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Abstract The aim of this paper is to categorify the n-th tensor power of the vector represen-
tation of U(so(7,C)). The main tools are certain singular blocks and projective functors of the
BGG category of the complex Lie algebra gl,,.
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1. Introduction

The general idea of categorification was introduced by Crane and Frenkel [4,5]. It refers to
the process of finding category-theoretic analogues of ideas phrased in the language of set theory.
One of the simplest examples of categorificaitons is that the set N of natural numbers can be
categorified by the category of finite dimensional linear spaces, which lifts us from arithmetic in
N to linear algebra. From this simplest example, we can see that the idea of categorification is
very important. In fact, categorification has shown its power in low dimensional topology theory,
knot theory and many other fields [1,9]. Universal enveloping algebras of simple Lie algebras
and their quantizations play an important role in various fields such as conformal field theory,
low dimensional topology, etc. Therefore, categorifications of these algebras have been studied
by many mathematicians in recent years [1,10,11].

Bernstein, Frenkel and Khovanov [1] investigated a categorification of the n-th tensor power of
the fundamental representation of U (slz) via certain singular blocks and projective functors of the
BGG category of the complex Lie algebra gl,,. Meanwhile, they raised the more difficult problem:
categorifications of the representation theory of U(g) for arbitrary simple Lie algebra g. In the
present paper, we study a categorification of the n-th tensor power of the vector representation of
U(so(7,C)), which can be considered as a part of categorifications of the representation theory
of U(g) for the simple Lie algebra g of type Bs. In other words, we categorify the image of
U(s0(7,C)) under the algebra homomorphism ¢ : U(s0(7,C)) — End(V®") corresponding to the
n-th tensor power of the vector representation V' of U(so(7,C)).
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The paper is organized in the following manner. In Section 2, we recall some basic concepts
of U(so(7,C)) and its vector representation, then give a brief introduction to the BGG category.
In Section 3, we obtain a categorification of the n-th tensor power of the vector representation of
U(s0(7,C)). The programme is arranged as follows. To begin with, we categorify the underlying
space of the n-th tensor power V™ of the vector representation V for U(so(7,C)) by using certain
singular blocks of the BGG category O(gl,,) (Theorem 8). Then we yield a categorification of
the U(so0(7,C)) action on V™ by projective functors of O(gl,,) (Theorem 10). Finally, we lift
all the defining relations of U(so(7,C)) to the natural isomorphisms between functors (Theorem
11).

Throughout the paper, we denote by C, N and Z the complex number field, the natural

number set and the integer number set, respectively.

2. Lie algebra s0(7,C) and the BGG category

We start by reviewing some basic results about the universal enveloping algebra of Lie algebra
s0(7,C) and the BGG category of the complex reductive Lie algebra.

As an associative algebra, the universal enveloping algebra U(so(7,C)) of the special orthog-
onal Lie algebra so(7, C) is generated by h;, e;, f; (1 < i < 3) over C which are subject to the ob-

vious relations (where [, -] denotes the usual commutator): [h;, h;] = 0, [e;, f;] = 0i i, [hi, e5] =
a; jej, [hi, f;] = —ai j fj, and the following Serre’s relations:

1—aiy 1 .

> <—1>’“< kaw>€3 i Resel =0 for i,

k=0

1=ai 1 o

S (N ) =0 o i,

k=0

where a; ; (1 <14,j < 3) are the entries of the Cartan matrix A = (a;,j)sxs of s0(7,C) given by

As a coalgebra, the comultiplication A of U(so(7,C)) is given by A(z) = 2 ® 1+ 1 ® z for
x € {hl, €, fl|Z =1,2, 3}

Let V = @®o<i<¢Cv; be a 7 dimensional vector space over C. Then V is the vector represen-
tation of U(so(7,C)) under the algebra homomorphism ¢ : U(s0(7,C)) — Endc(V) = M7«7(C)
with

t(e1) = Eo1 + Es6, t(e2) = E1a + Eys, t(e3) = 2Ez3 + Eay,

t(f1) = E10 + Ees, t(f2) = E21 + Ess, t(f3) = E32 + 2Ey3,

t(h1) = Eoo — E11 + Ess5 — Ege, t(ha) = E11 — Exp + Eyq — Ess, 1(hs) = 2(E22 — Eaa),
where E;; (0 <4,j < 6) denote the 7 x 7 elementary matrices having 1 at the (i + 1,7 + 1)-entry

and 0 elsewhere.
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For convenience, we fix some notations we will use in the sequel.

