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Abstract In this paper we establish the existence of single and multiple positive solutions to
the following singular discrete boundary value problem

Alp(Az(i = 1) + qu(i) /10, 2(), (1)) =0, ie{l,2,....,T}
Alp(Ay(i = 1)) + g2(2) f2(6, (i), y(#)) = 0, (L.1)
z(0)=z(T+1)=y(0)=y(T+1) =0,

where ¢(s) = |s|P"2s, p > 1 and the nonlinear terms f5(i,x,y) (k = 1,2) may be singular at
(z,y) = (0,0).
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1. Introduction

In this paper, we establish the existence of single and multiple positive solutions to singular
discrete boundary value problem
Alo(Az(i — 1)) + (i) fi(is2(), y(@) = 0, i € {1,2,....T}
Alp(Ay(i — 1)) + q2(i) f2(i, (i), y(i)) = 0, (1.1)
2(0)=2(T+1)=y(0)=y(T+1) =0,
where ¢(s) = |s |p_25, p>1toT € {1,2,...}, N={1,....,T}, Nt ={0,1,...,T 4+ 1} and

(x(i),y(i)) € C(NT,[0,00)?\ {O}). Throughout this paper, we will assume f; : N x ([0,00)2 \
{O}) (0, oo) is continuous. As a result, the nonlinear terms fi (4, x,y) may be singular at
= (0, )7 k=

Remark 1.1 Recall amap f: N x ([0,00)?\ {O}) — (0, 00) is continuous if it is continuous as
a map of the topological space N x ([0,00)? \ {O}) into the topological space (0, c). Moreover
throughout this paper the topology on N will be the discrete topology.
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Let C(N*,R?) denote the class of maps (x,%) continuous on N T (discrete topology), with
the norm [|(z, )|l = maxicx+ {lz], [yll} for (z,y) € R2, where o] = maxicx+ [2(0)], lyll =
max;e v+ |y(i)]. For a solution to (1.1) we mean a (z,y) € C(NT,[0,00)%\ {O}) such that (z,y)
satisfies (1.1) for ¢ € N and the boundary (Dirichlet) conditions.

Here and henceforth, we denote (x1,y1) > (x2,y2) ((x1,y1) > (x2,y2)) if (1 —x2,y1 —Y2) €
R2 ((z1 — 22,51 —y2) € R2 ), (R2 =[0,+00)*\{0}, R2 = [0, +00)?). Further, we say that a
vector (x,y) is positive (nonnegative) if (z,y) > (0,0)((x,y) > (0,0)).

It is interesting to note here that the existence of single and multiple solutions to singular
positive boundary value problems in the continuous case have been studied in great detail in the
literature [5-8,12] (p = 2). However, for the discrete case, (p = 2) was devoted to the existence
of one solution for singular positive problems in almost all papers, for example, [1,3,10,11,15].
As far as we know, recently, in [13], the existence of one solution for singular discrete problems
to the one-dimensional p-Laplacian has been discussed.

This paper discusses the existence of single and multiple positive solutions for singular
discrete problems. The existence principles for nonsingular discrete Dirichlet problem to the
one-dimensional p-Laplacian are presented in Section 2. Some general existence theorems will
be presented in Section 3 and there we will show, for example, that the discrete boundary value

problem

A(p(Az(i = 1)) +0[(v/22(2) + y2(0) ™ + (/22 (i) + 3%(1))°] =0, i e N
A(p(Ay(i — 1)) + 8[(\/22(0) + y2(1) = +v(/22(i) + ¥2(1))°] = 0,
z(0)=z(T+1)=y(0)=y(T+1) =0,

has two nonnegative solutions, where a > 0, 8 > 1, § > 0 small, v = (%)0“"5, feli,z,y) =
S[(Vx2() + y2(1))~ + v(/22(i) + ¥2(i))P] (k = 1,2) at O = (0,0) singular. Existence in this
paper will be established using a Leray-Schauder alternative [14] and a general cone fixed point
theorem in [5,9].

