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Abstract In this paper, we consider the following multi-point boundary value problem of

fractional differential equation

D
α
0+u(t) = f(t, u(t), D

α−1

0+ u(t),Dα−2

0+ u(t), Dα−3

0+ u(t)), t ∈ (0, 1),

I
4−α
0+ u(0) = 0, D

α−1

0+ u(0) =

m
∑

i=1

αiD
α−1

0+ u(ξi),

D
α−2

0+ u(1) =

n
∑

j=1

βjD
α−2

0+ u(ηj), D
α−3

0+ u(1) − D
α−3

0+ u(0) = D
α−2

0+ u(
1

2
),

where 3 < α ≤ 4 is a real number. By applying Mawhin coincidence degree theory and

constructing suitable operators, some existence results of solutions can be established.

Keywords fractional differential equation; multi-point boundary value problem; coincidence

degree.
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1. Introduction

Recently, fractional differential equations have been of great interest due to the intensive

development of the theory of fractional calculus itself as well as its applications. The fractional

calculus has been applied to numerous and widespread fields of science and engineering, such

as rheology, fluid flows, electrical networks, viscoelasticity, chemical physics, etc. It is really a

useful tool for solving differential and integral equations and various other problems involving

special functions. For details, see [1–11, 17–20] and the references therein.

There are some papers dealing with the solvability of fractional boundary value problems

recently. In [5], Bai investigated the nonlinear nonlocal problem

Dα
0+u(t) = f(t, u(t)), t ∈ (0, 1),

u(0) = 0, βu(η) = u(1),
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where 1 < α ≤ 2, 0 < βηα−1 < 1.

In [11], Jiang studied the following boundary value problem

Dα
0+u(t) = f(t, u(t), Dα−1

0+ u(t)), t ∈ (0, 1),

u(0) = 0, Dα−1
0+ u(0) =

m
∑

i=1

aiD
α−1
0+ u(ξi), Dα−2

0+ u(1) =

n
∑

j=1

bjD
α−2
0+ u(ηj),

where 2 < α ≤ 3, 0 < ξ1 < ξ2 < · · · < ξm < 1, 0 < η1 < η2 < · · · < ηn < 1,
∑m

i=1 ai = 1,
∑n

j=1 bj = 1,
∑n

j=1 bjηj = 1, f : [0, 1] × R × R → R satisfies the Caratheodory condition.

However, no contributions exist, as far as we know, concerning the solvability of the following

fractional boundary value problem with 3 < α ≤ 4. Motivated by the above works and recent

studies on fractional differential equations, we fill the gap.

Dα
0+u(t) = f(t, u(t), Dα−1

0+ u(t), Dα−2
0+ u(t), Dα−3

0+ u(t)), t ∈ (0, 1), (1)

I4−α
0+ u(0) = 0, Dα−1

0+ u(0) =

m
∑

i=1

αiD
α−1
0+ u(ξi),

Dα−2
0+ u(1) =

n
∑

j=1

βjD
α−2
0+ u(ηj), Dα−3

0+ u(1) − Dα−3
0+ u(0) = Dα−2

0+ u(
1

2
), (2)

where 3 < α ≤ 4 is a real number, 0 < ξ1 < ξ2 < · · · < ξm < 1, 0 < η1 < η2 < · · · < ηn < 1,
∑m

i=1 αi = 1,
∑n

j=1 βj = 1,
∑n

j=1 βjηj = 1, f : [0, 1] × R4 → R satisfies the Caratheodory

condition. Dα
0+ and Iα

0+ are the standard Riemann-Liouville fractional differential and integral,

respectively.

When α = 4, problem (1), (2) is reduced to four-order multi-point boundary value problem,

which has been studied by many authors [12–16].

The purpose of this paper is to study the existence of solutions for boundary value problem

(1), (2). Our method is based upon Mawhin coincidence degree theory [4].

The outline of the paper is as follows: in Section 2, we give some preliminaries, in Section

3, the existence of solutions for problem (1), (2) are presented. And at the end of this paper, we

give an example to illustrate our main result.

Now, we briefly recall some notations and an abstract existence result.

Let Y, Z be real Banach spaces, L : dom(L) ⊂ Y → Z be a Fredholm map of index zero and

P : Y → Y, Q : Z → Z be continuous projectors such that Im(P ) = Ker(L), Ker(Q) = Im(L) and

Y = Ker(L)⊕Ker(P ), Z = Im(L)⊕ Im(Q). It follows that L|dom(L)∩Ker(P ) : dom(L)∩Ker(P ) →

Im(L) is invertible. We denote the inverse of the map by Kp. If Ω is an open bounded subset of

Y such that dom(L) ∩ Ω 6= ∅, the map N : Y → Z will be called L-compact on Ω if QN(Ω) is

bounded and Kp(I − Q)N : Ω → Y is compact. J : Im(Q) → Ker(L) is the isomorphism.

Theorem 1.1 ([4]) Let L be a Fredholm operator of index zero and let N be L-compact on Ω.

Assume that the following conditions are satisfied:

(i) Lx 6= λNx for every (x, λ) ∈ [(dom(L)\Ker(L)) ∩ ∂Ω] × (0, 1);

(ii) Nx 6∈ Im(L) for every x ∈ Ker(L) ∩ ∂Ω;



The existence of solutions to a class of multi-point boundary value problem 177

(iii) deg(JQN |Ker(L), Ω ∩ Ker(L), 0) 6= 0.

Then the equation Lx = Nx has at least one solution in dom(L) ∩ Ω.

