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Abstract The AR-quiver and derived equivalence are two important subjects in the repre-
sentation theory of finite dimensional algebras, and for them there are two important research

tools-AR-sequences and D-split sequences. So in order to study the representations of triangular
T 0

T T
important to determine its AR-sequences and D-split sequences. The aim of this paper is to

construct the right(left) almost split morphisms, irreducible morphisms, almost split sequences
and D-split sequences of T>(T") through the corresponding morphisms and sequences of T'. Some
interesting results are obtained.

matrix algebra T>(T") = where T is a finite dimensional algebra over a field, it is
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1. Introduction and preliminaries

The representation theory of algebras is one of the main branches of mathematics, and
the almost split sequence plays an important role in it. A special quiver of a finite dimensional
algebra-AR-quiver was constructed through the almost split sequences and irreducible morphisms
in [1]. Tt gives a good description of the finitely generated module category of the algebra, and
now becomes a main research tool of the representation theory of algebras. The triangular matrix
algebra is a new algebra which is introduced in the study of the decomposition of algebra and
direct sum of two rings. The one-point extension is a special case of the triangular matrix algebra.
In paper [2], the triangular matrix algebra of rank two was extended to the one of rank n, and it
is obtained that there is an equivalent relation between the morphism category and the module
category of the corresponding triangular matrix algebra. Furthermore, the relations between its
projective modules, injective modules and monomorphism category, epimorphism category are
determined. Now, we recall some basic definitions and given results required in the paper. All
rings in this paper are artinian algebras and all modules are assumed to be finitely generated.

Let T and U be rings and y My a U-T-bimodule. By A we denote the triangular matrix

algebra ( v 3 The module over A is in the form of the triple (rA,y B, f) with f :
viirT
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T 0
=\7 7/ The T5(T')-modules can

be described by triples (rA,r B, f) with f : A — B a T-morphism [1]. We can determine

its right(left) almost split and irreducible morphisms and then construct its AR-quiver. The

M ®r A — B a U-morphism. In particular, let T5(T)

definitions and theorems on the right(left) almost split morphism and irreducible morphism are

introduced in [1].

Theorem 1.1 ([1]) The following are equivalent for a morphism f : B — C.

(a) The morphism f : B — C is right almost split.

(b) The morphism f is not a split epimorphism, the module C is indecomposable and if
X is an indecomposable module not isomorphic to C', then every morphism g : X — C factors
through f.

Theorem 1.2 ([1]) The following are equivalent for a morphism g : A — B.

(a) The morphism g : A — B is left almost split.

(b) The morphism g is not a split monomorphism, the module A is indecomposable and if Y
is an indecomposable module not isomorphic to A, then every nonisomorphism A — Y factors
through g.

Applying the above theorems, the right(left) almost split morphisms and irreducible mor-
phisms of T, we can determine the corresponding morphisms of T5(T"), and its AR-quiver fur-
thermore.

Derived equivalence is another important subject in the modern representation theory. It
preserves many significant invariants of groups and algebras such as the number of irreducible
representations, Cartan determinants, Hochschild cohomology groups, algebraic K-theory and G-
theory and so on. The Morita theory for derived categories was established through the tilting
complex by Rickard in [3]. It gives a concrete description of derived equivalence. In [4], the D-split
sequence was introduced to study the derived equivalence. Let C be an additive category, and let
D be a full subcategory of C, and X an object in C. A morphism f: D — X in C is called a right
D-approximation of X if D € D and the induced map Home(-, f) : Hom(D’, D) — Home (D', X)
is surjective for every object D’ € D. Dually, there is the notion of a left D-approximation. We

will use them to construct the D-split sequence.

Definition 1.3 ([5]) Let C be an additive category and D a full subcategory of C. A sequence
xLuiLy
in C is called a D-split sequence if
(1) M e D;
(2) f is a left D-approximation of X, and g is a right D-approximation of Y;
3) f is a kernel of g, and g is a cokernel of f.

Theorem 1.4 ([4]) Let C be an additive category and M an object in C. Suppose

xLwsy
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is an add M -split sequence in C, then the endomorphism ring Ende(M @ X) of M & X and the
endomorphism ring Ende (M @ Y) of M @Y are derived-equivalent.