All Lie algebras and their representations are defined over C. The U(g) is the universal
enveloping algebra of a finite dimensional reductive Lie algebra g. The notation Mod-U(g)
denotes the category of all U(g)-modules. Let g = ni & h dn_ be a triangular decomposition
of gand (, ) : g x g — g the Killing form of g. Denote by W the Weyl group of g. Let R be
the set of roots of g and R the set of its positive roots. Let p be the half-sum of positive roots.
For A € h*, M(X) and L(A) denote the Verma module and irreducible module with the highest
weight A, respectively.

Now let us recall some concepts and properties of the BGG category for a reductive Lie
algebra g. The definition of the BGG category is stated as follows [8, pp. 13-14].

Definition 1 The BGG category O(g) is defined to be the full subcategory of U(g)-Mod whose
objects are the modules satisfying the following three conditions.
(1) M is a finitely generated U (g)-module.
(2) M is h-diagonalizable, that is, M is a weight module : M = @ ey~ M.
(3) M is locally U(ny )-finite: for each v € M, the subspace U(ny) - v is finite dimensional.
Denote by
©={0:ZU(g)) — C | 0 is an algebra homomorphism}

the central character set. We can naturally identify © with the quotient of the weight space h*
by the map n : h* — O with n(A)(z) = 0x(z) = A(&(2)) = A(pr(z)), where pr : U(g) — U(h) is
the projection onto the subspace by setting all other monomials equal to 0 and & is the Harish-
Chandra homomorphism, that is, £ is the map from Z(U(g)) to U(h) with £(z) = pr(z). The

above identification can be seen from the following proposition [8, p. 26].

Proposition 2 (1) Every central character 0 : Z(U(g)) — C is of the form 0 for some A € h*.
(2) For all A\, € h*, we have 0y = 0, if and only if f = w - X\ for some w € W, where
w-A=wA+p)—p.
For any 6 € O, denote by Ogy(g) the full subcategory of O(g) whose objects are the modules
M where

M ={me M|(z—0(z))" - m = 0 for some n € N for each z € Z(U(g))}.

If of is an additive category, denote by K (<) the Grothendieck group of <. Denote by [M] the
image of an object M € Ob(&/) in the Grothendieck group of «7.

The following proposition can be referred to [2,3] and [8].

Proposition 3 The BGG category O(g) has the following properties.

(1) The BGG category O(g) is both artinian and noetherian, i.e., each M € Ob(O(g)) is
both artinian and noetherian.

(2) The BGG category O(g) is the direct sum of the subcategories Ogy(g) as 0 ranges over the
central characters, i.e., each M € Ob(O(g)) decomposes into a finite sum M = GgeeoM (0), where
M(0) € Ob(Og(g)), and for 61 # 6 € ©,Hom (M7, M2) = 0 for any My € Ob(Oy, (g)), M2 €
Ob(Oy,(g))-
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(3) Fix a central charater 6 and let {V )} be a collection of modules in Op(g) indexed by
the weights A for which 6 = 6, satisfying: (i) dim VA()‘) = 1; (ii)) p < X for all weights p of
V), Then {[VN]|0 = 05} forms a Z-basis of the Grothendieck group K (QOy(g)). In particular,
{[M(N)]]|0 = 6,} and {[L(N\)]|0 = 6.} form two Z-basis of the Grothendieck group K (Ogy(g)).

Now we give a brief introduction to projective functors.

Denote by proj, the functor from O(g) to Oy(g) that, to a module M = @gco M (), associates
the f-component summand M (f) of M. Let Fy be the functor of tensoring with a finite-
dimensional g-module V. The following definition can be found in [1] (see also [2] or [8], p.214).

Definition 4 F : O(g) — O(g) is a projective functor if it is isomorphic to a direct summand

of the functor Fy for some finite dimensional module V.

Remarks (1) The functor proj, is an example of a projective functor, since it is a direct
summand of the functor of tensoring with the one-dimensional representation. We have an

isomorphism of functors

Fv= o r0jg, © Fyy o projy, ).
v 9119266(]9 Jo, vop Jeg)

(2) Any projective functor takes projective objects in O(g) to projective objects. The
composition of projective functors is again a projective functor. Each projective functor splits
as a direct sum of indecomposable projective functors.

(3) Projective functors are exact. Therefore, they induce endomorphisms of the Grothendieck

group of the category O(g).

