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1. Introduction

The concept of complete convergence was introduced by Hsu and Robbins [5] as follows:

A sequence of random variables {Xn, n ≥ 1} is said to converge completely to a constant C if
∑∞

n=1 P (|Xn − C| > ǫ) < ∞ for all ǫ > 0. From then on, many authors devoted their study to

complete convergence [10, 11, 13, 16].

Recall that a finite family of random variables {Xi, 1 ≤ i ≤ n} is said to be negatively

associated (NA) if for every pair of disjoint subsets A and B of {1, 2, . . . , n},

Cov(f1(Xi, i ∈ A), f2(Xj , j ∈ B)) ≤ 0.

Whenever f1 and f2 are coordinatewise increasing and such that the covariance exists. An infinite

family of random variables {Xi, i ≥ 1} is NA if for every positive integer n ≥ 2, {Xi, 1 ≤ i ≤ n}

is NA. An array {Xni, i ≥ 1, n ≥ 1} is rowwise NA if for every positive integer n, the sequence of

random variables {Xni, i ≥ 1} is NA. This definition was introduced by Alam and Saxena [1] and

carefully studied by Block et al. [2] and Joag-Dev and Proschan [6]. NA sequences have many

good properties and extensive applications in multivariate statistical analysis and reliability

theory. Qiu [10] obtained the following results which improve and extend the corresponding

results obtained by Li et al. [8] and Sung [13] and Wang et al. [16] in independent sequence

case, where we omit some insignificant details connected with slowly varying functions.

Theorem A Let t ≥ −1, p > 0, γ = p(t + β + 1) ≥ 1. Let {Xni, i ≥ 1, n ≥ 1} be an array
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of zero-mean rowwise NA random variables which are stochastically dominated by a random

variable X , i.e., P (|Xni| > x) ≤ CP (|X | > x) for all x > 0 and all i ≥ 1, n ≥ 1, where C is a

positive constant. Assume that E|X |γ < ∞. Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers.

Assume that
∑∞

i=1 aniXni is finite a.s. for all n ≥ 1 and

sup
i≥1,n≥1

|ani| < ∞,

∞
∑

i=1

|ani|
α = O(nβ) for some α < γ. (1)

If γ ≥ 2, moreover, we assume that {ani, i ≥ 1, n ≥ 1} satisfies

∞
∑

i=1

a2
ni = O(nλ) for some λ < 2/p. (2)

Then
∞
∑

n=1

ntP (n−1/p|

∞
∑

i=1

aniXni| > ǫ) < ∞ for all ǫ > 0. (3)

If condition (1) on the weights is replaced by a weaker condition

sup
i≥1,n≥1

|ani| < ∞,
∞
∑

i=1

|ani|
p(t+β+1) = O(nβ), (4)

Qiu [10] obtained the following theorem.

Theorem B Let t ≥ −1, p > 0, γ = p(t + β + 1) ≥ 1. Let {Xni, i ≥ 1, n ≥ 1} be an array

of zero-mean rowwise NA random variables which are stochastically dominated by a random

variable X satisfying E|X |γ log (1 + |X |) < ∞. Let {ani, i ≥ 1, n ≥ 1} be an array of real

numbers satisfying (4) and
∑∞

i=1 aniXni be finite a.s. for all n ≥ 1. If γ ≥ 2, moreover, we

assume that {ani, i ≥ 1, n ≥ 1} satisfies (2). Then (3) holds.

When {Xn, n ≥ 1} is a sequence of i.i.d. random variables with mean zeros, Chow [4] first

investigated the complete moment convergence, which is more exact than complete convergence.

He obtained the following result:

Theorem C Let {Xn, n ≥ 1} be a sequence of i.i.d. random variables with EXn = 0. For

1 ≤ p < 2 and r > 1, if E{|X1|
rp + |X1| log(1 + |X1|)} < ∞, then

∞
∑

n=1

nr−2−1/pE{|
∞
∑

k=1

Xk| − ǫn1/p}+ < ∞ for all ǫ > 0.