There are some definitons and theorems about the almost split sequence and irreducible mor-
phism in [1]. In this paper, we will use them to construct the right(left) almost split morphisms,
irreducible morphisms, almost split sequences and D-split sequences of T»(T") through the corre-

sponding morphisms and sequences of 7.

2. The almost split morphisms and irreducible morphisms of triangular
matrix algebras

In this section, we will construct the right(left) almost split morphisms of a triangular matrix
algebra from the ones of the corresponding algebras. For the special case To(T'), we will have more
results. According to right(left) almost split morphism for indecomposable projective(injective)
modules, it is easy to get the following facts:

T 0
vMr U
(1) If P is an indecomposable projective U-module, and rP is the radical of P, i : rP — P

Fact 2.1 For A = ( >, we have the following

is the embedding morphism, then (0,%) : (0,7P,0) — (0, P,0) is a right almost split morphism in
mod A.

(2) If I is an indecomposable injective T-module, and j : I — I /socI is the natural epimor-
phism, then (j,0) : (I,0,0) — (I/socI,0,0) is a left almost split morphism in mod A.

(3) If P’ is an indecomposable projective T-module, then (i,Id) : (rP',M ® P’ iperpr) —
(P',M ® P',1pgp’) is a right almost split morphism in mod A.

(4) If I' is an indecomposable injective U-module, then (Id,j) : (Homy(M,I"),I',$) —
(Homy (M, I'),I' /[soc I', ¢) is a left almost split morphism in mod A, where ¢ : M@Homy (M, I') —
I’ is given by ¢(m @ f) = f(m) for m € M and f € Homy (M, I").

T 0
T T

(1) If P is an indecomposable projective T-module, then morphisms (0,i) : (0,7P,0) —
(0,P,0) and (i,Id) : (rP, P,i) — (P, P,1p) are right almost split in mod T»(T).

(2) If I is an indecomposable injective T-module, then morphisms (4,0) : (1,0,0) —
(I/socI,0,0) and (Id,j): (I,1,1;) — (I,1/socl,j) are left almost split in mod T»(T).

Corollary 2.2 For T»(T) = ( ), we have the following.

T 0
vMr U
(1) Let A and B be indecomposable U-modules. If the monomorphism f : A — B is a
(minimal) right almost split morphism, then (0, f) : (0, 4,0) — (0,B,0) is a (minimal) right

almost split morphism in mod A.

Fact 2.3 For A = ( ), we have the following

(2) Let A and B be indecomposable T-modules. If the epimorphism g : A — B is a
(minimal) left almost split morphism, then (g,0) : (A4,0,0) — (B,0,0) is a (minimal) left almost

split morphism in mod A.
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T 0

Corollary 2.4 For T>(T) = (T T

), let A and B be indecomposable T-modules. Then we

have the following

(1) If the monomorphism f : A — B is a (minimal) right almost split morphism, then
(0, f):(0,A,0) — (0, B,0) is a (minimal) right almost split morphism in mod T>(T).

(2) If the epimorphism g : A — B is a (minimal) left almost split morphism, then (g,0) :
(A4,0,0) — (B,0,0) is a (minimal) left almost split morphism in mod T5(T).

Theorem 2.5 For T»(T'), we have the following.

(1) If f : A — B is not a split monomorphism, and there exists g : B — A such that
gf =14, then (14, f): (4,A,14) — (A, B, f) is a left almost split morphism in mod T»(T).

(2) If g : A — B is not a split epimorphism, and there exists g : B — A such that gf = 14,
then (g,14) : (B, A, g) — (A, A,14) is a right almost split morphism in mod T5(T").

Proof We only prove (1); the proof of (2) is similar.
Since f is not split, we know that (14, f) is not a split monomorphism. For any indecompos-
able T5(T')-module (Cy, Cs, k) and nonisomorphism (g1, g2) : (4, 4,14) — (C1, Ca, k), it follows

that there is a commutative diagram

Ai>01 .