2. Preliminaries

For convenience, we present here some necessary basic knowledge about fractional calculus

theory, which can be found in recent papers [1–3].

Definition 2.1 The Riemann-Liouville fractional integral Iα
0+y of order α(α > 0) is defined by

Iα
0+y(t) =

1

Γ(α)

∫ t

0

(t − s)α−1y(s)ds, t > 0,

provided the right side is pointwise defined on (0, +∞).

Definition 2.2 The Riemann-Liouville fractional differential Dα
0+y of order α(α > 0) is defined

by

Dα
0+y(t) =

1

Γ(n − α)
(

d

dt
)n

∫ t

0

y(s)

(t − s)α−n+1
ds,

where n = [α] + 1.

Definition 2.3 We say that the map f : [0, 1]× Rn → R satisfies the Caratheodory conditions

with respect to L1[0, 1] if the following conditions are satisfied:

(i) for each z ∈ Rn, the mapping t → f(t, z) is Lebesgue measurable;

(ii) for almost every t ∈ [0, 1], the mapping z → f(t, z) is continuous on Rn;

(iii) for each r > 0, there exists ρr ∈ L1([0, 1], R) such that, for a.e. t ∈ [0, 1] and every

|z| ≤ r, we have |f(t, z)| ≤ ρr(t).

Lemma 2.1 ([11]) Assume f ∈ C[0, 1], q ≥ p ≥ 0, then

D
p
0+I

q
0+f(t) = I

q−p
0+ f(t).

Lemma 2.2 ([11]) Assume α > 0, then Dα
0+u(t) = 0 if and only if

u(t) = c1t
α−1 + c2t

α−2 + · · · + cntα−n,

for some ci ∈ R, i = 1, 2, . . . , n, where n is the smallest integer greater than or equal to α.

Lemma 2.3 ([19, 20]) Let α > 0, n = [α] + 1. Assume that u ∈ L1(0, 1) with a fractional

integration of order n − α that belongs to ACn[0, 1]. Then the equality

Iα
0+Dα

0+u(t) = u(t) −
n

∑

i=1

((In−α
0+ u)(t))(n−i)|t=0

Γ(α − i + 1)
tα−i

holds almost everywhere on [0, 1].

Most time, we use the following form:

Assume that u ∈ C[0, 1] ∩ L1[0, 1] with a fractional differential of order α > 0 that belongs

to C[0, 1] ∩ L1[0, 1]. Then

Iα
0+Dα

0+u(t) = u(t) + c1t
α−1 + c2t

α−2 + · · · + cN tα−N ,
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for some ci ∈ R, i = 1, 2, . . . , N , where N is the smallest integer greater than or equal to α.

We use the classical Banach space C[0, 1] with the norm ‖x‖∞ = maxt∈[0,1] |x(t)|. Given

µ > 0 and N = [µ] + 1, we can define a linear space

Cµ[0, 1] := {u(t)|u(t) = I
µ
0+x(t) + c1t

µ−1 + c2t
µ−2 + · · · + cN−1t

µ−(N−1), t ∈ [0, 1]},

where x ∈ C[0, 1] and ci ∈ R, i = 1, 2, . . . , N − 1. By means of the linear functional analysis the-

ory, we can prove that with the norm ‖u‖Cµ = ‖Dµ
0+u‖∞+ · · ·+‖D

µ−(N−1)
0+ u‖∞+‖u‖∞, Cµ[0, 1]

is a Banach space [10].

Lemma 2.4 ([9]) F ⊂ Cµ[0, 1] is a sequentially compact set if and only if F is uniformly

bounded and equicontinuous. Here uniformly bounded means there exists M > 0, such that for

every u ∈ F,

‖u‖Cµ = ‖Dµ
0+u‖∞ + · · · + ‖D

µ−(N−1)
0+ u‖∞ + ‖u‖∞ < M,

and equicontinuous means that ∀ε > 0, ∃δ > 0, such that

|u(t1) − u(t2)| < ε, ∀t1, t2 ∈ [0, 1], |t1 − t2| < δ, ∀u ∈ F,

and

Dα−i
0+ u(t1) − Dα−i

0+ u(t2) < ε, ∀t1, t2 ∈ [0, 1], |t1 − t2| < δ, ∀u ∈ F, ∀i ∈ 0, . . . , N − 1.

Let Z = L1[0, 1] with the norm ‖g‖1 =
∫ 1

0
|g(s)|ds. Y = Cα−1[0, 1] = {u(t)|u(t) =

Iα−1
0+ x(t) + c1t

α−2 + c2t
α−3, t ∈ [0, 1]}, where x ∈ C[0, 1], ci ∈ R, i = 1, 2, with the norm

‖u‖Cα−1 = ‖Dα−1
0+ u‖∞ + ‖Dα−2

0+ u‖∞ + ‖Dα−3
0+ u‖∞ + ‖u‖∞. Then Y is a Banach space. Define

L to be the linear operator from dom(L) ∩ Y to Z with

dom(L) = {Cα−1[0, 1]|Dα
0+u ∈ L1[0, 1], u satisfies (2)} (3)

and

Lu = Dα
0+u, u ∈ dom(L). (4)

Define N : Y → Z by

Nu(t) = f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t)). (5)

Then boundary value problem (1), (2) can be written as

Lu = Nu. (6)