Theorem C has been generalized and extended in several directions. Wang and Su [14]

extended and generalized Chow’s result to a Rademacher type p Banach space, Wang and Zhao

[15] for NA random variables, Li and Zhang [9], Chen et al. [3] for moving-average processes

based on NA random variables, Kim and Ko [7] for moving-average processes based on φ-mixing

random variables, etc.

In this paper, we obtain new complete moment convergence results for weighted sums of

arrays of rowwise NA random variables using Theorems A and B. As a corollary, we obtain com-
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plete moment convergence for moving average processes. Our results generalize the corresponding

results of Wang and Zhao [15], Li and Zhang [9].

Throughout this paper, we assume that Sn ≡
∑∞

i=1 aniXni is finite a.s., C always stands

for a positive constant which may differ from one place to another.

2. Main results and proofs

In order to prove our main result, we need some preliminary lemmas. The following lemma

comes from Shao [12].

Lemma 1 Let p > 0, {Xn, n ≥ 1} be a sequence of NA random variables with EXn = 0 and

E|Xn|
p < ∞, n ≥ 1.

(i) If 1 ≤ p ≤ 2, then

E max
1≤j≤n

|

j
∑

i=1

Xi|
p ≤ 23−p

n
∑

i=1

E|Xi|
p, ∀n ≥ 2.

(ii) If p > 2, then

E max
1≤j≤n

|

j
∑

i=1

Xi|
p ≤ 2(15p/ lnp)p{

n
∑

i=1

E|Xi|
p + (

n
∑

i=1

EX2
i )p/2}, ∀n ≥ 2.

Lemma 2 Let {Xni, i ≥ 1, n ≥ 1} be an array of random variables which is stochastically

dominated by a random variable X . Then for any u > 0 and x > 0

(i) E|Xni|
uI(|Xni| ≤ x) ≤ C{E|X |uI(|X | ≤ x) + xuP (|X | > x)},

(ii) E|Xni|
uI(|Xni| > x) ≤ CE|X |uI(|X | > x).

With the preliminary lemmas, we now state and prove one of our main results.

Theorem 1 Let t ≥ −1, p > 0, γ = p(t + β + 1) ≥ 1, q > 0. Let {Xni, i ≥ 1, n ≥ 1} be

an array of zero-mean rowwise NA random variables which are stochastically dominated by a

random variable X . Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying (1). If γ ≥ 2,

moreover, we assume that {ani, i ≥ 1, n ≥ 1} satisfies (2). If










E|X |γ < ∞, if q < γ;

E|X |γ log(1 + |X |) < ∞, if q = γ;

E|X |q < ∞, if q > γ,

(5)

then
∞
∑

n=1

nt−q/pE{|Sn| − ǫn1/p}q
+ < ∞ for all ǫ > 0. (6)

Proof For every ǫ > 0

∞
∑

n=1

nt−q/pE{|Sn| − ǫn1/p}q
+

=
∞
∑

n=1

nt−q/p

∫ ∞

0

P{|Sn| − ǫn1/p > x1/q}dx
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=

∞
∑

n=1

nt−q/p

∫ nq/p

0

P{|Sn| − ǫn1/p > x1/q}dx+

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

P{|Sn| − ǫn1/p > x1/q}dx

≤

∞
∑

n=1

ntP (|Sn| > ǫn1/p) +

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

P{|Sn| > x1/q}dx.

Hence by Theorem A, in order to prove Theorem 1, it suffices to show that

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

P{|Sn| > x1/q}dx < ∞. (7)

Without loss of generality, we assume that ani > 0 for all i ≥ 1, n ≥ 1, supi≥1,n≥1 ani = 1, and
∑∞

i=1 aα
ni ≤ nβ . Thus, for any θ ≥ 0, we have

∞
∑

i=1

aα+θ
ni ≤ nβ . (8)