A—2-0,

Thus, g2 = kg1. Now, let (h1, h2) = (g1, 929)- It is easy to know (hq, ha) is a To(T')-morphism.
And also (hy,h2)(1a, f) = (91,929f) = (91, 92). Consequently, (g1, g2) factors through (14, f).

In conclusion, (14, f) is a left almost split morphism. O

The irreducible morphism is a main tool when we construct the AR-quiver of a finite dimen-
sional algebra. The arrows between two vertices are determined by the irreducible morphism in
an AR-quiver. So, we will study the irreducible morphism of the triangular matrix algebra in

the following.

Theorem 2.6 For A, we have the following.

(1) If the monomorphism f : A — B is an irreducible morphism in mod U, then (0, f) :
(0,A,0) — (0, B,0) is irreducible in mod A.

(2) If the epimorphism f : A — B is an irreducible morphism in modT, then (f,0) :
(A4,0,0) — (B,0,0) is irreducible in mod A.

Proof (1) We will prove the theorem in two steps by the definition of irreducible morphism.
1°. As f is neither a split monomorphism nor a split epimorphism, it is easy to see that the
same conclusion is true for (0, f).
2°. If there exist a A-module (X7, X2, k) and a A-morphism (0, s) : (0, 4,0) — (X1, X3, h) as
well as (0,¢) : (X1, X2, h) — (0, B,0) such that (0, f) = (0,¢)(0, s), then we have the commutative

diagram
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O—O>M®X1O—>O .
OL lh ‘/0
A 2 X5 ! B

Thus, ts = f and th = 0. Since f is irreducible, we know that ¢ is a split epimorphism or s is a
split monomorphism.

(a) If ¢ is a split epimorphism, then there exists a U-module B’ such that Xo = B & B’
where B’ = kert. We have that Imh C kert = B’ since th = 0. And so (X1, Xs,h) &
(X1,B’,h)® (0, B,0). Hence, (0,t) is a split epimorphism.

(b) If s is a split monomorphism, then there exists a U-module A’ such that Xo 2 A @ A’
where A = Ims. Since f = st is a monomorphism and th = 0, we have that Imh C kert C A'.
This means that (X1, X5, h) 2 (X1, A’,h) & (0, A, 0). Hence, (0, s) is a split monomorphism.

In conclusion, (0, f) is irreducible.

(2) Similarly to the proof of (1), there is a commutative diagram

MeA—22Mex, -2~ MeB (1)

S

0 ° X, 0

Hence, h(1® s) =0 and (1®t)(1®s) =1® f. Thus, f = ts. Since f is irreducible, ¢ is a split
epimorphism or s is a split monomorphism.

(a) Ift is a split epimorphism, then there exists a T-module B’ such that X; & B@ B’ where
B’ 2 kert. Since f is an epimorphism and h(1 ® s) = 0, we have that M ® B C Im(1 ® s) C
ker h. Thus, we have that (X1, X2,h) = (B,0,0) & (B’, X2, h). This means that (0,¢) is a split
epimorphism.

(b) If s is a split monomorphism, then there exists a T-module A’ such that X; = A ¢ A’
where A = Ims. We have that M @ A C kerh since Im(1 ® s) C kerh. Thus, (X1, X2, h) =
(A,0,0) ® (A, X5, h). This means that (0, s) is a split monomorphism.

In conclusion, (f,0) is irreducible. O

Corollary 2.7 For T»(T), we have the following.

(1) If a monomorphism f : A — B is irreducible, then (0, f) : (0,A,0) — (0,B,0) is
irreducible in mod T»(T).

(2) If an epimorphism f : A — B is irreducible, then (f,0) : (A,0,0) — (B,0,0) is irreducible
in mod To(T).

Theorem 2.8 For the algebra T»(T), we have the following.

(1) If a monomorphism f : A — B is irreducible, then (14, f) : (A,A,14) — (A, B, f) is
irreducible in mod T»(T).