3. Existence results

In order to simplify the calculation process, let

A1 =
m

∑

i=1

αiξ
α
i , A2 =

m
∑

i=1

αiξ
α−1
i , A3 =

m
∑

i=1

αiξ
α−2
i ,

B1 = 1 −
n

∑

j=1

βjη
α+1
j , B2 = 1 −

n
∑

j=1

βjη
α
j , B3 = 1 −

n
∑

j=1

βjη
α−1
j ,
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∆1 =
α − 2

α − 1

A2

A3
[B3

Γ(α − 2)

Γ(α + 3)
(1 −

1

2α+1
) − B1

Γ(α − 2)

Γ(α + 1)

Γ(α)

Γ(α + 2)
(1 −

1

2α−1
)]+

α − 2

α

A1

A3
[B2

Γ(α − 2)

Γ(α + 1)

Γ(α − 1)

Γ(α + 1)
(1 −

1

2α−1
) − B3

Γ(α − 2)

Γ(α)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]+

B1
Γ(α)

Γ(α + 2)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
) − B2

Γ(α)

Γ(α + 3)

Γ(α − 1)

Γ(α + 1)
(1 −

1

2α+1
) 6= 0,

∆2 =
α

α − 2

A3

A1
[B2

Γ(α − 1)

Γ(α + 1)

α

α + 3
(1 −

1

2α+1
) − B1

Γ(α)

Γ(α + 2)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]+

α

α − 1

A2

A1
[B1

Γ(α)

Γ(α + 2)

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) − B1

Γ(α − 2)

Γ(α)

Γ(α)

Γ(α + 3)
(1 −

1

2α+1
)]+

B3
Γ(α − 2)

Γ(α)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
) − B2

Γ(α − 1)

Γ(α + 1)

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) 6= 0.

Lemma 3.1 The mapping L : dom(L) ∩ Y → Z is a Fredholm operator of index zero.

Proof By Lemma 2.3, Dα
0+u(t) = 0 has solution

u(t) =
1

Γ(α)
((I4−α

0+ u)(t))(3)|t=0t
α−1 +

1

Γ(α − 1)
((I4−α

0+ u)(t))(2)|t=0t
α−2+

1

Γ(α − 2)
((I4−α

0+ u)(t))(1)|t=0t
α−3 +

1

Γ(α − 3)
((I4−α

0+ u)(t))|t=0t
α−4.

Combining with (2) gives

Ker(L) = {atα−1 + btα−2 + ctα−3|a, b, c ∈ R} ∼= R3.

Let g ∈ Im(L). Then there exists u ∈ dom(L) s.t. g = Dα
0+u. From Lemma 2.3, we have

u(t) = Iα
0+g(t) + c1t

α−1 + c2t
α−2 + c3t

α−3 + c4t
α−4,

which, due to the boundary value conditions (2), implies that g satisfies

m
∑

i=1

αi

∫ ξi

0

g(s)ds = 0, (7)

∫ 1

0

(1 − s)g(s)ds −
n

∑

j=1

βj

∫ ηj

0

(ηj − s)g(s)ds = 0, (8)

1

2

∫ 1

0

(1 − s)2g(s)ds −

∫ 1

2

0

(
1

2
− s)g(s)ds = 0. (9)

Hence

Im(L) ⊆ {g ∈ Z|g satisfies (7), (8) and (9)}.

Let g ∈ Z and

u(t) =
1

Γ(α)

∫ t

0

(t−s)α−1g(s)ds+c1t
α−1 +c2t

α−2 +c3t
α−3 = Iα

0+g(t)+c1t
α−1 +c2t

α−2 +c3t
α−3.

Then Dα
0+u(t) = g(t) a.e. t ∈ (0, 1) and if (7)–(9) hold, then u(t) satisfies the boundary conditions

(2). That is, u ∈ dom(L), then we have

{g ∈ Z|g satisfies (7), (8) and (9)} ⊆ Im(L).
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Therefore,

Im(L) = {g ∈ Z|g satisfies (7), (8) and (9)}.

Define the following continuous linear mapping Q1 : Z → Z, Q2 : Z → Z and Q3 : Z → Z

Q1g =

m
∑

i=1

αi

∫ ξi

0

g(s)ds, (10)

Q2g =

∫ 1

0

(1 − s)g(s)ds −
n

∑

j=1

βj

∫ ηj

0

(ηj − s)g(s)ds, (11)

Q3g =
1

2

∫ 1

0

(1 − s)2g(s)ds −

∫ 1

2

0

(
1

2
− s)g(s)ds. (12)

Using the above definitions, we construct three auxiliary maps R1 : Z → Z, R2 : Z → Z and

R3 : Z → Z

R1g =
1

∆1

{α − 2

A3
[B2

Γ(α − 2)

Γ(α + 1)

Γ(α − 1)

Γ(α + 1)
(1 −

1

2α−1
) − B3

Γ(α − 2)

Γ(α)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]Q1g−

[
α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) −

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]Q2g+

[B3
α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α)
− B2

Γ(α − 1)

Γ(α + 1)
]Q3g

}

, (13)

R2g =
1

−∆1

{α − 2

A3
[B1

Γ(α − 2)

Γ(α + 1)

Γ(α)

Γ(α + 2)
(1 −

1

2α−1
) − B3

Γ(α − 2)

Γ(α + 3)
(1 −

1

2α+1
)]Q1g−

[
α − 2

α

A1

A3

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) −

Γ(α)

Γ(α + 3)
(1 −

1

2α+1
)]Q2g+

[B3
α − 2

α

A1

A3

Γ(α − 2)

Γ(α)
− B1

Γ(α)

