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Abstract By using the moment inequality, maximal inequality and the truncated method of
random variables, we establish the strong law of large numbers of partial sums for pairwise
NQD sequences, which extends the corresponding result of pairwise NQD random variables.
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1. Introduction

Let {X,,,n > 1} be a sequence of random variables defined on a probability space (2, F, P).
Lehmann [1] introduced the concept of negatively quadrant dependent (NQD) sequences.

Definition 1.1 Two random variables X and Y are said to be NQD if for all real numbers x

and vy,
PX <z,Y <y <PX <z)PY <vy).

A sequence of random variables {X,,,n > 1} is said to be pairwise NQD if X; and X; are
NQD for any 4, j € N* and i # j.

Many known types of negative dependence such as negatively associated (NA) and nega-
tively orthant dependence (NOD) etc. have developed on the notion of pairwise NQD. Joag-Dev
and Proschan [2] pointed out that an NA sequence is NOD, and gave an example that is NOD
but not NA. In particular, among them the negatively associated (NA) class is the most impor-
tant and special case of pairwise NQD class and has wide applications in reliability theory and
multivariate statistical analysis. Wang et al. [3] gave an example that is pairwise NQD but not
NA. In addition, it is easily seen that an NOD sequence is pairwise NQD from the concept of
NOD (see [3]), but the reverse is invalid (the counter-example refers to [3]). Thus, pairwise NQD
sequences are sequences of wider scope which are weaker than NA and NOD sequences. So it

is significant to study probabilistic properties of this wider pairwise NQD class. So far, many
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limiting properties on pairwise NQD sequences have been discussed, for instance, Matula [4] ob-
tained the Kolmogorov strong law of large numbers for pairwise NQD random variable sequences
with the same distribution. Wang et al. [5] obtained the Marcinkiewicz weak law of large num-
bers with the same distribution. Wang et al. [3] obtained the strong stability for Jamison type
weighted product sums and the Marcinkiewicz strong law of large numbers for product sums of
pairwise NQD sequences. Wu [6] gave Kolmogorov-type inequality and the three series theorem
of pairwise NQD sequences and proved the Marcinkiewicz strong law of large numbers. Chen [7]
generalized the results of Matula [4] to the case of nonidentical distributions under some mild
condition. Wan [8] obtained law of large numbers and complete convergence for pairwise NQD
sequences. Gan et al. [9] obtained the strong stability for pairwise NQD sequences. Zhao [10]
obtained the almost surely convergence properties and growth rate for partial sums of a class of
random variable sequences under moment condition. In addition, Wu [11] obtained the strong
convergence rate of p mixing sequence based on moment inequality and the truncation method
of random variables, and so forth.

Inspired by the papers above, we study the strong law of large numbers for pairwise NQD
by using the truncation method below, which extends the corresponding result of pairwise NQD
random variables.

Put

k#‘»l ﬁ k}"rl k+1 k#‘»l

(k) 27 27 , 2 27 27
= )+ Xl (| Xi]" < + (X > ——),
?) (1] (k—l—l)“) (k+1)r ( (k—i—l)?)

X, =——FIXi< —=
(k+1)r (k+1)
where I(A) denotes the indicator function of the event A. Denote S, = Y. | X;, S =
sox®,
The symbols C, C1, Cs, ... stand for generic positive constants not depending on n. «, u

and r are positive numbers not depending on n and log x represents log,(max(x,e)).

Lemma 1.1 ([1]) Let random variables X and Y be NQD. Then

(i) EXY < EXEY;

(ii) P(X >xz,Y >y) < P(X >2)P(Y >y), Vx,y € R;

(iii) If f and g are both nondecreasing (or nonincreasing) functions, then f(X) and g(Y)
are NQD.

Lemma 1.2 ([6]) Let {X,,n > 1} be a pairwise NQD sequence with EX,, =0 and EX2 < co
for all n > 1. Denote T;(k) = Zi;rjkﬂ Xi, j > 0. Then
j+k
E(Tj(k))* < Y EX}
i=j+1

and
j+n
E( max (Tj(k))z) <Clog’n 3 EX?. (1)

1<k<n =
i=j+1

Lemma 1.3 ([12]) Let {X,,n > 1} be an arbitrary random variable sequence. If there exists
some random variable X such that P(|X,| > z) < CP(|X| > z) for any x > 0 and n > 1, then
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for any 8 >0 and t > 0,
BIXa’1(|Xa| < t) < C(EIXIPI(1X] < t) + °P(|X| > 1)) (2)

and
E|X,PI1(|X,| > t) < CE|IX|PI(|1X]| > t). (3)

2. Main result and its proof

Theorem 2.1 Let {X,,n > 1} be a pairwise NQD sequence with EX,, = 0 for all n > 1.

Suppose that there exists a random variable X such that for any x > 0 and n > 1,
P(|Xn| 2 2) < CP(IX| > ). (4)

If there exist constants 1 < r < 2 and « > r + 1 such that

E(|X|"log™ | X][) < oo, (5)
then
lim n=Y"S, =0, a.s. (6)

Proof For any integer n, there exists some integer k = k(n) such that 2¥ < n < 2¥+! hence

n~ 7S, < max  (27%/7|S,|). It suffices to show that
2k <n<2k+1

max 2778, -0, as., k— oo. (7)
2k <n<2k+1

Take r < p < r+ 1 and for any € > 0, denote

k+1 k+1

Ak = ﬂj:1 (|X1|T < 2k+1/(k + 1)#)7 z — Uj:1 (|Xl|r > 2k+1/(k + 1)#),

Ek:( |5|>2k/r)