(2) If f : A— B and g : B— A are irreducible in mod T, then (f,0) : (4,0,0) — (B, A4,g)
and (0,9) : (A, B, f) — (0, A,0) are irreducible in mod T5(T).
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Proof (1) Similarly to the proof of Theorem 2.6, there is a commutative diagram

A—sx sy 2)

d

Ai>X2—2>B

Thus, hs; = s, t151 = 14 and tase = f. Hence, s; is a split monomorphism and ¢; is a split
epimorphism. So, there exists a T-module A’ such that X; = A@® A’ where A’ = kert;. Since f
is irreducible, we know that to is a split epimorphism or ss is a split monomorphism.

(a) If sq is a split monomorphism, then there exists a T-module A” such that Xo = A@ A”.
From the above commutative diagram we know that h(A) = A and h|4 = 14. Since ft;(A’) =
toh(A’) and f = tgsy is a monomorphism, we have that h(A’) C kerty C A”. Now, we know
that (X1, Xo,h) =2 (A4, A,14) ® (A’, A", h). This means that (s1, s2) is a split monomorphism.

(b) If t5 is a split epimorphism, then there exists a T-module B’ such that Xy = B & B’
where B’ 2 kerts. From the above commutative diagram we learn that h(A) C B and h|s = f,
and so h(A") C kerts C B’. Now, we have that (X1, X2, h) = (A, B, f) @ (A’, B’, k). This means
that (¢1,t2) is a split epimorphism.

In conclusion, (14, f) is irreducible.

(2) Similarly to the proof of Theorem 2.6, there is a commutative diagram

A2 x, 2o (3)

| b,k

0——Xo—— A4

Thus, hsy =0 and t181 = f. As f is irreducible, we have that to is a split epimorphism or s3 is
a split monomorphism.

(a) If s1 is a split monomorphism, then there exists a T-module A’ such that X; 2 A® A'.
Now, we have that h(A4) = 0 since hs; = 0. Thus, (X1, X2,h) = (4,0,0) ® (A, Xa,h). This
means that (s1,0) is a split monomorphism.

(b) 1If to is a split epimorphism, then there exists ¢} which is the right inverse of t2, such
that t1#; = 1. So we have that g = toht|. Since g is irreducible, we know that ht} is a split
monomorphism or ¢ is a split epimorphism. If ht] is a split monomorphism, then there exist T-
modules B’ and B” such that X; 2 B@® B’ and X5 = B® B”. We have that hsi(A) = 0 because
hsy = 0. Since ht} is a split monomorphism, it is easy to know that s1(A4) C B’. Now t1s1 = 0.
This means that f = 0. It is a contradiction. Therefore, ht} is not a split monomorphism, and
so tg is a split epimorphism. It follows that there exists a T-module A” such that X, = A @ A”
where A” 2 ker to. From the above commutative diagram we learn that h|p = g and toh(B’) = 0,
ie., h(B") C A”. Hence (X1,X2,h) = (B,A,g9)® (B, A”,h). This means that (¢1,%2) is a split
epimorphism.

In conclusion, (f,0) is irreducible.

Similarly, one can prove that (0, g) is irreducible. O



The almost split sequences and D-split sequences of Ta(T) 17

3. The D-split sequences

We can establish the derived equivalence of algebras from the add M-split sequence [2]. So
we try to construct the D-split sequence from the corresponding sequence of T in this section.
We denote T(T') by A for the convenience of the statement in the following. It is easy to get

the following fact from Theorem 1.4.

Fact 3.1 If0 — X L M %Y — 0 is an add M -split sequence in mod T, then Enda ((X &
M,0,0)) and Enda ((Y @ M, 0,0)) are derived-equivalent.

Theorem 3.2 If0 — X L &y & 0 is an add M-split sequence in modT', then

Enda (M, M & X, (1),0))) and Enda((M & M',M @Y, <18/[ S))) are derived-equivalent.

Meanwhile, Enda (M & X, M & M’, <1(])w ;))) and Enda((M @Y, M, (151,0))) are derived-

equivalent.