Definition 5 A weight A € h* is called integral if (\,a") € Z for all « € R; a weight \ € h*
is called dominant if (A + p,aV) ¢ Z<° for any coroot oV of a € Ry, where (\,a") = % for
any A € b* and a € R.

The following result can be found in [2].

Proposition 6 Let A be a dominant integral weight, 8 = n(\) and F,G projective functors
from Op(g) to O(g). Then

(1) Functors F and G are isomorphic if and only if the endomorphisms of K(O(g)) induced
by F and G are equal.

(2) Functors F and G are isomorphic if and only if modules FM(X\) and GM (X) are isomor-
phic.

We are going to compute the action of projective functors on Grothendieck groups of certain
subcategories of the BGG category. By Proposition 3 (3), the simplest basis in the Grothendieck
group of O(g) is given by images of Verma modules. The following proposition shows that this

basis is also handy for writing the action of projective functors on the Grothendieck group of
O(g) (see [1,2]).

Proposition 7 Let V be a finite-dimensional g-module, p1, . .., it, a multiset of weights of V,
i.e., there is a basis v1,va, ..., Uy, of V such that the weight of the vector v; equals p;, M (X — p)
the Verma module with the highest weight A — p. Then
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(1) The module V@ M(\ — p) admits a filtration with successive quotients isomorphic to
Verma modules M (A + p1 — p), ..., M(A+ pm — p) (in some order).
(2) In the Grothendieck group K (O(g)) we have [V @ M (X — p)] = > 1" [M(X + p; — p)].

3. Categorification of the vector representation of U(so(7,C))

The purpose of this section is to obtain a categorification of the n-th tensor power V" of
the vector representation V for U(so(7,C)). We will go along the following three steps.

(1) Categorifying the underlying space of the n-th tensor power V®” of the vector represen-
tation V of U(so(7,C)) by using certain singular blocks of the BGG category O(gl,,).

(2) Yielding a categorification of the U(so(7,C)) action on V®" by projective functors of
O(gl,,).

(3) Lifting all the defining relations of U(so(7,C)) to the natural isomorphisms between
functors.

The categorifications we proceed in the above three steps are really about the image Im ¢ of
U(s0(7,C)) under the algebra homomorphism ¢ : U(s0(7,C)) — End(V®") corresponding to the
n-th tensor power of the vector representation V' of U(so(7,C)).

We fix once and for all a triangular decomposition ny @ h @ n_ of the Lie algebra gl,,. The
Weyl group of gl,, is isomorphic to the symmetric group S,,. Choose a standard orthogonal basis
€1,...,En in the Euclidean space R™ and identify the complexification CRgR™ with the dual h*
of Cartan subalgebra so that Ry = {&; —¢;|1 < i < j < n} is the set of positive roots and
Bi =¢€; —€it1,1 <i < n—1 are simple roots. The generator s; of the Weyl group W = §,, acts
on h* by permuting €; and €;41. Denote by p the half-sum of positive roots

n—1 n—3 n +1—n
E E e
5 ! 2 2 2

We denote by [0, 6] the integers 0 < k < 6. For a sequence (a1, ...,a,) € [0,6]" we denote
by M(a1,...,a,) the Verma module with the highest weight a1e1 + - - - + ane,, — p. Accordingly,

p: En.

L(ay,...,a,) denotes the simple quotient of M(aq,...,a,).
Let D be the set of all 7-tuples of natural numbers d = (do, d1, d2,ds, ds, ds, dg) such that
ZZ:O d = n. We define the following equivalent relation ~ on D:

do — dy + ds — dg = dfy — d + d5 — dg, do — dg = dly — dj,
drd & di—do+di—ds=d; —dy+dy—ds, & d—ds =dj —db,
dp — dy = dj — dj, dy — dy = dj — dj,

for any d = (do, d1,ds,ds, ds, ds,dg),d’ = (dy, dy, dy, ds, d}y, di, dg) € D. In the following [d] and
D represent the equivalent class of d and the set of all the the equivalent classes respectively.

For each d € D, set
d;

6 d
Aa =D D (6= 1)yt tdi 145

i=0 j=1

Denote by 84 = n(Aa — p) the corresponding central character of gl,, under the map 7 : h* — ©.
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We denote the category Oy, (gl,,) by Oa and set

Ogq= & Ogq, O"= @ Oy
d’e[d] [d]eD

From now on, we always view V and V®" as U(so(7,C))-modules over Z. As is known, V
has the weight space decomposition: V = @gzovk, where Vi, = Zuv, (0 < k < 6). It follows
that V" has the weight space decomposition: V" = &4 5 (V®")(q), where (V")q) is the
Z-module spanned by {vg, @ Vg, @ « -+ ® Vg, |(a1,...,ay) € [0,6]™ satisfying 3 d’ € [d] such that
f {amlam =k, 1 <m <n}=d] for 0 <k <6}

Now we are prepared to realize V®" and its weight space (V®")q) for any [d] € D as the
Grothendieck groups of the categories O™ and O|q), respectively. Indeed, we have the following
result.

