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Abstract In this paper, the product and commutativity of slant Toeplitz operators are dis-
cussed. We show that the product of ki*-order slant Toeplitz operators and ki*-order slant
Toeplitz operators must be a (klkg)th—order slant Toeplitz operator except for zero operators,
and the commutativity and essential commutativity of two slant Toeplitz operators with different
orders are the same.

Keywords Toeplitz operator; slant Toeplitz operator; product; commutativity.

MR(2010) Subject Classification 47B35

1. Preliminaries

In the year 1995, Ho [1] introduced one class of operators, which have the property that the
matrices of such operators with respect to the standard orthonormal basis could be obtained from
those of Toeplitz operators just by eliminating every other row. Such operators were termed as
slant Toeplitz operators [1].

In the past few years, slant Toeplitz operators have appeared in connection with many appli-
cations where they go under other names. Villemoes associated the Besov regularity of solutions
of the refinement equation with the spectral radii of an associated slant Toeplitz operator [11]
and Goodman, Micchelli and Ward [12] showed the connection between the spectral radii and
conditions for the solutions of certain differential equations being in Lipschitz classes.

Ever since the introduction of the class of slant Toeplitz operators, Ho and many other
researchers began a systematic study of such operators and their various generalizations [1-10].

Throughout this paper, let k, k1 and k2 be integers and min{k, k1,k2} > 2. Let p(z) =
o2 aiz' be a bounded measurable function on the unit circle T, where a; = (p, 2%) is the "
Fourier coefficient of ¢ and {2" : i € Z} is the standard orthonormal basis of L?(T), Z being the
set of integers. The k**-order slant Toeplitz operator Ug with symbol ¢ in L*°(T) is defined on
L?(T) as follows

oo
U:;(Zl) = Z i7"

1=—00

It is proved in [1] and [5] that U¥ = W}, M., where M, is the multiplication operator on L?(T
@ ® ®
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induced by ¢ and W}, is a bounded operator on L?(T) defined as
. Zi/kif i is divisible by k,
Wi(=) = | '

0, otherwise.
Some properties for the product of two k-order slant Toeplitz operators were investigated in [5]
and [10]. Motivated by these, we have proved some properties for the product of slant Toeplitz

operators.

2. Product and commutativity of slant Toepltiz operators

In this section, the following problems are examined:
(1) What is the product of slant Toeplitz operators?
(2) When do slant Toeplitz operators with different orders commute?

Now we begin with the following Proposition.

Proposition 2.1 Let ¢,¢ € L>°(T). Then the following statements hold:
(1) Wiy Wiy = Wi,y
kigrks _ prkik
(2) U, Uz = thz,fz)w.
Proof (1) By the properties of Wy, and W}, we get that for any integer n,
W];ﬁlk2zn — Z]illkzn7
(Wie, Wie)"2" = Wi, (W7, %) = Wy, (57) = 2haken,
This implies that for any integer n,
ngkgzn = (Wkl WkZ)*Zn'

Thus we get that Wy, = (Wg, Wi,)*, since {z" : i € Z} is the standard orthonormal basis of
L3(T). So the required result holds.
(2) By the properties of UZZ and Wy, we get that

Ut UL = Wi, My Wi, My = Wi, Wiy My o

Since Wkl Wk2 = Wk1k2; we can get that U’L]Zl U£2 = U,zzfgz)@ D

Lemma 2.1 Let o =Y ,° a3z’ € L>(T). Then U£ is a zero operator if and only if ¢ = 0.

Proof Suppose that Ujj is a zero operator. Then for all 4, j in Z, we get that

o0
(UL, 27) = (Y amiz',27) = ap;— = 0.

l=—o0

Thus a; = 0 for all [ in Z, that is, ¢ = 0. The converse is obvious. [

Theorem 2.1 Let () =Y > __ a;z' € L(T) and let m be an integer withm > 2 and m # k.
Then UZZ is an mt-order slant Toeplitz operator if and only if ¢ = 0.