For i ≥ 1, n ≥ 1, ∀x > 0, we define U
(x)
ni = −x1/qI(aniXni < −x1/q)+aniXniI(|aniXni| ≤ x1/q)+

x1/qI(aniXni > x1/q), and V
(x)
ni = aniXni − U

(x)
ni . Since EXni = 0 and γ ≥ 1, α < γ, t ≥ −1, by

(8) and Lemma 2, we obtain

sup
x≥nq/p

x−1/q|E
∞
∑

i=1

U
(x)
ni |

≤ sup
x≥nq/p

x−1/q
∞
∑

i=1

{E|aniXni|I(|aniXni| > x1/q) + x1/qEI(|aniXni| > x1/q)}

≤ 2 sup
x≥nq/p

x−1/q
∞
∑

i=1

E|aniXni|I(|aniXni| > x1/q)

≤ 2n−1/p
∞
∑

i=1

E|aniXni|I(|aniXni| > n1/p)

≤ 2n−1/p
∞
∑

i=1

n−(γ−1)/pE|aniXni|
γI(|aniXni| > n1/p)

≤ 2n−γ/p
∞
∑

i=1

|ani|
γE|X |γI(|X | > n1/p)

≤ 2nβ−γ/pE|X |γI(|X | > n1/p)

= 2n−(t+1)E|X |γI(|X | > n1/p) → 0, n → ∞.

Hence for n large enough we have that

sup
x≥nq/p

x−1/q|E
∞
∑

i=1

U
(x)
ni | < 1/4.
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Therefore, in order to prove (7), it suffices to show that

I1 =

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

P{|

∞
∑

i=1

(U
(x)
ni − EU

(x)
ni )| > x1/q/4}dx < ∞, (9)

and

I2 =

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

P{|

∞
∑

i=1

V
(x)
ni | > x1/q/2}dx < ∞. (10)

We first show that I2 < ∞. Taking δ > 0 such that α < δ < γ, we get by Lemma 2, (8) and (5)

that

I2 ≤

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

∞
∑

i=1

P (|aniXni| > x1/q)dx

≤

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

∞
∑

i=1

x−δ/qE|aniXni|
δI(|aniXni| > x1/q)dx

≤

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

∞
∑

i=1

aδ
nix

−δ/qE|Xni|
δI(|Xni| > x1/q)dx

≤
∞
∑

n=1

nt−q/p

∫ ∞

nq/p

∞
∑

i=1

aδ
nix

−δ/qE|X |δI(|X | > x1/q)dx

≤ C

∞
∑

n=1

nt+β−q/p

∫ ∞

nq/p

x−δ/qE|X |δI(|X | > x1/q)dx

= C

∞
∑

n=1

nt+β−q/p
∞
∑

m=n

∫ (m+1)q/p

mq/p

x−δ/qE|X |δI(|X | > x1/q)dx

≤ C

∞
∑

n=1

nt+β−q/p
∞
∑

m=n

m−1+(q−δ)/pE|X |δI(|X | > m1/p)

= C

∞
∑

m=1

m−1+(q−δ)/pE|X |δI(|X | > m1/p)

m
∑

n=1

nt+β−q/p

≤











































C
∞
∑

m=1

mt+β−δ/pE|X |δI(|X | > m1/p), if q < γ,

C

∞
∑

m=1

m−1+(q−δ)/p log mE|X |δI(|X | > m1/p), if q = γ,

C

∞
∑

m=1

m−1+(q−δ)/pE|X |δI(|X | > m1/p), if q > γ

≤











CE|X |γ , if q < γ,

CE|X |γ log(1 + |X |), if q = γ,

CE|X |q, if q > γ
< ∞.

We now prove that I1 < ∞. Fix any v ≥ 2 and v > max{q, γ} (to be specified later). By
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Markov inequality, Lemma 1, Cr inequality and Jensen inequality, we have

I1 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q{

∞
∑

i=1

E|U
(x)
ni |v + (

∞
∑

i=1

E|U
(x)
ni |2)v/2}dx

≤C
∞
∑

n=1

nt− q
p

∫ ∞

n
q
p

x
−v
q {

∞
∑

i=1

(E|aniXni|
vI(|aniXni| ≤ x

1

q ) + x
v
q P (|aniXni| > x

1

q ))}dx+

C

∞
∑

n=1

nt− q
p

∫ ∞

n
q
p

x
−v
q {

∞
∑

i=1

(E|aniXni|
2I(|aniXni| ≤ x

1

q ) + x2/qP (|aniXni| > x
1

q ))}
v
2 dx

def
= I3 + I4. (11)