Theorem 8 There exists an isomorphism of abelian groups 7, : K(O™) — V®™ given by
’Yn([M(ala s aan>]) = Vay ®Vay @+ @ Va,,

for any sequence (ay, ..., a,) € [0,6]". Moreover, the restriction of v, on K(Oq)) is an abelian
group isomorphism between K (Ojq)) and (V")q) for any [d] € D.

Proof To prove the theorem, it suffices to prove that v, : K(Oq)) — (V®")q) is an abelian
group isomorphism for any [d] € D. Indeed, the above abelian group isomorphism will be obvious
if we note the following facts.

For any [d] € D and d’ € [d], on one hand, by Proposition 2 and 3 (3) we know that the set
of all the symbols [M(aq,...,a,)| satisfying

f{am|am=k1<m<n}=d, for 0<k<6, (1)

is a Z-basis of the Grothendieck group K (Ogq/). We denote this Z-basis by Bg/. It follows that

Biq) = 4 U[d]Bd/ is a Z-basis of the Grothendieck group K (Ojq)). On the other hand, if we denote
e

by B, the set of vq, ® Vg, ® -+ ® v, such that the sequence (a1,...,a,) € [0,6]" satisfies (1),
then B[’d] = Uarc(a) By is a Z-basis of the weight space (V")q). O

To categorify the action of U(so(7,C)) on V&, we introduce a series of projective functors
of O(gl,).

Let L, be the n-dimensional fundamental representation of gl,, with weights €1,€2,...,¢en
and the corresponding weight vectors uj,us, ..., u,. Then its dual representation L}, has weights
—€1,—€9,...,—En. In the following, we define Oq4 to be the trivial subcategory of O(gl,) for
d ¢ D. For d € D let d; denote the fact that one subtracts 1 from the coefficient at place i,
and d’ the fact that one adds 1 to the coefficient at place i. Then d{ means that one subtracts
1 from the coefficient at place ¢ and adds 1 to the coefficient at place j.

For d = (do, d1,d2,ds,ds,ds,ds) € D, define

Cl(d) = do — d1 + d5 — dﬁ,
Cg(d) = dl — dz + d4 — d5,
Cg(d) = 2(d2 - d4),
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and for 1 <4 < 3, denote by sgn(c;(d)) the sign function of ¢;(d), i.e.,

1, if Cl(d) >0,
sen(e() =4 0, if e(d)=0,
-1, if Cl(d) < 0.

Then set
Hbgn(cz(d))([d]) _ (Ido[d])ﬂﬁsgn(ci(d))ci(d) . O[d] _ O[d]v

K2

where Idp, is the identity functor of Ojqj. From the definition of the equivalent relation ~ on
D it is easy to see that the functors Hs-gn(ci(d))([d]) (1 < < 3) are independent of the choice of

K3

the representative d of [d].

For d € D and the finite dimensional representation L = L, or L} of gl,,, we define the

n

following projective functor

p(d], L) = (pl"ojedj) o Fp: Oa— Oy

given by tensoring with L and then taking the largest submodule of this tensor product that lies
in Oy;. For any [M(a1,...,a,)] € Ba, by Proposition 7 we deduce

[o(dl, L)) ([M (ax, ..., an)])) = Y [M(as,.. ., Gm-1,0m + L, Gmy1, ..., an)], (2)
[o(d], LM (ay, ..., an)]) = D [M(az, .- Gm—1,Gm — L, G, -, an)]. (3)

m=1,

am =1

For any [d] € D, we set

0 * 5 *
51([d]) = d’?[d](w(dll’ Ln) S5 @(dlﬁv Ln)) : O[d] - O[((i_l]’

&(d)= @& (p(dy L) @p(dsL5): O — O

d’eld] [d2]’
2 * 3 *
83([(:1]) = d’EeB[d]((p(dlgj Ln)®2 D (p(d/4, Ln)) : O[d] - O[a_:,']v
1 6
fl([d]) = d’EGB[d](SO(d/O, Ln) D So(d/57 Ln)) : O[d] - O[d_l)]’

2 5
]:2([(:1]) = dIEEB[d]((p(dllv Ln) S (p(d/4, Ln)) : O[d] - O[d_g)]7

Flld) = & (pd3 Ln) @ o(d, L)) s O = Opgyy
where [d1] = [d}] = [dg], [d2] = [d3] = [d5], [ds] = [d3] = [di], [d1] = [dg] = [d5], [d2] = [d}] =
[d3], and [d1] = [d3] = [dg].