Proof It follows from the definition of a submodule of the module over triangular matrix algebra
A = T5(T), we can choose (N,N,1y) € add(M, M, 1) and A-morphism (0,s) : (0, X,0) —
(N, N,1x) without loss of generality. Then there exists h : M’ — N such that s = hf ac-
cording to the fact that f is a left add M-approximation of X. So, (0,s) = (h,h)(0, f). This
means that (0, f) is a left add(M, M, 1,)-approximation of (0, X,0). Now, for any (L,L,1.) €
add(M, M, 1) and A-morphism (t1,t2) : (L, L,15) — (M’,Y,g) we learn that t3 = gt; from

the commutative diagram

L—)
L

Thus, (1%, 9)(t1,t1) = (t1, gt1) = (t1,t2). So, (1m, g) is aright add(M, M, 1,s)-approximation of
(MY, g). Hence, 0 — (0,X,0) 225 (a7, M7, 150) L2229 (017, Y, g) — Ois an add(M, M, 15)-

split sequence. By Theorem 1.4 Enda (M, M&X, (151,0))) and Enda (M&M', M&Y, (184 2)))

"<<T§

%

are derived-equivalent.
Similarly, one can prove that 0 — (X, M’, f) o), (M', M’ 1) {00), (v,,0,0) —

0 is an add(M, M, 1ps)-split sequence. By Theorem 1.4 we know that Enda((M & X, M @

M, (184 ?))) and Enda((M @Y, M, (1,0))) are derived-equivalent. O

Theorem 3.3 If0 — X L M % Y — 0 is an add M -split sequence in modT', then

Enda((X & M, X @ M, <15< 10 ))) and Enda((Y & M,Y @ M, (18” 10 ))) are derived-
M M

equivalent.

Proof 1t is easy to know that 0 — (X, X, 1x) 220 (af, M7, 130) 22 (v, Y, 1y) — 0 is an
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add(M, M, 1ps)-split sequence. Then by Theorem 1.4 we can get the derived equivalence in the

theorem. O
By the easy calculation we know that Enda (X&M, X®M, ( 1(‘))( 10 ) )) ~ Homp (X, M)®
M
Hom(M, X) and Enda((Y & M,Y & M, (18” h ))) ~ Homy(M,Y) & Homy (Y, M). Thus
M

by Theorem 3.3, we know that Homy (X, M) ® Homy (M, X) and Homy(M,Y) & Homp (Y, M)

are derived equivalent.

Theorem 3.4 (1) If0 — X LM &y 0 is an add M -split sequence in mod T, then we
have that Enda ((X @ M, A, (h,0))) and Enda ((Y @ M, 0,0)) are derived-equivalent. Meanwhile,
Enda((X @ M,0,0)) and Enda((4,Y & M, (k,0))) are derived-equivalent for any T-module A,
T-morphismh: X — Aandk: A—Y.

(2) IfO— X; 2% M 25 v, — 0 and 0 — Xo 22 M' 2 Yy — 0 are add M-split sequences
inmodT. h:X; — Xo and k : Y7 — Y5 in modT satisfy fi = foh and go = kgi. Then

EndA((Xl@M,XQ@M,<h 0 ))) and EndA((Yl@M,YQEBM,(k

0 ;
0 1u 0 1y )) are derived-
equivalent.

Proof (1) Similarly to the proof of Theorem 3.2, it is easy to know that 0 — (X, A, h) 0,

(M’,0,0) {00), (Y,0,0) — 0is an add(M, 0, 0)-split sequence. At the same time 0 — (0, X, 0) ©.h,

(0, M’,0) (0.9, (A,Y, k) — 0 is an add(0, M, 0)-split sequence. By Theorem 1.4 we can get the
corresponding derived equivalences.

(2) Similarly to the proof of Theorem 3.2, we know that 0 — (X1, X2, h) (M, M, 1pp0)
{1.92), (Y1,Ys, k) — 0 is the add(M, M, 1,s)-split sequence. By Theorem 1.4 we can get the cor-

responding derived equivalence. O

(f1.f2)
2

Remark (1) Let A =0 in Theorem 3.4(1). It is clear that Fact 3.1 is the corollary of Theorem
3.4(1).

(2) Let h = 1x, k = 1y in Theorem 3.4(2). Then Theorem 3.3 can be viewed as the corollary
of Theorem 3.4(2).

