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Abstract In this paper, we show that if Vj is a 1-Lipschitz mapping between unit spheres of
Lp(p, H) and Lp(v, H)(p > 2, H is a Hilbert space), and —Vo(S(Lp(p, H))) C Vo(S(Lp(p, H))),
then Vp can be extended to a linear isometry defined on the whole space. If 1 < p < 2 and V
is an “anti-1-Lipschitz” mapping, then V{ can also be linearly and isometrically extended.
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1. Introduction

Tingley posed the problem of extending an isometry between unit spheres in [1] as follows:
Let E and F be two real Banach spaces. If V} is a surjective isometry between the two unit spheres
S(F) and S(F), does Vp have an isometric affine extension? It will be very difficult to answer this
question, even in a two-dimensional case. In [1], Tingley showed that isometries between the unit
spheres of finite dimensional Banach spaces necessarily map antipodal points to antipodal points.
Professor Guanggui Ding and his students kept on working on this topic and have obtained many
important results [2]. For example, Ding and some people have obtained an affirmative answer to
Tingley’s problem for the classical Banach spaces, e. g., I?(T')(1 < p < 00), LP(u) and generally,
for the ALP-space (1 < p < c0) (see [3-7]). In [8-10], the authors discussed the Tingley’s problem
on spaces of different types and obtained an affirmative answer.

Subsequently, Ding and some people also considered “into” mappings between two Banach
spaces of different types (for example, from S(I(T")) or S(L°°(T")) into S(E) for a normed space E)
in the context of Tingley’s isometric extension problem, and they obtained some useful results in
[11,12]. In [13], Ding first obtained an affirmative answer for 1-Lipshchtz mapping between two
unit spheres of Hilbert space. Yang [14] also obtained the affirmative answer to the above problem
for some vector-valued space LP(H) (where H is a Hilbert space, 1 < p # 2). Recently, Ding [2]

studied the linearly isometric extension problem for 1-Lipschitz (respectively, “anti-1-Lipschtz”)
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mappings between unit spheres of ALP-spaces with p > 2 (respectively, 1 < p < 2). (We recall
that T is called “1-Lipschitz” (respectively, “anti-1-Lipschitz”), which satisfies | T(z) — T'(y)|| <
|z —y|| (respectively, | T(xz)—T(y)|| > ||l —yl|)). He obtained that if V; is a 1-Lipschitz mapping
between unit spheres of two ALP-spaces with p > 2 and —V;(S(LP)) C Vo(S(LP)), then Vp
can be extended to a linear isometry defined on the whole space. If 1 < p < 2 and V; is an
“anti-1-Lipschitz” mapping, then V| can also be linearly and isometrically extended.

In this paper, we shall combine the above problem with the linearity problem for Lipschitz
mappings to study the linearly isometric extension problem for (respectively, “anti-Lipschitz”)
mapping between unit spheres of vector-valued space ALP(H) (where H is a Hilbert space), we

generalize the corresponding main results of [2] and [14].

2. Some lemmas

Throughout this paper, we always assume that 1 < p # 2, S(E) = {z € E : ||z| = 1},
supp(f) = {t : f(t) # 0}. We mainly concern function spaces AL,(Q, %, u, H), where H is
a Hilbert space. For convenience we denote by L,(u, H) the space of all (equivalent class of)
H-valued Bochner integrable function f defined on Q with [, || f(¢)[|?dp < co. The norm | - ||,
is defined by

1
11, = ([ N @1an)" £ € Ly ).
We first introduce a famous conclusion as follows.
Lemma 1 ([2]) Let E and F be two normed spaces and E be strictly convex, and V; be a

1-Lipshitz mapping from the unit sphere S(E) into S(F). If =Vu(S(E)) C Vo(S(E)), then Vj is
one-to-one and Vy(—zx) = =Vo(z), ¥V z € S(E).

Lemma 2 ([14]) Let f,g € S(Ly(u, H)). Then |\ + gll2 + I/ — gllz = 2011 + lgllz) if and
only if p[supp f Nsuppg] = 0.

Lemma 3 Let Vj be a 1-Lipshitz mapping from the unit sphere S(Ly(u, H)) into S(L,(v, H))
with —Vo(S(Lp(u, H))) C Vo(S(Lyp(p, H)))(p > 2). Then p[supp fNsupp g] = 0 implies v[supp Vo(f)
Nsupp Vo(g)] = 0.

Proof From the hypotheses, by Lemma 1, we first obtain
VO(_f) = _Vo(f)v v f € S(LP(,uvH))

Thus
Vo(f) £ Vo(@)llp = [Vo(f) = Vo(F9)llp < If £ 9llp, V.9 € S(Lp(p, H)).

Suppose that u[suppf Nsuppg] = 0. By Lemma 2 we have

I+ gl +11f = glly = 2017115 + lgll) = 4,

hence

Vo () + Vo)l + IVo(f) = Vo)l < I1f +gllp + IIf = glly = 20V (HIE + Vo(@)3)-
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That is,
/S[(Hvo(f)(s)+V0(g)(s)|\p+||V0(f)(s)—Vo(g)(s)||P)—2(|\V0(f)(s)|\p+||V0(g)(s)||P)]du <0. (1)

By the convexity of u?/?(p > 2), that is
2 b 2 p bl
(|a|+|| < lal? + 18
2 2
and the characterization of inner product space, we have

IVo(f) + Vo (@)l + Vo (f) = Vola)l}

- /5 (Vo (1)(s) + Vo@) )P + IVo(£)(5) — Volg)(s)[P)dw

)p/2

> 2772 [ (1)) + Vo) o) + V() = Vola)(9)]*) 2aw

=2 [ (VPGP + [1Val)(s) P2
s
Moreover, by the convexity of u?/? that
(laf* + BI*)P/2 > |a|” + [b?,
we device
IVo(f) + Vo(@)lIh + [[Vo(f) = Vo(a)llp > 2/5(||V0(f)(5)||p + [[Vo(g)(s)[IP)dv.