In this paper, we only consider the discrete Dirichlet boundary data. We should note that
the Sturm-Liouville boundary data can be considered. However, the arguments are easy to follow,

we leave the details to the readers.

2. Existence principles

Now, we consider the following discrete Dirichlet boundary value problem

Alp(Ax(i — 1)] + f1(i,2(i),y(i)) =0, i€ {1,2,...,T}
Alp(Ay(i —1))] + f2(i, (i), y(1)) = 0, (2.1)
z(0) =y(0)=A4, z(T+1)=y(T+1) =B,

where A and B are given real numbers, ¢(s) = [s[P=2s, p > 1. Suppose the following two
conditions are satisfied:

(A1) fr(i,x(i),y(i)) : N x R?* — R is continuous, k = 1, 2;

(A2) For each r > 0 there exists h, € C(N, [0,00)) such that |(z,y)]] < r implies
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|fr(i,2(2),y(3))| < hp(i) forie N, k=1,2.

Moreover, we also suppose that D C E = FE; x FE; is a bounded set, and there exists a
constant 7 > 0 such that ||(z,y)|| < r for (z(i),y(i)) € D. Thus |fx(i, z(i),y(i))| < h.(i) for
(z(i),y(i)) € D, where By = C(N*,R), k=1,2.

For each fixed (z,y) € D, we consider the discrete boundary value problem

Alp(Aw(i — 1)) + fi(i, (i), y(i)) =0, i€ {1,2,...,T}

Then (2.2) is equivalent to

A, i=0
(w(i), u(i)) = ((z,y))(i) = ( B+3Y o T+ X0 filra(r),y(r) i€ N
B, i=T+1,
A, 1=0
B4 Y67 + S0, folralr).y(r) i€ N) (2.3
B, i=T+1

where 7 = —¢(Aw(0)), 7" = —¢d(Au(0)) are, respectively, the solutions of the equations,

T s

Z(r)=¢ " (m) + D o7 r+ > filra(r),y(r) =A- B (24)
T s

Z(r)=¢ T+ > 67 T+ Y falrx(r),y(r)) = A— B. (2.4)

Similarly to the proofs of Lemmas 2.1, 2.2 and 2.3 in [15], we have the following results.

Lemma 2.1 For each fixed (z,y) € D, Egs. (2.4) and (2.4) have unique solutions 7,7 € R,
and

7l <G, I <C,
where C,. is a positive constant independent of (z,y) € D.
Lemma 2.2 ®: D — E is bounded and continuous.
Lemma 2.3 ®: F — FE is completely continuous.
We obtain the following general existence principles for (2.1) by using Schauder fixed point
theorem and a nonlinear alternative of Leray-Schauder type.

Theorem 2.1 Suppose (Al) and (A2) hold. In addition, suppose there exists a constant
M > |A| + |B|, independent of A with

1€z, )l = max{fl]], [lyll} = max{max |(z(i)], max |(y(:)[} # M (2.5)
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for any solution (z(i),y(i)) € C(NT,R?) to

Alp(Az(i = 1)) + N~ fi(i,2(i),y(i) =0, i€ N
Alp(Ay(i — 1))] + AW~ fo(i, (1), y(3)) = 0, (2.6)x
2(0) = y(0) = A, (T +1) =y(T +1) = AB,

and X\ € (0,1). Then, (2.1) has a solution (z,y) with ||(z,y)|| < M.

Proof (2.6), is equivalent to the following fixed point problem
(2(i),y(i)) = M(®(z,9))(i), i€ NT (2.7)x
where @ is as in (2.3). Set
U={(z,y) € CIN",R?), [[(z,y)] < M}.

Since ® : C(N*t,R?) — C(N*,R?) is continuous and completely continuous, the nonlinear
alterative [14] guarantees that ® has a fixed point, i.e., (2.7); has a solution in U. Thus (2.1)
has a solution (z,y) € C(NT,R?) and ||(z,y)| < M.