Let Ink = {i : (k + 1)−1/p < |ani| ≤ k−1/p}, k ≥ 1, n ≥ 1. Then ∪∞
k=1Ink = N for all n ≥ 1,

where N is the set of positive integers. Since v > γ > α, we have k(v−α)/p > j(v−α)/p for all

k > j, j, k ≥ 1. For α > 0, we have

nβ ≥

∞
∑

i=1

|ani|
α =

∞
∑

k=1

∑

i∈Ink

|ani|
α ≥

∞
∑

k=1

(♯Ink)(k + 1)−α/p

≥

∞
∑

k=j

(♯Ink)(k + 1)−v/p(j + 1)(v−α)/p

>2−α/p
∞
∑

k=j

(♯Ink)k−v/pj(v−α)/p.

For α < 0, we also have

nβ ≥
∞
∑

i=1

|ani|
α =

∞
∑

k=1

∑

i∈Ink

|ani|
α ≥

∞
∑

k=1

(♯Ink)k−α/p

>

∞
∑

k=j

(♯Ink)k−v/pj(v−α)/p.

Therefore,
∞
∑

k=j

(♯Ink)k−v/p ≤ Cnβj−(v−α)/p, ∀j ≥ 1. (12)

By Lemma 2 and the proof of (10), we have

I3 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

i=1

E|aniXni|
vI(|aniXni| ≤ x1/q)dx + C

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

i=1

E|aniX |vI(|aniX | ≤ x1/q)dx+

C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

∞
∑

i=1

P{|aniX | > x1/q}dx + C

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

j=1

∑

i∈Inj

E|aniX |vI(|aniX | ≤ x1/q)dx + C
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≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

j=1

(♯Inj)j
−v/pE|X |vI(|X |q ≤ x(j + 1)q/p)dx + C

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

j=1

(♯Inj)j
−v/p

[x(j+1)q/p]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx + C

=C
∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

j=1

(♯Inj)j
−v/p

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx+

C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

j=1

(♯Inj)j
−v/p

[x(j+1)q/p]
∑

k=[2x]+1

E|X |vI(k < |X |q ≤ k + 1)dx + C

def
= I5 + I6 + C. (13)

By (5) and (12), we have

I5 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/qnβ

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx

≤C

∫ ∞

1

yt+β−q/pdy

∫ ∞

yq/p

x−v/q

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx

=C

∫ ∞

1

u−2+γ/pdu

∫ ∞

u

x−v/q

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx

( letting u = yq/p)

=C

∫ ∞

1

x−v/q

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx

∫ x

1

u−2+γ/qdu

≤



















































C

∫ ∞

1

x−1+γ/q−v/q

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx, if q < γ,

C

∫ ∞

1

x−v/q log x

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx, if q = γ,

C

∫ ∞

1

x−v/q

[2x]
∑

k=0

E|X |vI(k < |X |q ≤ k + 1)dx, if q > γ

≤











































C

∞
∑

k=1

E|X |vI(k < |X |q ≤ k + 1)

∫ ∞

k/2

x−1+γ/q−v/qdx + C, if q < γ,

C

∞
∑

k=2

E|X |vI(k < |X |q ≤ k + 1)

∫ ∞

k/2

x−v/q log xdx + C, if q = γ,

C

∞
∑

k=1

E|X |vI(k < |X |q ≤ k + 1)

