by

y(0) > CO*P*I’“ (/Oo pN—l—%wadp) T (AN +2)e) T (2.9)

We deduce from (2.8) that

y(t) > (y_(p_l)(O) _ & (/Oo PNfl*ﬁwgd@i(pfl)(p B 1)t>*ﬁ,
p2

1

2

and hence, y(t) — cc ast — T = #(fo: PN dp)Pty~(P=1(0). This concludes

Co(p—1) \Jp

that w blows up in finite time for large initial data required by (2.9).
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Now we verify that the condition (2.9) is valid under either a € (0,a*), or a > a* with A
large. By (2.3) and (2.6),

y(0) = /Oo w(p, 0)ve(p)p™ ~'dp

P2

__2(ata) oo ot
> )\L(a(l — m) + 2) a(1—m)+2 OE/ p]\[_l_ﬁcp2 (p)e_a(p_p2)2dp
P2

2
__2(ata) o
- )\L(ia(l —m)+ 2) all—m)+2 ng_%*'?(;lit’%ﬁ / V-1 7a(21(a7+;§)+2< (L) —(r=vEp2)® 4.
2 Vep2 Ve

(2.10)

On the other hand, (2.9) is equivalent to

_ 1 p=1 o0 q —
y(0) > C, O( / pN‘l‘ﬁcpz(p)e‘“p‘pﬂzdp)” (4(N +2)e) 7

P2

=

p—

-1 (» oo —m
_BOCP T 2(p nlL;"‘z(p ™ T om m(/ N-1-5 C ( ) —(T=vEp2)? dT)p (2.11)
Vep2 \/—

1

with By = Cy 7" (4(N + 2))7m

. We have by (2.4), (2.5) and (2.7) that

N_1__2(ata) 2 N
2

o0
C. T T etz (1)e” T dr > Che
Vep2

-1
p—1 L N(p—1)

= e o (T—VER)2 g ) P o
Ce (/\/gp2 sz(\/—) p2 dT) < (Cae™ )

2a(p—1)

m, we have

with some C7,Cs > 0 independent of €. Since ¢ =

ata q 41
gal-m)+2 > g2(p-m) "P—-m g8 ¢ —>0,

provided 0 < a < a* = —=—. If a = a*, the right hand sides of (2.10) and (2.11) share the same
order of €. So, we can arrive at (2.9) by letting A be large enough. If a > a*, for any fixed &,
there exists A. > 0, such that (2.9) holds whenever A > \.. O

3. Global solutions

In this section, we will show that the solutions must be global and decay to zero as t — oo,
if a > a* with X small, where ug(z) = Ap(z) with ¢(z) = |z|*(z) € I
It suffices to consider the case of a* < a < am + n. The conclusion for a > am + n can be

proved by comparison. Introduce the following auxiliary problem

W: = (Wm)PP + %(Wm)m (p7 t) € [0,00) X (OvT)v

(3.1)
W(p,0) = Mp~", p>0
with N defined in (2.2), b = % The condition p > p. with ¢* < a < am + n implies
b < N. It was known by [6] that the problem (3.1) admits the self-similar solution
- _ 1 a(l—m)+2
W=1Pf(prP), B= = ( ) (3.2)

2—(1-m)b 4-2a(l—m)’
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with f(n) satisfying
(f™)" + B (f™) + Bnf' + Bbf =0, 1> 0,

F1(0) =0, limycen®f(n) = M.
It is easy to verify that there exists My > 0 such that

2a

2a —
I == f ()| Lo < [[(n + 1) 50972 (7 +1)°f) [ o < Mo (3-3)

Lemma 3.1 Let a* < a < am+n, My,79 >0, and (h(t),7(t)) solve the ODE system
W(E) = X ME () + ) TR R, >0,
T (t) = h™m~1(t), t>0, (3.4)
h(0) =1, 7(0)=0.
Then there is A9 > 0 such that h(t) is bounded in [0, 00) whenever \ € [0, \o).
Proof The local existence and uniqueness of solutions to (3.4) follow from the standard ODE
theory. Since h/(t) > 0 for t > 0, the solution h(¢) > 1 can be continued whenever h(t) is finite.