Combining this with (2.1), we get

/S[(IVo(f)(S) +Vo(@)&NI” + Vo (f)(s) = Volg) () I”) = 2(IVo(F) ()17 + [[Volg) (s)[[7)]dv = 0.

In view of Lemma 2, we obtain v[supp Vo (f) Nsupp Vo(g)] = 0, and complete this proof. O
Lemma 2.4 in [2] is a key lemma. We find this lemma also holds for ALP(u, H). Hence, we

have the following lemma.

Lemma 4 Let Vy be a 1-Lipshitz mapping from the unit sphere S(Lp(p, H)) into S(Ly(v, H))
with —Vo(S(Lp(p, H))) C Vo(S(Lp(u, H)))(p > 2). For every disjoint f1 and fo in S(L,(p, H))
and §1,& € R with [&1|P+[&[P = 1, if we have Vo(f) = &Vo(f1) +&Vo(f2), then f = & fi+& fo.

Proof By Lemma 2 and Lemma 3, the proof is similar to that of Lemma 2.4 in [2].

Lemma 5 In the assumptions of Lemma 4, if for every mutual disjoint element f1, fa,..., fn in
S(LP(NH H)) and 517527 .. '7571 € R with ZZ:l |€]€|p = 17 Satleylng ‘/O(f) = 51‘/0(.][1) +§2V0(f2)+
o+ & Vo(fn), then f =& f1+&fa+ -+ &ufn

Proof We prove the above conclusion by induction. Indeed, for n = 2 the above conclusion
holds because of Lemma 4. Suppose that the result holds for n < m — 1. Since

Vi — &V 4 (14 |& PP Sk

gék o(fr) = &Vo(f1) + L+ &) /P> ERDEE

k=2

Vo(fx)
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we have
v - — eV 1 pl/pV .
o(l;&cfk) GVo(f1) + (1 +[&] 0(; 1+|§1|p /pf)
=G+ a+an™ 3 ¢ el

Zﬁkvo Ir)-
k=1

3. Main results

Theorem 1 Let Vi be a 1-Lipshitz mapping from the unit sphere S(L, (1, H)) into S(L,(v, H))
with —Vo(S(Ly(p, H))) C Vo(S(Lp(u, H)))(p > 2). Then Vi can be extended to a (real) linear
isometry on the whole space L,(u, H).

Proof By Lemma 5, we find that for every finite family of mutually disjoint measurable subsets
{A1,As, ..., Ap} of T with 0 < pAg < co(1 < k < n), for every family of numbers {1, &2, ..., &}
in R with }_7_, |&[P =1, and for every family of elements {z1,z2,...,2z,} in S(H),

V()(ka kaA’i/p) Zﬁkvo IkXAi/p)

That is, V is linear on the subset of all simple functions of unit sphere S(L,(u, H)).
We define in a similar fashion a mapping on the subspace X which consists of all simple

functions of L,(u, H) as follows:

V1(Z/\k IkXA;;/p) Z)\kVO IkXA;i/p)

where 1, z9,..., 2, € S(H), f=>"1_, k% € X(C Lp(u, H)), and {A1, Ao, ..., Ay} are
mutually disjoint non-zero measurable subsets of T' having a finite measure for each 1 < k <

n(n € N).

By Lemma 3, we have
n T
VA= 3 Il = 171, ¥f = ZM A €
k=1

That is, we have obtained a linear isometry on the subspace X of L,(u, H). Recall that f lies
in L,(u, H), then p{t € T : || f(t)|| > A} < oo for every A > 0. Hence X is dense in the space
L,(p, H). Moreover, since V; is isometric on X, and since L,(p, H) and L, (v, H) are complete,
we can conclude that V4 has a unique linear isometric extension V on L, (u, H). Thus, V is the
desired extension of Vj, and this completes the proof. [

By a similar argument, we can also obtain the following theorem.

Theorem 2 Let V; be an “anti-1-Lipschitz” mapping from the unit sphere S(L,(u, H)) into
the unit sphere S(L,(v,H)), 1 < p < 2. Then Vj can be extended to a (real) linear isometry on
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the whole space L,(u, H).

Remark (i) In Theorem 2, we do not need the assumption
—Vo(S(Lp(p, H))) € Vo(S(Lp(p, H))).
In fact, from the following inequalities

22> |Vo(f) =Vo(=DHll > IIf = (=Hll =2lIfl =2,
we have

Vo () = Vo(=DHIl = Vo (DIl + I = Vo(=H)Il-

Since H is a strictly convex space, and by [15], L,(u, H) is also a strictly convex space, we know

that Vo(=f) = =Vo(f)-
(ii) Since L, (v, H) is strictly convex, if Vj is isometric, we may obtain that —Vo (S (L, (1, H))) C
Vo(S(Lp(p, H))). Thus we generalize the main result Theorem 2.4 in [14].
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