∫ ∞

k/2

x−v/qdx + C, if q > γ
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≤











































C
∞
∑

k=1

kγ/q−v/qE|X |vI(k < |X |q ≤ k + 1) + C, if q < γ,

C

∞
∑

k=2

k1−v/q log kE|X |vI(k < |X |q ≤ k + 1) + C, if q = γ,

C

∞
∑

k=1

k1−v/qE|X |vI(k < |X |q ≤ k + 1) + C, if q > γ

≤











CE|X |γ + C, if q < γ,

CE|X |γ log(1 + |X |) + C, if q = γ,

CE|X |q + C, if q > γ

<∞. (14)

and

I6 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

k=[2x]+1

∑

j≥[(k/x)p/q ]−1

(♯Inj)j
−v/pE|X |vI(k < |X |q ≤ k + 1)dx

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q
∞
∑

k=[2x]+1

nβ(k/x)−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx

≤C

∫ ∞

1

yt+β−q/pdy

∫ ∞

yq/p

x−α/q
∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx

=C

∫ ∞

1

u−2+γ/qdu

∫ ∞

u

x−α/q
∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx

( letting u = yq/p)

=C

∫ ∞

1

x−α/q
∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx

∫ x

1

u−2+γ/qdu

≤















































C

∫ ∞

1

x−1+γ/q−α/q
∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx, if q < γ,

C

∫ ∞

1

x−α/q log x

∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx, if q = γ,

C

∫ ∞

1

x−α/q
∞
∑

k=[2x]+1

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)dx, if q > γ

≤











































C

∞
∑

k=3

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)

∫ k/2

1

x−1+γ/q−α/qdx, if q < γ,

C

∞
∑

k=3

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)

∫ k/2

1

x−α/q log xdx, if q = γ,

C

∞
∑

k=3

k−(v−α)/qE|X |vI(k < |X |q ≤ k + 1)

∫ k/2

1

x−α/qdx, if q > γ
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≤











































C
∞
∑

k=3

kγ/q−v/qE|X |vI(k < |X |q ≤ k + 1), if q < γ,

C

∞
∑

k=3

k1−v/q log kE|X |vI(k < |X |q ≤ k + 1), if q = γ,

C

∞
∑

k=3

k1−v/qE|X |vI(k < |X |q ≤ k + 1), if q > γ

≤











CE|X |γ , if q < γ,

CE|X |γ log(1 + |X |), if q = γ,

CE|X |q, if q > γ

<∞. (15)

Thus I3 < ∞ by (13), (14) and (15).

We now prove that I4 < ∞. Consider three separate cases. If γ ≥ 2, note that in this case

E|Xni|
2 ≤ CE|X |2 < ∞. Taking v such that v > max{q, γ, (t + 1)/(1/p − λ/2), we get by (2)

that

I4 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q{

∞
∑

i=1

E|aniXni|
2}v/2dx

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q(nλ)v/2dx

=C

∞
∑

n=1

nt−(1/p−λ/2)v < ∞. (16)

If 1 ≤ γ < 2, q ≥ 2, note that in this case 1/p − β/2 > 0 when β ≤ 0, 1/p − β/2 = {2(t +

1) + (2 − γ)β}/(2γ) > 0 when β > 0, and E|Xni|
2 ≤ CE|X |2 < ∞. Taking v such that

v > max{q, (t + 1)/(1/p− β/2), we get by (1) and (8) that

I4 ≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q{

∞
∑

i=1

E|aniXni|
2}v/2dx

≤C

∞
∑

n=1

nt−q/p

∫ ∞

nq/p

x−v/q(nβ)v/2dx

=C

∞
∑

n=1

nt−(1/p−β/2)v < ∞. (17)

If 1 ≤ γ < 2, q < 2, let v = 2. Then

I4 = I3 < ∞. (18)

Thus I4 < ∞ by (16), (17) and (18). Therefore I1 < ∞ by (11).

Theorem 2 Let t ≥ −1, p > 0, γ = p(t + β + 1) ≥ 1, q > 0. Let {Xni, i ≥ 1, n ≥ 1} be

an array of zero-mean rowwise NA random variables which are stochastically dominated by a

random variable X . Let {ani, i ≥ 1, n ≥ 1} be an array of real numbers satisfying (4). If γ ≥ 2,
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Moreover, we assume that {ani, i ≥ 1, n ≥ 1} satisfies (2). If










E|X |γ log(1 + |X |) < ∞, if q < γ,

E|X |γ log2(1 + |X |) < ∞, if q = γ,

E|X |q < ∞, if q > γ,

then (6) holds.