Γ(α + 2)
]Q3g

}

, (14)

R3g =
1

∆2

{ α

A1
[B2

Γ(α − 1)

Γ(α + 1)

Γ(α)

Γ(α + 3)
(1 −

1

2α+1
) − B1

Γ(α)

Γ(α + 2)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]Q1g−

[
α

α − 1

A2

A1

Γ(α)

Γ(α + 3)
(1 −

1

2α+1
) −

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]Q2g+

[B1
α

α − 1

A2

A1

Γ(α)

Γ(α + 2)
− B2

Γ(α − 1)

Γ(α + 1)
]Q3g

}

. (15)

Consider continuous linear mapping Q : Z → Z defined by

Qg = (R1g)tα−1 + (R2g)tα−2 + (R3g)tα−3. (16)

It is well-defined. Recall ∆1 6= 0 and ∆2 6= 0, and note that

R1(R1gtα−1) =
1

∆1
{
α − 2

A3
[B2

Γ(α − 2)

Γ(α + 1)

Γ(α − 1)

Γ(α + 1)
(1 −

1

2α−1
) − B3

Γ(α − 2)

Γ(α)

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]·

Q1(R1gtα−1) − [
α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) −

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]·

Q2(R1gtα−1) + [B3
α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α)
− B2

Γ(α − 1)

Γ(α + 1)
]Q3(R1gtα−1)}

=R1g
1

∆1
{
α − 2

A3
[B2

Γ(α − 2)

Γ(α + 1)

Γ(α − 1)

Γ(α + 1)
(1 −

1

2α−1
) − B3

Γ(α − 2)

Γ(α)

Γ(α − 1)

Γ(α + 2)
·
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(1 −
1

2α
)]

1

α
A1 − [

α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α + 1)
(1 −

1

2α−1
) −

Γ(α − 1)

Γ(α + 2)
(1 −

1

2α
)]·

Γ(α)

Γ(α + 2)
B1 + [B3

α − 2

α − 1

A2

A3

Γ(α − 2)

Γ(α)
− B2

Γ(α − 1)

Γ(α + 1)
]

Γ(α)

Γ(α + 3)
(1 −

1

2α+1
)}

=R1g
∆1

∆1
= R1g,

and similarly we can derive that

R1(R2gtα−2) = 0, R1(R3gtα−3) = 0, R2(R1gtα−1) = 0, R2(R2gtα−2) = R2g,

R2(R3gtα−3) = 0, R3(R1gtα−1) = 0, R3(R2gtα−2) = 0, R3(R3gtα−3) = R3g.

Therefore, for g ∈ Z, it follows from the nine relations above that

Q2g =R1(R1gtα−1 + R2gtα−2 + R3gtα−3)tα−1 + R2(R1gtα−1 + R2gtα−2 + R3gtα−3)tα−2+

R3(R1gtα−1 + R2gtα−2 + R3gtα−3)tα−3

=(R1g)tα−1 + (R2g)tα−2 + (R3g)tα−3 = Qg. (17)

That is, the map Q is a continuous linear projector.

Note that g ∈ Im(L) implies Qg = 0. Conversely, if Qg = 0, then we must have R1g =

R2g = R3g = 0; this can only be the case if Q1g = Q2g = Q3g = 0, that is, g ∈ Im(L), in fact

Im(L) = Ker(Q).

Take g ∈ Z in the form g = (g−Qg)+ Qg, so that g−Qg ∈ Im(L) and Qg ∈ Im(Q). Thus,

Z = Im(L) + Im(Q). Let g ∈ Im(L) ∩ Im(Q) and assume that g(s) = asα−1 + bsα−2 + csα−3 is

not identically zero on [0, 1]. Then, since g ∈ Im(L), from (7),(8),(9) and the condition ∆1 6= 0

and ∆2 6= 0, we derive a = b = c = 0, which is a contradiction. Hence, Im(L) ∩ Im(Q) = {0};

thus Z = Im(L) ⊕ Im(Q).

Now, dim Ker(L) = 3 = codim Im(L) and so L is a Fredholm operator of index zero.

Let P : Y → Y be defined by

Pu(t) =
1

Γ(α)
Dα−1

0+ u(0)tα−1 +
1

Γ(α − 1)
Dα−2

0+ u(0)tα−2 +
1

Γ(α − 2)
Dα−3

0+ u(0)tα−3.

Note that P is a continuous linear projector and

Ker(P ) = {u ∈ Y |Dα−1
0+ u(0) = Dα−2

0+ u(0) = Dα−3
0+ u(0) = 0}.

It is clear that Y = Ker(L) ⊕ Ker(P ).

Note that the projectors P and Q are exact. Define Kp : Im(L) → dom(L) ∩ Ker(P ) by

Kpg(t) =
1

Γ(α)

∫ t

0

(t − s)α−1g(s)ds = Iα
0+g(t).