Up to now we have constructed some irreducible morphisms, D-split sequences in mod T»(T).

In the next section we will study the almost split sequence in mod T5(T).

4. The almost split sequences in mod 75(T")

We constructed the right(left) almost split morphisms and irreducible morphisms in mod 75 (7')
from the ones of T" in section 1. We can construct the almost split sequence from them in this
section.

Firstly we will introduce some properties of the module over T5(T"). Let D be the duality
Homa (-, k) and (A, B, f) in modT5(T). Then D(A, B, f) = (DB, DA, D¢(f)y), with ¢ the
adjoint isomorphism Homp(M ®r A, B) — Homy (A, Homy (M, B)), and ¢ : M ®re» DB —
DHomrp (M, B), given by ¥(m ® g)(f) = gf(m). By ()* we denote the morphism Homa (-, A).
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For an indecomposable projective T>(T')-module (P, P, 1p), we have that (P, P,1p)* = (0, P*,0).
When X = (0, P,0), we have that (0, P,0)* = (P*, P*,1p+). In order to compute the AR-

translation, we will investigate the minimal projective resolution in mod T»(T).

Lemma 4.1 Let A in modT, --- — P, Lo, Py S A — 0 be a minimal projective resolution of
A. Then
(0,do)
(1) R (O,Pl,O) —_— (O,Po,O)

(0,4,0).
d
(dm( 1°>>
(2) - — (P, PL® Py, (1,0) ——— (Py, Py, 1) % (4,0,0) — 0 is a minimal projec-
tive resolution of (A,0,0).

0, (0, A,0) — 0 is a minimal projective resolution of

Proof (1) is obvious. We will prove (2).

Firstly, (e, 0)(do, (Cll())) = 0. Secondly, ker(e,0) = (kere, Py) and Im(dp, (dlo)) = (Imd,

d0>
do,
(0< 1 ) (€,0)

Imdy+ Py) = (kere, Py). It means that (P, PL® Py, (1,0)) (P, Py,1) —= (A,0,0) —

0 is an exact sequence.

At the same time, 7(Py, P& Fy, (1,0)) = (radT 0 ) ( P ) = (rP, PorP,(i,0)).

T radT PR

Also we know that ker(dy, <Ci0>) C (kerdy, P, ® Im dy, (1,0)) C r(Py, P, & Py, (1,0)).

In conclusion, the exact sequence in (2) is a minimal projective resolution of (A4, 0,0). O

Theorem 4.2 (1) If A is an indecomposable nonprojective T-module, then 0 — (DTrA, DTrA, 1)
— FE — (0,A,0) — 0 is an almost split sequence in mod T»(T), where E is a T>(T)-module.

(2) If A is an indecomposable noninjective T-module, then 0 — (A,0,0) — E — (TrDA,
TrDA,1) — 0, is an almost split sequence, where E is a Tx(T)-module.

Proof Suppose A is an indecomposable nonprojective T-module, then (0, A, 0) is an indecom-
posable nonprojective T»(T")-module. According to Proposition 1.12 in [1, p. 142] there exists an
almost split sequence 0 — DTr(0,A,0) - E — (0, A,0) — 0. We compute the DTr(0, A,0) as
follows.

(a) Suppose P Lo, Py S A — 0 is a minimal projective presentation of A. Then
(0, P1,0) (o), (0, Py, 0) (), (0,A,0) — 0 is a minimal projective presentation of (0, 4, 0).

(b) (0,do)* : (0,P,0)* — (0,P;,0)*. By the introduction in the front of this section we
know that (0, Py,0)* = (Fy, Ff,1) and (0, P1,0)* = (Pf, Pf,1). Hence (0,dp)* = (d§,d§) :
(Pf, Pr,1) — (Py, P§,1). So, Tr(0,A,0) = Coker(0,dy)* = Coker(dj, dy) = (TrA,TrA,1).

(¢) From the foregoing discussion, it is clear that DTr(0, A,0) = D(TrA,TrA,1) = (DTrA,
DTrA,1).