Proof The proof is similar to that of Theorem 1, so it is omitted here. �

Corollary 1 Let {Xni, i ≥ 1, n ≥ 1} be an array of zero-mean rowwise NA random variables

which are stochastically dominated by a random variable X . Let {ani, i ≥ 1, n ≥ 1} be an array

of real numbers satisfying (2) and

∞
∑

i=1

|ani|
θ = O(1) for some 2 ≤ θ < p.

If










E|X |p < ∞, if q < p,

E|X |p log(1 + |X |) < ∞, if q = p,

E|X |q < ∞, if q > p,

then
∞
∑

n=1

n−q/pE{|Sn| − ǫn1/p}q
+ < ∞ for all ǫ > 0.

Proof Let t = 0 and β = 0. Clearly, supi≥1,n≥1 |ani| < ∞. Thus the result follows from

Theorem 1.

Corollary 2 Let {Xni, i ≥ 1, n ≥ 1} be an array of zero-mean rowwise NA random variables

which are stochastically dominated by a random variable X . Let {ani, i ≥ 1, n ≥ 1} be an array

of real numbers satisfying
∞
∑

i=1

|ani|
2 = O(1).

If










E|X |2 log(1 + |X |) < ∞, if q < 2,

E|X |2 log2(1 + |X |) < ∞, if q = 2,

E|X |q < ∞, if q > 2,

then
∞
∑

n=1

n−q/pE{|Sn| − ǫn1/2}q
+ < ∞ for all ǫ > 0.

Proof Let t = 0, β = 0 and p = 2. Clearly, supi≥1,n≥1 |ani| < ∞. Thus the result follows from

Theorem 2.

Remark 1 When Xni = Xi, ∀n ≥ 1, i ≥ 1, let {Xi, i ≥ 1} be a sequence of i.i.d. random

variables. Corollaries 1 and 2 extend and improve the corresponding results of Li et al. [8], since

complete moment convergence is more exact than complete convergence.
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From Theorem 1, we can obtain a result on the rate of convergence of moving average

processes.

Corollary 3 Let {Xn,−∞ < n < ∞} be a sequence of zero-mean NA random variables which

are stochastically dominated by a random variable X . Let {an,−∞ < n < ∞} be a sequence of

real numbers such that
∑∞

n=−∞ |an| < ∞. Set ani =
∑i+n

j=i+1 aj for each i and n. If 0 < p < 2,

t ≥ −1, p(t + 2) > 1 and










E|X |p(t+2) < ∞, if 0 < q < p(t + 2),

E|X |p(t+2) log(1 + |X |) < ∞, if q = p(t + 2),

E|X |q < ∞, if q > p(t + 2),

then
∞
∑

n=1

nt−q/pE{|
∞
∑

i=−∞

aniXi| − ǫn1/p}q
+ < ∞ for all ǫ > 0.

Proof Since
∑∞

n=−∞ |an| < ∞, we have that

sup
i≥1,n≥1

|ani| ≤ sup
i≥1,n≥1

i+n
∑

j=i+1

|aj | ≤

∞
∑

n=−∞

|an| < ∞,

∞
∑

i=−∞

|ani| ≤
∞
∑

i=−∞

i+n
∑

j=i+1

|aj | ≤ n
∞
∑

j=−∞

|aj | = O(n),

∞
∑

i=−∞

a2
ni ≤ C

∞
∑

i=−∞

|ani| = O(n).

Taking β = 1 and λ = 1, all conditions of Theorem 1 are satisfied. Thus the result follows from

Theorem 1.

Remark 2 Let {Xn,−∞ < n < ∞} be a sequence of zero-mean identically distributed NA

random variables, r = p(t+2), q = 1. Theorem 1.1 of Li and Zhang [9] is obtained from Corollary

3, but the restrictions of p and r = p(t + 2) in Corollary 3 are weaker than those in Theorem 1.1

of Li and Zhang [9].
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