Now a categorification of the action of U(so(7,C)) on the n-th tensor power of its vector

representation can be obtained as follows.

Proposition 9 (1) For any 1 < i < 3 and [d] € D, the action of h; on (V®™)q) can be
categorified by the exact functor H¥"“D)([d]), which means that the following diagram is
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commutative:
K(Oy) —=— (Vo)q

[ =@y [seate@nn,
K(Oa)) = (VE) -

(2) For any 1 < i < 3 and [d] € D, the restriction of e; from (VE™)q) to (V®”)[<J] can be

categorified by the exact functor £;([d]), which means that the following diagram is commutative:
K(O@) - (Vo)
GG e

K(O 2 (V) e

[E]) (i’

(3) For any 1 <i < 3 and [d] € D, the restriction of f; from (VE™)q) to (VE )[—>] can be

categorified by the exact functor F;([d]), which means that the following diagram is commutative:

K(Og) - (VO")q

|Fq@r s
KOg) - Vg

Proof Here we only check some cases in (1) and (2). Other cases can be verified similarly.
(1) To check ~, o [H:gn(ci(d))([d])] = sgn(c;(d))h; o 7y, is equivalent to checking

o o [ ([d))]([M (ar, . . an)]) = sgnlei(d)hi 0 (M (a1, .. . an)))

for any [M(ay,...,a,)] € Bla) = Uare[a)Bar- In fact, we have
Yo 0 [HED ()] (M (an,- - a0)]) = les(d) (M (ars. .., an)])
= |CZ(d)|(va1 D Vgy @+ & Uan)
=sgn(c;(d))e;(d)(ve, ® Ve, ® -+ R g,,)
= sgn(c;(d))h; o v ([M(aq,. .., a,)]).

(2) We give the proof of the case i = 3.
To verify the commutativity of the diagram in this case, it suffices to check 7, 0[E3([d])] = ezo
Yn. Indeed, for any [d] € D and [M (ay, . .., an)] € Bla) = Ugre(q)Bar, we assume [M (ay, . .., a,)] €
By, for some dg € [d], by (17)—(20), then one has
2 . 3 o4
(Es([aD]([M (a1, ..., an)]) :[d/eg[d](@(d/?” L) @ o(d'y, Ly)([M (ar, - ., an)])
Z[((p(dog, L:L)GM @ @(doiv Ly))M(ax, ..., an)]
=[p(do3, L:)®2 M (ay, ..., a,)] + [p(dod, L:)M(ay, . . ., a,)]

= Z 2[M (a1, .. Gm—1,0m — 1,@mi1, .., an)]+

Z [M(alu' oy Om—1,0m — 17am+17"'7an)]-
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It follows that

Yn o [Es([AD]([M (a1, - .., an)]) =7n( Z 2[M (a1, .. am—1,0m — L, Qmi1, -, an)])+

3

2
3

|

w

NE

Vn( [M(a1,...,am—1,0m — L, ami1,-..,an)])

m s

4

[

am

=2 Z (val @ O Vap_y @ Vap—1 @ Vayyyy @00 ®U¢ln)+

n
m=1,
am=

m=3
Z (Ual Q- ®’Ua,m,1 ®Uam—l ®’Ullm+1 Q- ®Uan)'

Moreover, we have

(ez o yn)([M (a1, ..., an)]) =€3(vay ® -+ @ Va,, , @ Va,, ® Vamqs @0 & Va,)

Hence, the diagram is commutative. O

Theorem 10 Forany 1 <i<3and1<j <3, let

Hif= &  wEEDE).om o, Hy = e HECED(a):om - on
[d]eD, [d]eD,
sgn(c;(d)=1 or 0 sgn(e;(d))=—1
8j = ®N8J([d]) 0" —= O™, Fi = EBN]:J([d]) 0" — O™,
[d]eD [d]eD

Then we have the following results.