Proof Suppose that US is an m!"-order slant Toeplitz operator. Then for all i, j in Z, we get
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that (UFzf, 27) = (Ukz"tmk 20%k) that is,

o0 o0

( Z ap—iz', 27y = ( Z ai—i—mpz' 297F).

l=—00 l=—o00
Therefore agj—; = ag(j4r)—i—mk for any integer i and j. From this we get that ap = ajpjx—m|,
a1 = Qiklk—m|+1> 42 = Qlklk—m|+25 - - - » Ck|k—m|—1 = Qlk|k—m|+k|k—m|—1- Since aj — 0 as [ — oo,
we get that ajyjg—m|+; — 0 as | — oo for each i = 0,1,...,klk —m|—1. Thusap =a; =--- =
agjk—m|-1 = 0. Hence a; = 0 for all integers [, which means that ¢ = 0. It is clear that the
converse is true. [J

Now we are in a position to state the properties for the product of slant Toeplitz operators.

Theorem 2.2 Let ¢, € L>°(T). Then Uqulng is a kt"-order slant Toeplitz operator if and
only if one of the following statements holds:

(1) k = kiks;

(2) Y(z")p =0, if k # kika.

Proof By Proposition 2.1 we get that UZZIUSZ = Uitfiz)w. Then by the definition of UZZ and

Theorem 2.1 we get the required results. [J
Remark 2.1 From Theorem 2.2, it is obvious that the product of two k*"-order slant Toeplitz
operators cannot be a k"-order slant Toeplitz operator and k**-order slant Toeplitz operators

cannot be idempotent except for the zero operator [5, Theorem 2 and Corollary 3].

Remark 2.2 By the properties of W and Ufj, one can repeat the proof above and arrive at the
conclusions analogous to those in Theorem 2.2 for the finite product of slant Toeplitz operators.

Recall that two operators A and B essentially commute if AB — BA is compact; an operator
A is said to be hyponormal and normal if its self-commutator [A*, A] := A*A — AA* > 0 and
[A*, A] = 0, respectively.

Theorem 2.3 Let ¢,v¢ € L*°(T). The following statements are equivalent:
(1) UleS2 is compact;
(2) Uleg2 is hyponormal;
(3) USULe is normal;
(4) USUE = 0;

(5) ¥(z*)p=0.
Proof By Proposition 2.1 we get that Uqulng = Uﬂf'fzw' Then by Theorems 5, 9 ([5]) and
Lemma 2.1 we can obtain that (1), (2), (4) and (5) are equivalent.

Now we start to show that (3) and (5) are equivalent. Suppose that U{Z1 Uk = Uﬁfﬁz)@ is
normal. Since (2) and (5) are equivalent and the normal operator is hyponormal, we can get

that ¥(2%2)p = 0. The converse is clear. Hence (3) and (5) are equivalent. [J

Remark 2.3 One can obtain the conclusions analogous to those in Theorem 2.3 for the finite

product of slant Toeplitz operators.
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Theorem 2.4 Let ¢,v € L>°(T). The following statements are equivalent:
(1) U1121 and U%? essentially commute;
(2) Uzl and UZZQ commute;
(3) ¥(z")p —vp(F1) = 0.

Proof By Proposition 2.1 we get that UZZIUZZQ = Uﬂffw and U£2 Uzl = Uj;;kékl), so by the

properties of UZZ we have

kigrks _ prkayrkr _ prkike _ Jrkike — [rk1k2
Uw Ug? U@QUw _Uw(z@)sa Uwsa(zkl)_Uw(sz)w—ww(zkl)'

Then by Theorem 9 ([5]) and Lemma 2.1 we obtain that Uﬂf’g)s&—wsa(zkl) is compact if and only
if Uztf’i)«p—w«p(zkl) = 0 if and only if 1(2*2)p — ¥p(z*1) = 0. Thus the required results hold. [J