Then

‖Kpg‖∞ ≤
1

Γ(α)
‖g‖1, ‖Dα−1

0+ (Kpg)‖∞ ≤ ‖g‖1,

‖Dα−2
0+ (Kpg)‖∞ ≤ ‖g‖1, ‖Dα−3

0+ (Kpg)‖∞ ≤
1

2
‖g‖1.
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Hence

‖Kpg‖Cα−1 = ‖Kpg‖∞ + ‖Dα−1
0+ (Kpg)‖∞ + ‖Dα−2

0+ (Kpg)‖∞ + ‖Dα−3
0+ (Kpg)‖∞

≤ (
5

2
+

1

Γ(α)
)‖g‖1. (18)

So Kpg ∈ Cα−1[0, 1]. It is clear that Kpg ∈ dom(L) and Kpg ∈ Ker(P ). Therefore, Kp(Im(L)) ⊂

dom(L) ∩ Ker(P ). And if g ∈ Im(L), then (LKp)g = Dα
0+Iα

0+g = g. If u ∈ dom(L) ∩ Ker(P ),

(KpL)u(t) = Iα
0+Dα

0+u(t) = u(t) + c1t
α−1 + c2t

α−2 + c3t
α−3 + c4t

α−4,

from the boundary value conditions (2) and the fact that u ∈ dom(L) ∩ Ker(P ), we have c1 =

c2 = c3 = c4 = 0. Thus

Kp = (L|dom(L)∩Ker(P ))
−1. (19)

Lemma 3.2 Assume Ω ⊂ X is an open bounded subset and dom(L) ∩ Ω 6= ∅, then N is L-

compact on Ω.

Proof By Definition 2.3, we can get QN(Ω) is bounded. Now we show that Kp(I−Q)N : Ω → X

is compact. Ω ⊂ X is bounded, i.e., there exists a positive constant N > 0, s.t ‖u‖∞ ≤ N for all

u ∈ Ω. Denote

M = max
t∈[0,1]

‖f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t))−Qf(t, u(t), Dα−1

0+ u(t), Dα−2
0+ u(t), Dα−3

0+ u(t))‖1.

For u ∈ Ω,

‖Kp(I − Q)Nu‖∞ =‖Iα
0+[f(t, u(t), Dα−1

0+ u(t), Dα−2
0+ u(t), Dα−3

0+ u(t))−

Qf(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t))]‖∞

≤
1

Γ(α)
‖f(t, u(t), Dα−1

0+ u(t), Dα−2
0+ u(t), Dα−3

0+ u(t)) − Qf(t, u(t), Dα−1
0+ u(t),

Dα−2
0+ u(t), Dα−3

0+ u(t))‖1 ≤
1

Γ(α)
M,

‖Dα−1
0+ Kp(I − Q)Nu‖∞ =‖I1

0+[f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t)) − Qf(t, u(t),

Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t))]‖∞

≤‖f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t)) − Qf(t, u(t), Dα−1

0+ u(t),

Dα−2
0+ u(t), Dα−3

0+ u(t))‖1 ≤ M.

Hence Kp(I − Q)N(Ω) ⊂ X is bounded.

It follows from the Lebesgue dominated convergence theorem that Kp(I − Q)N : Ω → X is

continuous. For 0 ≤ t1 ≤ t2 ≤ 1, u ∈ Ω, we have

|Kp(I − Q)Nu(t2) − Kp(I − Q)Nu(t1)|

=
∣

∣

∣

1

Γ(α)

∫ t2

0

(t2 − s)α−1(I − Q)Nu(s)ds −
1

Γ(α)

∫ t1

0

(t1 − s)α−1(I − Q)Nu(s)ds
∣

∣

∣

≤
M

Γ(α)

[

∫ t1

0

(t2 − s)α−1 − (t1 − s)α−1ds +

∫ t2

t1

(t2 − s)α−1ds
]
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=
M

αΓ(α)
(tα2 − tα1 )

and

|Dα−1
0+ Kp(I − Q)Nu(t2) − Dα−1

0+ Kp(I − Q)Nu(t1)|

=
∣

∣

∣

∫ t2

0

(I − Q)Nu(s)ds −

∫ t1

0

(I − Q)Nu(s)ds
∣

∣

∣
≤ M(t2 − t1).

Since tα and t are uniformly continuous on [0, 1], we can get that Kp(I−Q)N(Ω) and Dα−1
0+ Kp(I−

Q)N(Ω) are equicontinuous. By the Ascoli-Arzela theorem, Kp(I − Q)N : Ω → X is compact.

Then the map N : X → Y is L-compact on Ω.

Theorem 3.1 Let f : [0, 1] × R4 → R be continuous and assume the following conditions are

satisfied:

(A1) For all (x, y, z, s) ∈ R4 and a.e. t ∈ [0, 1], there exist functions a, b, c, d, e, f, g, h ∈

L1[0, 1] and constants θ, ϕ, τ ∈ [0, 1) such that one of the following inequalities is satisfied:

|f(t, x, y, z, s)| ≤ h(t) + a(t)|x| + b(t)|y| + c(t)|z| + d(t)|s| + e(t)|y|θ + f(t)|z|ϕ + g(t)|s|τ ,

|f(t, x, y, z, s)| ≤ h(t) + a(t)|x| + b(t)|y| + c(t)|z| + d(t)|s| + e(t)|z|θ + f(t)|s|ϕ + g(t)|x|τ ,

|f(t, x, y, z, s)| ≤ h(t) + a(t)|x| + b(t)|y| + c(t)|z| + d(t)|s| + e(t)|s|θ + f(t)|x|ϕ + g(t)|y|τ ,

|f(t, x, y, z, s)| ≤ h(t) + a(t)|x| + b(t)|y| + c(t)|z| + d(t)|s| + e(t)|x|θ + f(t)|y|ϕ + g(t)|z|τ .

(A2) There exists a constant A > 0 such that for u ∈ dom(L)\Ker(L) satisfying |Dα−1
0+ u(t)+

Dα−2
0+ u(t) + Dα−3

0+ u(t)| > A for all t ∈ [0, 1], then we have

Q1Nu(t) 6= 0 or Q2Nu(t) 6= 0 or Q3Nu(t) 6= 0.