Therefore, by the above calculation and Proposition 1.12 in [1, p.142] we have that 0 —
(DTrA,DTrA,1) — E — (0,A,0) — 0 is an almost split sequence in mod T5(7T").
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(2) is the duality of (1). O

Theorem 4.3 (1) If f : A — B is an irreducible monomorphism in mod T, with A indecom-
posable, then 0 — (0,4,0) — (0,B,0) ® E — (P}, P}, f) — 0 is an almost split sequence in
mod T»(T'), where Im f = TrDA, E is a To(T)-module, and P, — Py — DA — 0 is a minimal
projective presentation of DA.

(2) If g: B — A is an irreducible epimorphism, with A indecomposable, then 0 —
(DPyf,DP},D¢(f)p) — (B,0,0) ® E — (A,0,0) — 0 is an almost split sequence in mod T»(T),
where E is a To(T)-module, ¢ and ¢ are as the same isomorphisms as ones in the front of this

section, and P, — Py — A — 0 is a minimal projective presentation of A.

Proof (1) By Corollary 2.7(1) we know that (0, f) : (0, A4,0) — (0, B,0) is an irreducible mor-
phism. Thus, there exists E in modT%(T) such that (0, A,0) — (0,B,0) & E is a left almost
split monomorphism. So, 0 — (0, 4,0) — (0,B,0)® E — TrD(0,A,0) — 0 is an almost split
sequence in mod T5(7T). Next, we will compute TrD(0, A, 0).

(a) We know that D(0,A,0) = (DA,0,0).

(b) Suppose Py o, Py = DA — 0is a minimal projective presentation of DA, then according

(d°’<ci0>) (<)

to Lemma 4.1 we have that (P, P, & P, (1,0)) ————— (P, Po,1) — (DA,0,0) - 0is a

minimal projective presentation of (DA, 0,0).

d
(C) (d()v ( 10))* : (P07P071)* - (P17P1 ®P07(150))* For any (h’ah) € (P07P0;1)* we

know that (do, (Cio))*(h, h) = (doh, <dgh g)) Hence, TrD(0,4,0) = Tr(DA,0,0) =
Coker(dp, (dlo))* ~ {(h,k)| h € P}, k€ Pf,doh ¢ Imd} = (P}, P}, f), where f(P}) = TrDA.

Therefore, by the computation above and Proposition 1.12 in [1, p. 142] we have that 0 —
(0,A4,0) — (0,B,0)® E — (P§, Py, f) — 0 is an almost split sequence in mod T»(T").

d
<do,< f))

(2) From Lemma 4.1 we learn that (Py, PPy, (1,0)) ———— (P, Po, 1) 2, (4,0,0) —
0 is a minimal projective presentation of (4,0,0) if P, — Py — A — 0 is a minimal projective
presentation of A. The rest of the proof is similar to (1).0

According to the above theorems we can construct the almost split sequences in mod 75(7T")

from the corresponding sequences in mod T'.

Corollary 4.4 (1) If A is an indecomposable injective T-module, then 0 — (0,4,0) — E —
((DA)*,0,0) — 0 is an almost split sequence in mod T»(T'), where E is a T>(T)-module.

(2) If A is an indecomposable projective T-module, then 0 — (0,D(A*),0) — E —
(A,0,0) — 0 is an almost split sequence in mod T5(T"), where E is a To(T')-module.

Proof Suppose A is an indecomposable injective T-module, then DA is an indecomposable
projective T°P-module, and (0, 4,0) is a noninjective T3(T')-module. Hence, TrDA = 0 and

0 — DA — DA — 0 is a minimal projective presentation of DA. From the proof of Theorem
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4.3, we know that TrD(A,0,0) = ((DA)*,0,0). One can get the almost split sequence in (1) by
Proposition 1.13 in [1, p. 143].
One can prove (2) by Theorem 4.3(2). O

Corollary 4.5 Suppose 0 — A ER B4 C = 0 is an almost split sequence in modT. Then

(1) 0 — (0,A4,0) — (0,B,0)®&FE — (P, Py, f) — 0 is an almost split sequence in mod T»>(T),
where E is a To(T)-module, and P, — Py — DA — 0 is a minimal projective presentation of
DA.