2k <n<2k+1

It is clear to check that
k+1

Ey = E AL + ERAj C ( mnax |S’(‘k)| - 2’6/%) U (Uj:1

2k <n<2k+1

(1] > 251/ (k + 1))

Hence

>op(,, max [Sa|>2"e )
2k<n<2k+1

k=1
< ZP(U x> k:+1 )+ZP(2IC£§:§M 15| > 2’@/%) =0+ I

If we can obtain that I; < oo and Iz < 0o, by Borel-Cantelli Lemma, (7) holds.
Firstly, we will check I < co. By (4), (5) and 1 <r < p < «, it follows that

oo 2kt1 00 k41

B 3 P( > ) X2 (T > )

k=1 =1
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0o oo 27 2J+ 27+l
<01 S 25T P(E < X < — 2HHp XI"< =
12_: Z (J“ X1 (J+)) ;; ( S (J+1)“)
j+1
=4C 2P < |X|" < ———
1; ( XTI < ('+1)#)
c i i 2j( ) ) E(I(2j X| 93+1 ))
<Ch+ —(j — plogj)” — < XI"< =
=T g G+
L log i\
(where jo satisfies that for j > jo, (j—,ulogj)o‘>0and1<7(j ,uluogj) )
J
2J+1
<C C E|X]|"1 XI—< X'< ——
>+ Z (g i < < 2}
<Cy + C3E(|X[" log” | X[) < oo, ®

Next, we will check I < co. By EX; =0, (3)-(5), Lemma 3 and taking & sufficiently large
such that (k+ 1 — plog(k + 1)) > 0, one has

(k)
2 B NESHT] e px )
ok/r — i=1 2k/r
ok+1 ok+1 9(k+1)/r o(k+1)/r
s (= 250 )
= Do EXOX > Gron) T ar e P\ e

ok+1 ok-+1 o(k+1)/r o(k+1)/r
< C27Mr {EXI X[ P(X 7)}

k/ ok+1 2/€+1

< - T T

<2027Mr S BIX|I(X] > e
2 (k + P DT E( X log® |X])

<C
= TR D/ () 1 — plog(k + 1) = ° ke utu/r

— 0 as k — oo.

Hence 27%/" maxor <, cor+1 |ES,(lk)| < /2 for k sufficiently large. Thus,
o (k) _ (k) k/r
L<Co+d P(MIE%H 15U — pg®)| > 2 5/2). 9)

Since Xl-(k) - EXZ-(k) is a nondecreasing function, we have by applying Lemma 1.1(iii) that {Xi(k) -
EXZ-(k), 1 < i < n} is still a pairwise NQD sequence with mean zero. Hence by (9), Markov’s
inequality, (1), (2) and C, inequality, it follows that

I, <Cs + i 272k/TE( max |S’,(lk) - ESflk)|2)

1 2k <np<2k+1
o 2k /r (B (2
gcﬁ+;2 E(lg?2§+l|Z(Xi BX)2)

gk+1

(log 2*+1) (k)2
<CG+Z S {Z Elx® - Ex(MP?}
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ok+1 ok-+1 92(k+1) /7 k+1

2
<06+C7Z 2%/ Z{ (X Il < (k+1)“)) - (k+1)2“/TP(|Xi|T g (k+1)“)}

2’““{E(X2I(|X|T < ﬂ))+

<
_06+C7Z T

22k /T

oo k2 92(k+1)/r 9k+1
C 2k+1 P(lX|" s
! ; 22k/r " (k4 1)2m/r (x> (k + 1)#)}
=:Cs + C7Iz1 + Crlas. (10)

2

For I, it is clear to check the fact that > ¢ <C 2’?—; for any m > 1 and 6 > 0. Without

n=m 2(571 =
loss of generality, we assume % ﬁ, m>1and A, = {2 < |X|" < }. Noting

that 1 <r <2, r<p<r+1,a>r+1and E(|X| log™|X|) < oo, one has

27n+1
—= m+1)l‘

Zk?zk“** (EX?I(|X|" <2) Z EX?I(

=Cs + Z Z K22M S EX2I(Ay)

m=1 k=m

|27’I"

= _om X
<Cs+ Cy m?2m SR | X" log™ |X| - —5=1(Am)
le ( foge 5] L(Am)
am ¢ 2L\ S 1
< 2 m— = r a
<Cs + Cho Z m22 ((m - 1)M) s %)QE|X| log® | X|I(Am)

<Cs+Cn Z M2t F e BIX " log® | X|T(Am).

m=1

Since o > r, we can take p such that a > 2 + u — 2£. Thereby,
Iy < Cg+011E(|X|T10ga |X|) < 0. (11)

For Ing, by p<r+1< 2 -, it follows that 2+ —2u/r > —1. Consequently, by o > 741,

we have
5 ft 1 9k+1 ot ok+1
-k u—f r r
foz <C;k B ;k B(IXI1(xr > (k+ 1)u))
=C12 Y KU N B(IX[ I(Api1)) = Cr2 Y B(IX[ (A1) D KT
k=1 m=k m=1 k=1
<Ci3 Y m*HEVE(IX [ T(Ams1)) < Cis Y m E(IX] I (Ang))
m=1 m=1
0 mrJrl
<Cus +Ci5 Z E(1X[ log® | X|I(Am+1))

o T T g D)
<Cu+Ci5 Y B(X[ log® | XI(Ans1))
m=1

<Ciy + Ci5 BE(] X" log™ [ X]) < oo. (12)
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By (10)—(12), we have that Is < co. Combining (8) with (7), we get (6). The proof of the desired

result is completed. [

Remark In the process of proving Is < oo, we refer to the method on the proof of Theorem
5.4.2 in [12], but the choices of truncation random variables {Xi(k),l < i < n} and the specific

parameter p are different.
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