(A3) There exists a constant B > 0 such that for every l, m, n ∈ R satisfying l2 +m2 +n2 >

B, then

lR1N(ltα−1+mtα−2+ntα−3)+mR2N(ltα−1+mtα−2+ntα−3)+nR3N(ltα−1+mtα−2+ntα−3) > 0

or

lR1N(ltα−1+mtα−2+ntα−3)+mR2N(ltα−1+mtα−2+ntα−3)+nR3N(ltα−1+mtα−2+ntα−3) < 0.

Then, the boundary value problem (1), (2) has at least one solution in Cα−1[0, 1] provided that

‖a‖1 + ‖b‖1 + ‖c‖1 + ‖d‖1 <
1

Λ
.

Proof Set

Ω1 = {u ∈ dom(L) \ Ker(L)|Lu = λNu for some λ ∈ [0, 1]}.

Then for u ∈ Ω1, Lu = λNu, thus λ 6= 0, Nu ∈ Im(L), hence QNu = 0 for all t ∈ [0, 1]. By the

definition of Q, we have Q1Nu(t) = Q2Nu(t) = Q3Nu(t) = 0. Then it follows from (A2) that

there exists t0 ∈ [0, 1] s.t.

|Dα−1
0+ u(t0) + Dα−2

0+ u(t0) + Dα−3
0+ u(t0)| ≤ A.
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Note that

Dα−1
0+ u(t) = Dα−1

0+ u(t0) +

∫ t

t0

Dα
0+u(s)ds, Dα−2

0+ u(t) = Dα−2
0+ u(t0) +

∫ t

t0

Dα−1
0+ u(s)ds,

Dα−3
0+ u(t) = Dα−3

0+ u(t0) +

∫ t

t0

Dα−2
0+ u(s)ds,

and then

|Dα−1
0+ u(0)| ≤ ‖Dα−1

0+ u(t)‖∞ ≤ |Dα−1
0+ u(t0)| + ‖Dα

0+u(t)‖1 ≤ A + ‖Lu‖1 ≤ A + ‖Nu‖1,

|Dα−2
0+ u(0)| ≤ ‖Dα−2

0+ u(t)‖∞ ≤ |Dα−2
0+ u(t0)| + |Dα−1

0+ u(t0)| + ‖Dα
0+u(t)‖1

≤ A + ‖Lu‖1 ≤ A + ‖Nu‖1,

|Dα−3
0+ u(0)| ≤ ‖Dα−3

0+ u(t)‖∞ ≤ |Dα−3
0+ u(t0)| + |Dα−2

0+ u(t0)| + |Dα−1
0+ u(t0)| + ‖Dα

0+u(t)‖1

≤ A + ‖Nu‖1.

By the above three inequalities, we have

‖Pu‖Cα−1 =‖
1

Γ(α)
Dα−1

0+ u(0)tα−1 +
1

Γ(α − 1)
Dα−2

0+ u(0)tα−2 +
1

Γ(α − 2)
Dα−3

0+ u(0)tα−3‖∞+

‖Dα−1
0+ u(0)‖∞ + ‖Dα−1

0+ u(0)t + Dα−2
0+ u(0)‖∞+

‖
1

2
Dα−1

0+ u(0)t2 + Dα−2
0+ u(0)t + Dα−3

0+ u(0)‖∞

≤(
5

2
+

1

Γ(α)
)|Dα−1

0+ u(0)| + (2 +
1

Γ(α − 1)
)|Dα−2

0+ u(0)| + (1 +
1

Γ(α − 2)
)|Dα−3

0+ u(0)|

≤(
5

2
+

1

Γ(α)
)(A + ‖Nu‖1) + (2 +

1

Γ(α − 1)
)(A + ‖Nu‖1)+

(1 +
1

Γ(α − 2)
)(A + ‖Nu‖1). (20)

Note that (I − P )u ∈ Im(Kp) = dom(L) ∩ Ker(P ) for u ∈ Ω1. Then by (18) and (19) we have

‖(I − P )u‖Cα−1 = ‖KpL(I − P )u‖Cα−1 ≤ (
5

2
+

1

Γ(α)
)‖L(I − P )u‖1

= (
5

2
+

1

Γ(α)
)‖Lu‖1 ≤ (

5

2
+

1

Γ(α)
)‖Nu‖1. (21)

Combining (20) and (21) gives

‖u‖Cα−1 ≤ ‖Pu‖Cα−1 + ‖(I − P )u‖Cα−1

≤ (8 +
2

Γ(α)
+

1

Γ(α − 1)
+

1

Γ(α − 2)
)‖Nu‖1 + (

11

2
+

1

Γ(α)
+

1

Γ(α − 1)
+

1

Γ(α − 2)
)A

= Λ‖Nu‖1 + D,

where D = (11
2 + 1

Γ(α) + 1
Γ(α−1) + 1

Γ(α−2) )A is a constant. That is, for all u ∈ Ω1,

‖u‖Cα−1 ≤ Λ‖Nu‖1 + D.