Proposition 2.2 Let ¢ € L>°(T) and ¥(z) = 2™, where m is a nonnegative integer. Then

(") (2) = @(2)p(2*2)

if and only if one of the following statements holds:
(1) If m =0, ¢ is a constant;
(2) If m > 1 and (ko — 1)m is not divisible by k1 — 1, ¢ = 0;

(ko —1)m

3) If m > 1 and (ko — 1)m is divisible by k1 — 1, ¢ = Cz *1-1 | where C is a constant.
( )4 @

Proof Suppose that ¢(z*1)(z) = p(2)y(2*2). Since m is a nonnegative integer, we continue
the proof in two cases: m =0 and m > 1.

If m = 0, since @(2" ) (2) = p(2)Y(2*2) and ¥ (z) = 2™, we have that p(z"1) = ¢(z). Then
by Lemma 2.9 ([10]) we get that ¢ is a constant.

Ifm>1,let p(2) = > 07 ap2P. Since o(ZF)(2) = @(2)¥(2*2) and ¥(2) = 2™, we have

that
oo oo
5 (k2=1)m Z apZ:D: Z apzklp_

p=—00 p=—00

Let (k2 — 1)m = kymq + 1, where m; and r; are nonnegative integers with 0 < ry < k; — 1.
Then

oo ki—1 oo 0o
k kip+i __ k
§ Ayp—ri 2P + E § Aoy pti—r 2 P70 = E Aptm 2P
p=—00 1=1 p=—0o0 p=—00

S0 G pti—r, = 0 for any integer p and any integer ¢ with 1 < ¢ < ki — 1, and ar,p—r, = Gp+m,

for any integer p. Therefore for any integer p, we have
a —ry = A, ko —
biprs = Oyt g

ritma

for any nonnegative integer n. Here are two cases: -1

is an integer and T—ﬁl is not an
1
integer.
If T}J—I”f is not an integer, that is, (k2 — 1)m is not divisible by k1 — 1, then for any positive
integer r and any integer p,

o0

ks
(- D)axp-raP) = 3 Iy, rpmyy gpopn P < 3 lapl” < oo,
n=0 1—- 1—-

p=—00
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which implies that ag,p—r, = 0 for any integer p. So ¢(z) = 0.

If ™1 i an integer, that is, (ka — 1)m is divisible by k; — 1, then for any positive integer
k1—1
r and any integer p with p # T};—_mll,
kA o0
2 2 2
ot Dllairp-nl®) = 2 g spoo e < 2 lapl® < o0,
n= —_—

(ko —1)m
which implies that ag,p—r, = 0 for any integer p with p # % So p(z) = Cz e , where

C= A (kg—1)m -«
ky—1

Now we start to show the other direction. If (1) and (2) hold, then it is obvious that
ki(kg—1)m (k1ko—1)m
0(zF)(2) = p(2)h(2F2). If (3) holds, then p(z*1)(z) = Cz RS M=z R and
(

k1ko—1)m

z
o(2)Y(2F2) = Oz ’“1*11 ZPm — 0y RT Hence (2" )P (z) = p(2)y(27). O

Remark 2.4 If p(2F)y(2) = o(2)1(2"2), then p(z*)1)(z) = @(2)1(2*2). Therefore, one can
repeat the proof above and get the same conclusions as Proposition 2.2 for any negative integer

m.
From the preceding analysis it is obvious that the following theorem holds.

Theorem 2.5 Let ¢ € L*(T) and ¢(z) = 2™, where m is an integer. Then the following
statements are equivalent:

(1) Uzl and UZZQ essentially commute;

(2) Uzl and U%> commute;

(3) (") — (k) = 0;
(4) if (ke — 1)m is not divisible by k1 — 1, ¢ =0,

(ko —1)m

if (ko — 1)m is divisible by k1 — 1, ¢ = Cz %11 | where C is a constant.
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