(2) 0 — (DP},DPy,Do(f)p) — (B,0,0)® E — (C,0,0) — 0 is an almost split sequence
in mod T>(T), where E is a To(T)-module, and P, — Py — C — 0 Is a minimal projective
presentation of C'.

(3) If A is an indecomposable noninjective T-module, then 0 — (A,0,0) - F — (C,C,1) —
0 is an almost split sequence in mod T5(T'), where E is a To(T)-module.

(4) If C is an indecomposable nonprojective T-module, then 0 — (A, A,1) — (A, B, f)®E —
(0,C,0) — 0 is an almost split sequence in mod T»(T'), where E is a To(T)-module.

Proof We learn that A & DTrC and C = TrDA from the definition of the almost split
sequence. By Theorem 2.8(1) we have that (A, A,1) — (A, B, f) is an irreducible morphism.
Then by Theorems 4.2 and 4.3 we can get the conclusions in the Corollary 4.5. O

Now, some almost split sequences in mod T5(7T") can be constructed and the others can be

given from the properties of AR-quivers. Next, we will give an example to illustrate it.

Example Let k£ be a field and A be the k-algebra given by the quiver ¢ — e. Then the
AR-quiver of A is

(4)

P(1)
27N
5(2) 5(1)

Now, we will give the AR~quiver of T»(A) as showed in this paper as follows.

For the noninjective indecomposable module (0, S(2),0), there exists an irreducible morphism
(0,5(2),0) — (0,P(1),0) by Corollary 2.7(1). From Corollary 2.2 we learn that (0,5(2),0) —
(5(2),5(2),1) is irreducible. It is easy to see that DS(1) — DP(1) — DS(2) — 0 is a min-
imal projective presentation of DS(2). By computation we know that (DS(1))* = P(1) and
(DP(1))* = S5(2). Thus, we know that TrD(0,5(2),0) = (S(2), P(1),0) by Theorem 4.3(1). In

conclusion, we have the following almost split sequence
0—(0,5(2),0) = (0,P(1),0) & (5(2), 5(2),1) — (5(2), P(1),0) — 0.

For (0,P(1),0), it is easy to see that 0 — DP(1) — DP(1) — 0 is a minimal projective
presentation of DP(1). By Theorem 4.3(1) we have the following almost split sequence

0— (0,P(1),0) — (S(2),P(1),0) — (5(2),0,0) — 0.

For (5(2),5(2),1), we know that DTrS(1) = S(2). By Theorem 4.2 we have the following
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almost split sequence
0—(5(2),5(2),1) = (S(2), P(1),0) — (0,5(1),0) — 0.

Since (P(1), P(1),1) is an indecomposable projective module, there exists a right almost split
morphism (5(2), P(1),0) — (P(1), P(1),1) by Corollary 2.2. So it is irreducible. From the above
two almost split sequences, there exists an almost split sequence

0 — (S(2), P(1),0) — (5(2),0,0) & (P(1), P(1),1) & (0, 5(1),0) — (P(1), S(1),p) — 0.
Similarly, we have the following almost split sequences
0= (5(2),0,0) = (P(1),5(1),p) — (5(1),5(1),1) =0,
0 — (0,5(1),0) — (P(1),S(1),p) — (P(1),0,0) — 0.

Since P(1) — S(1) is irreducible, there exists an irreducible morphism (P(1),0,0) — (S(1),0,0)
by Corollary 2.7(2). Combining the above two sequences, we have the following almost split se-
quence

0 — (P(1),5(1),p) — (5(1), 5(1),1) & (P(1),0,0) — (5(1),0,0) — 0.

Collecting all the above information, we have that the entire AR-quiver of T5(A) is as follows.

(0, P(1),0) (5(2),0,0) (s(1), s(1),1) (5)
(0, (2),0) (5(2), P(1), o) —> (P(1), P(1),1) —> (P(1), S(1), p) (5(1),0,0)
(5(2),8(2), 1) (0, 5(1),0) (P(1),0,0)
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