If the first condition of (A1) is satisfied, then we have

max(‖u‖∞, ‖Dα−1
0+ u‖∞, ‖Dα−2

0+ u‖∞, Dα−3
0+ u‖∞)
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≤ ‖u‖Cα−1 ≤ Λ(‖h‖1 + ‖a‖1‖u‖∞ + ‖b‖1‖D
α−1
0+ u‖∞ + ‖c‖1‖D

α−2
0+ u‖∞+

‖d‖1‖D
α−3
0+ u‖∞ + ‖e‖1‖D

α−1
0+ u‖θ

∞ + ‖f‖1‖D
α−2
0+ u‖ϕ

∞ + ‖g‖1‖D
α−3
0+ u‖τ

∞) + D,

and consequently, we have

‖u‖∞

≤
Λ

1 − ‖a‖1Λ
(‖h‖1 + ‖b‖1‖D

α−1
0+ u‖∞ + ‖c‖1‖D

α−2
0+ u‖∞ + ‖d‖1‖D

α−3
0+ u‖∞ + ‖e‖1‖D

α−1
0+ u‖θ

∞

‖f‖1‖D
α−2
0+ u‖ϕ

∞ + ‖g‖1‖D
α−3
0+ u‖τ

∞) +
D

1 − ‖a‖1Λ
,

‖Dα−1
0+ u‖∞

≤
Λ‖e‖1‖D

α−1
0+ u‖θ

∞

1 − ‖a‖1Λ − ‖b‖1Λ
+

Λ

1 − ‖a‖1Λ − ‖b‖1Λ
(‖h‖1 + ‖c‖1‖D

α−2
0+ u‖∞ + ‖d‖1‖D

α−3
0+ u‖∞+

‖f‖1‖D
α−2
0+ u‖ϕ

∞ + ‖g‖1‖D
α−3
0+ u‖τ

∞) +
D

1 − ‖a‖1Λ − ‖b‖1Λ
,

‖Dα−2
0+ u‖∞

≤
Λ‖f‖1‖D

α−2
0+ u‖ϕ

∞

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ
+

Λ

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ
(‖h‖1 + ‖e‖1‖D

α−1
0+ u‖θ

∞+

‖d‖1‖D
α−3
0+ u‖∞ + ‖g‖1‖D

α−3
0+ u‖τ

∞) +
D

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ
,

‖Dα−3
0+ u‖∞

≤
Λ‖g‖1‖D

α−3
0+ u‖τ

∞

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ − ‖d‖1Λ
+

Λ

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ − ‖d‖1Λ
(‖h‖1+

‖e‖1‖D
α−1
0+ u‖θ

∞ + ‖f‖1‖D
α−2
0+ u‖ϕ

∞ +
D

1 − ‖a‖1Λ − ‖b‖1Λ − ‖c‖1Λ − ‖d‖1Λ
.

As θ, ϕ, τ ∈ [0, 1) and ‖a‖1 + ‖b‖1 + ‖c‖1 + ‖d‖1 < 1
Λ holds, then there exist M1, M2, M3, M4 > 0

such that for all u ∈ Ω1 ‖u‖∞ ≤ M1, ‖D
α−1
0+ u‖∞ ≤ M2, ‖D

α−2
0+ u‖∞ ≤ M3, ‖D

α−3
0+ u‖∞ ≤ M4.

Therefore, for all u ∈ Ω1,

‖u‖Cα−1 = ‖u‖∞ + ‖Dα−1
0+ u‖∞ + ‖Dα−2

0+ u‖∞ + ‖Dα−3
0+ u‖∞ ≤ M1 + M2 + M3 + M4.

So Ω1 is bounded given the first condition of (A1).

If the other conditions of (A1) hold, similarly to the above, we can prove that Ω1 is also

bounded.

Let

Ω2 = {u ∈ Ker(L)|Nu ∈ Im(L)}.

For u ∈ Ω2, u ∈ Ker(L) = {ltα−1 + mtα−2 + ntα−3|l, m, n ∈ R, t ∈ [0, 1]}, from Nu ∈ Im(L) and

Im(L) = Ker(Q), we have QN(ltα−1 + mtα−2 + ntα−3) = 0. Thus

R1N(ltα−1+mtα−2+ntα−3) = R2N(ltα−1+mtα−2+ntα−3) = R3N(ltα−1+mtα−2+ntα−3) = 0.

By (A3), we have l2 + m2 + n2 ≤ B. Therefore, Ω2 is bounded.

We define the isomorphism J : Im(Q) → Ker(L) by

J(ltα−1 + mtα−2 + ntα−3) = ltα−1 + mtα−2 + ntα−3, l, m, n ∈ R.
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If the first part of (A3) is satisfied, let

Ω3 = {u ∈ Ker(L)|λJ−1u + (1 − λ)QNu = 0, λ ∈ [0, 1]}.

For every ltα−1 + mtα−2 + ntα−3 ∈ Ω3,

λ(ltα−1 + mtα−2 + ntα−3)

= −(1 − λ)[R1N(ltα−1 + mtα−2 + ntα−3)tα−1 + R2N(ltα−1 + mtα−2 + ntα−3)tα−2+

R3N(ltα−1 + mtα−2 + ntα−3)tα−3],

if λ = 1, then l = m = n = 0; if l2 + m2 + n2 > B, then by (A3),

λ(l2 + m2 + n2) = − (1 − λ)[lR1N(ltα−1 + mtα−2 + ntα−3) + mR2N(ltα−1 + mtα−2 + ntα−3)+

nR3N(ltα−1 + mtα−2 + ntα−3)] > 0,

which, in either case, is a contradiction. Thus, for all u ∈ Ω3,

‖u‖Cα−1 =‖ltα−1 + mtα−2 + ntα−3‖∞ + ‖lΓ(α)‖∞ + ‖lΓ(α)t + mΓ(α − 1)‖∞+

‖
1

2
lΓ(α)t2 + mΓ(α − 1)t + nΓ(α − 2)‖∞+

≤(1 +
5

2
Γ(α))|l| + (1 + 2Γ(α − 1))|m| + (1 + Γ(α − 2))|n|

≤(3 +
5

2
Γ(α) + 2Γ(α − 1) + Γ(α − 2))B.