(1) For any 1 <i < 3, the action of h; on V™ can be categorified by a pair of exact functors
(H;,’H;), which means that the following diagram is commutative:

K" —— yen
| -pg1 |h
K(Om) o yen,

(2) For any 1 < i < 3, the action of e; on V®™ can be categorified by the exact functor &;,
which means that the following diagram is commutative:

K(O") Jdn, yen

e L

K" % yen
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(3) For any 1 < i < 3, the action of f; on V®" can be categorified by the exact functor F;,
which means that the following diagram is commutative:

|17 K
KOm) It yen,
Proof It is not difficult to check the diagrams are commutative by Proposition 9. O

Now we categorify all the defining relations of U(so(7,C)) as the natural isomorphisms be-

tween some projective functors of O(gl,,). In fact, we have the following result.

Theorem 11 (1) H o H} @ H oH; @ H o H; & H; oH = H oH; & H; oHS & H o
H @H; oH; for1<i,j<3.

(2) Eiofj®5i7jH;gfjo&@(si,j"'(;r for 1 <4,5 <3.

(3) (a) Hf o& ®EioH; 2 H; o & @& oH @EP? fori=1,2,3;

(b) Ho& @& oM, & ()% X H o, & oM for1 <i#j<3.

(4) (&) Hf o Fi @ FioH; @ FP2 = H; o F; @ FioH; fori=1,2,3;

(b) Hf o F; & FjoH; =H; o Fj @ FjoHf @ (F;)® ) for 1 <i#j<3.

1-— ;5 1— (7%}
1—a;,; 1 ok 69( k ) 1—a;,; 1 ok 69( k )
(5) Y (B o B0 B = (BT o By o Bl
k=0, k=0,
even odd
for1<i#j<3.
1-— i 1- 1,7
1—a;, ®( ]:L ! ) 1—ai; ®( ka ’ )
©) > (F'T" Yo o Bl ~ Y (F'T TN o Fyo F)
k=0, k=0,
even odd

for1<i#j<3.

Proof Note that O™ = GB[d]ef)O[d], O[d] = @dle[d]Od/, Oa = Op,(9l,,), 0a = n(Aa — p), and for
any a € Ry, (A\g — p+p,a¥) = (A\g,a") € ZZ°, this means that the weight \gq — p is integral
and dominant.

By Proposition 6 (1), to check the natural isomorphisms in Theorem 11 is equivalent to
checking the equalities among the abelian group homomorphisms [H;] and [H;] (1 < i < 3),
[€;] and [F;] (1 < j < 3) on the Grothendieck group K(O"). In the following, we will check

some cases, while the other cases can be similarly verified.

(1) By Proposition 6 (1), we only need to check that

(Mo [HF]+ [H] o [y ]+ [H]] o [H7 ]+ [H;] o [H]]
= [H] o [H7] + [Hi o [H7]+ [H]] o [H] + [H;] o [H7]. (4)

J [

Indeed, it is easy to see that h;h;vn, = hjh;vn. By Theorem 10 (1), we have

hihjyn = o (] = ;1) o (] = [M;]),

? J

hjhivn = n o ((H]] = [H7]) o ((HF] = [H7]).
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Therefore,
(M =R D) o (M1 = M5 ) = (K] = [Hy]) o ([HS] = [H;)). ()

i J j i
Immediately we get (4) by expanding (5).

(6) We only check the case i = 3,7 = 2 and the remaining cases in (6) can be verified
similarly. By Proposition 6 (1), it is equivalent to checking

[Fa] o [Fs]o[Fs] o [Fo] + 3[Fs] o [Fo] o [Fa] o [F3] = 3[F3] 0 [F3] o [Fo] o [F3] + [F2] 0 [F3] o [F3] o [F3].
By Theorem 10 (3), we have
Y 0 ([Fa] o [Fa] o [Fs] o [Fo] + 3[F5] o [F2] o [F3] o [F3])

= (f3fo+3f3f2f3) 0m = (Bfifofs+ fof3) o vm
= Yn 0 (3[F3] o [F3] o [Fa] o [F3] + [Fa2] o [F3] o [F3] o [F3]).

Hence,
Yn o ([Fs] o [Fa] o [F3] o [Fa] + 3[F3] o [F2] o [F3] o [F3])
= Y 0 (3[F3] o [F3] o [Fa] o [F3] + [Fa] o [F3] o [F3] o [F3]).

Therefore, F3 o0 F3o0Fz30F2 @ (fg oFpo0F30 .7:3)@3 = (fg oFzoFso0 .7:3)693 @ Fy o0 Fz o Fzo Fs.
The proof of the theorem is finished. O
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