Suppose h(s) exists in [0,¢]. Then 7(t) = fot h™=Y(s)ds. Since 0 < m < 1, h'(t) > 0, we

have
R < () < h™TH0)t =t
By (3.4), we know

X p—1asp—1l/ym—1pm—1 *% P
(t) < APTEMTPT(A h (t)t + 19)” Z-aT=m WP (t)

a(p—1) a(p—1)(1—m)
= )\P1 q[{’—l()\m—lt + h/l_m(t)q—o)_2fa(lfm) WPt 2=at-m

_ _ __a®-1) a(p—1)(1—m)
< NPTEMPTH AT 4 ) T zmat=m pPY 2= (3.5)

for h(t) > 1. Due to a > a* = -2, integrate (3.5) to get

p—m’

ap=1)(A—=m)

1—p P maee < (p+ alp —1)(1 —m) 2l

t
) —1))\p*1Mf71/ (A" s 4 79) T 7o ds
0

2—a(l- m)
(=D
< a(p—1)(1 —m) ) AP—m Pl e ) 9y
_( 2—a(l—m) _) _alp=l) 4 (3.6)
2—(1(1—17'7,)
Let Ao > 0 satisfy
pem y pp—1_— (bl 1)
a(p—l)(l_m)_l A My 71
p 2 — a(l — m) U«(p—l) 1 = 1.
T—a(iom) ~
And define
Ch — a(p—1)(1 —m) . )\P—mM{)—lTO_infl:l,)n))—l .
,\—(+ 2—a(l—m) _) _alp=D) 4 ; (3.7)
2—(1(1—777,)
1 W
= (1_0)\)?*m*1 (3.8)
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for A € (0, ). It follows from (3.6)—(3.8) that h(t) < hy. O

Proof of Theorem 2 Since p(z) = |z|*9(z) € 1%, we get ¥(x) € 1T, There is D > 0 such
that

Y(z) < DA+ |z))~@+) for all z € R™.

Without loss of generality, assume ¢ (z) is radial with » = |z|. Let M in (3.1) be large so that

M > D(m)b. With p defined in (2.1), we have

S
afl—m)+2

So, there is 79 € (0,1) such that 1 (r) < W(p(r), 7). Denote ((p, ) = AW (p, "™~ L7 + 79) with
A > 0. Then ( satisfies

CT = (Cm)pp + %(Cm)pu (p7 t) € [0700) X (OuT)a

C(IE, O) = )\W(p, TO)a p>0.

W(p(r),0) = Mp~b = M ( )_brf(‘”o‘) > D(1+7)"@F) > (r).

Set @ = r*h(t)C(p(r), 7(t)), with (h(t),7(t)) solving (3.4). It is easy to verify that

-1 -1
i @), + Vr)a™ —aP > g — (a"™)py — n

(@), + " —

ﬂt - (ﬁm)rr -

r
=1°Cp, )W (1) = IR0 (p, 7)),
a(r,0) = r*¢(p(r), 0) = MW (p(r), 70) = Mr(r) = Ap(x).
To check @ is a supersolution of (1.1), it suffices to show
R(t) = (r¢(p, 7))P IR (). (3.9)

Actually, by (3.2) and (3.3),

7“C(p, )| o=
all—m)+2,_ 20 o B B - B
= A oo e () )P (0 + ) )
1 - 2 —_2a -~ « N
= M2y mr i () ) e [ )|
< AML (A7 (t) 4 79) " Tt
2c
with b = Ot(zl(fj;o)tl? p= ffé;(qllf)’ My = MO(W) «=-m+2 By Lemma 3.1, there exists

Ao > 0 such that (3.9) is true whenever A < Xg. Consequently, |[u(r,t)||re < ||G(r,t)||pe <
hallrC(p, T)|| e < Ct~ 7 at=m for all t > 0 with C' = My (hy\)z=at—m1 . [J
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