So Ω3 is bounded.

Similarly, if the second part of (A3) is satisfied, let

Ω3 = {u ∈ Ker(L)| − λJ−1u + (1 − λ)QNu = 0, λ ∈ [0, 1]},

where J is as above. Similarly to above arguments, we can show that Ω3 is bounded too.

Note that Ω1, Ω2, Ω3 are all bounded. So there exist Hi > 0, such that for all u ∈ Ωi,

‖u‖Cα−1 ≤ Hi, i = 1, 2, 3. Let

H = max{H1, H2, H3}

and

Ω = {u|u ∈ Y, ‖u‖Cα−1 < H}.

In the following, we shall prove that the conditions of Theorem 1.1 are satisfied. Ω is a

bounded open set of Y defined as above. By the above argument, we have

(i) Lx 6= λNx for every (x, λ) ∈ [(dom(L)\Ker(L)) ∩ ∂Ω] × (0, 1);

(ii) Nx 6∈ Im(L) for every x ∈ Ker(L) ∩ ∂Ω;

Finally, we will prove that (iii) of Theorem 1.1 is satisfied.

Let

H(u, λ) = ±λ idu + (1 − λ)JQNu,

where id is the identity operator in the Banach space Y . According to the above argument, we

know that

H(u, λ) 6= 0, for all u ∈ Ker(L) ∩ ∂Ω,
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and thus, by the homotopy property of degree,

deg(JQN |Ker(L), Ω ∩ Ker(L), 0) =deg(H(·, 0), Ω ∩ Ker(L), 0) = deg(H(·, 1), Ω ∩ Ker(L), 0)

=deg(±id, Ω ∩ Ker(L), 0) = ±1 6= 0,

Then by Theorem 1.1, Lu = Nu has at least one solution in dom(L) ∩ Ω.

Therefore, the boundary value problem (1), (2) has at least one solution in the space

Cα−1[0, 1]. �

4. Example

Example 4.1 Consider the boundary value problem

D
7

2

0+u(t) =
1

48
sin(u(t)) +

1

48
(D

5

2

0+u(t)) +
1

48
(D

3

2

0+u(t)) +
1

48
(D

1

2

0+u(t))+

sin(D
5

2

0+u(t))
1

4 + cos(D
3

2

0+u(t))
1

2 + sin2(D
1

2

0+u(t))
1

5 ), t ∈ (0, 1), (22)

I
1

2

0+u(0) = 0, D
5

2

0+u(0) = D
5

2

0+u(
1

2
), D

3

2

0+u(1) = −D
3

2

0+u(
1

3
) + 2D

3

2

0+u(
2

3
),

D
1

2

0+u(1) − D
1

2

0+u(0) = D
3

2

0+u(
1

2
). (23)

That is α = 7
2 , m = 1, n = 2, αi = 1, ξi = 1

2 , β1 = −1, β2 = 2, η1 = 1
3 , η2 = 2

3 , and

f(t, x, y, z, s) =
1

48
sin x +

1

48
y +

1

48
z +

1

48
s + sin y

1

4 + cos z
1

2 + sin2 s
1

5

≤
|x|

48
+

|y|

48
+

|z|

48
+

|s|

48
+ |y|

1

4 + |z|
1

2 + |s|
1

5 .

Taking a = b = c = d = 1
48 , we have

‖a‖1 + ‖b‖1 + ‖c‖1 + ‖d‖1 =
1

12
<

1

Λ
=

1

8 + 2
Γ( 7

2
)
+ 1

Γ( 5

2
)
+ 1

Γ( 3

2
)

=
1

8 + 66
15

√
π

≈
2

21
.

Let A = 146. For any u ∈ C
5

2 [0, 1] ∩ I
7

2

0+(L1[0, 1]), assume |D
5

2

0+u(t) + D
3

2

0+u(t) + D
1

2

0+u(t)| > A

for any t ∈ [0, 1]. If (D
5

2

0+u(t) + D
3

2

0+u(t) + D
1

2

0+u(t)) > A holds for any t ∈ [0, 1], then

f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t)) ≥

A − 97

48
> 0,

so
∫ 1

2

0

f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t))ds ≥

A − 97

48

∫ 1

2

0

ds =
A − 97

96
> 0.

If (D
5

2

0+u(t) + D
3

2

0+u(t) + D
1

2

0+u(t)) < −A holds for any t ∈ [0, 1], then

f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t)) ≤

145 − A

48
< 0,

so
∫ 1

2

0

f(t, u(t), Dα−1
0+ u(t), Dα−2

0+ u(t), Dα−3
0+ u(t))ds ≤

145 − A

48

∫ 1

2

0

ds =
145 − A

96
< 0.
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Thus, the condition (A2) holds. Again, taking B = 200, then for any l, m, n ∈ R satisfying

l2 + m2 + n2 > B, we have

lR1N(ltα−1+mtα−2+ntα−3)+mR2N(ltα−1+mtα−2+ntα−3)+nR3N(ltα−1+mtα−2+ntα−3) > 0.

So, the condition (A3) holds.

Thus, according to Theorem 3.1, the boundary value problem (22), (23) has at least one

solution in C
5

2 [0, 1].
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