Theorem 2.2 Suppose (A1) and (A2) hold. In addition, we also suppose there exists a constant
M > |A| + |B|, independent of A with

(2, y)ll = max {max |2(2)], max [y(2)[} # M

for any solution (z,y) € C(N*,R?) to
Alp(Az(i—1) = (1 - )(T+1 N+ XL fu(i 2(i),y(i) =0, i €N
Alp(Ay(i —1) = (1 = N (G + A fa (i, (1), y(i) = 0, (2.8)x
z(0)=y(0)=A, z(T+1)=y(T+1)=B,

and X € (0,1). Then (2.1) has a solution (z,y) with ||(z,y)|| <

Proof (2.8) is equivalent to the fixed point problem

B—-A
T+1

(z,y) = (1 -2N)(Q,Q) + A\P(x,y) where Q@ = A+ i. (2.9)x

Set
U={(z,y) € C(N*,R?), |[(z,y)] < M}.

Since ® : C(NT,R?) — C(N*T,R?) is continuous and completely continuous, the nonlinear al-
terative [14] guarantees that ® has a fixed point, i.e., (2.9); has a solution in U. Thus (2.1) has
a solution (z,y) € C(NT,R?) and ||(z,y)| < M.

Theorem 2.3 Suppose that (A1) holds, and there exists h € C(N, [0,00)) with | fi(i,z(i),y(7))] <
h(i) fori € N, k=1,2. Then (2.1) has a solution (z,y).

Proof Solving (2.1) is equivalent to the fixed point problem (z,y) = ®(z,y). Since & :
C(NT,R?) — C(N*,R?) is continuous and compact, the result follows from Schauder’s fixed

point theorem.
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3. Singular discrete boundary value problems

In this section, we examine the singular Dirichlet boundary value problem

Alp(Az(i — 1) + q1(i) f1 (i, 2(i), y(i)) =0, i €N
Alp(Ay(i — 1)) + q2(2) f2 (i, x(i), y(2)) = 0, (3.1)
2(0) = y(0) =0, (T +1) = y(T +1) =0,
where ¢(s) = |s|P~2s, p > 1, and the nonlinear terms fi(k = 1,2) may be singular at (z,y) =
(0,0). We begin by showing that (3.1) has a solution. To do so, we first establish, via Theorem

2.2, the existence of a solution, for each sufficiently large n, to the “modified” problem

Alp(Az(i — 1)) + (i) f1(i,2(i), y(i)) =0, i€ N
Alp(Ay(i = )] + g2 (i) f2(4, 2(2), (i) = 0, 3.1)"
2(0) =y(0) =7, =(T+1)=y(T+1)=3
To show that (3.1) has a solution, we let n — oo. The key idea in this step is Arzela-Ascoli
theorem.

Before we prove our main results, we first state a well known result in [4].

Lemma 3.1 ([4]) Let y € C(NT,R) satisfy y(i) > 0 fori € N*. If u € C(N*,R) satisfies

A?u(i—1)+y(i) =0, i€ N
u(0) =u(T +1) =0,

then
w(i) > p(i)||ul| for i€ NT,
here Tol—i i
; . -1 1%
pli) = mln{Ti_’_l, T}

Theorem 3.1 Suppose the following conditions are satisfied:
(Hi) qr € C(N,(0,+00)), k= 1,2;
(Hz) fi € C(N x ([0,00)*\{O})), k =1,2;
(Hz) fi(i,z,y) < gr(w,y) + he(x,y) on N x ([0,00)? \ {O}) with gx > 0 continuous

h’; nondecreasing on

and nonincreasing on [0,00)% \ {O},hx > 0 continuous on [0,00)?, and
0,00)2 \ {0}, k = 1,2;

(Hy) For each constant H > 0 there exists a function 1y which is continuous on N* and
positive on N such that fi(i,x,y) > 1/126) (i) on N x (0, H]?, k = 1,2;

(Hs) There exists a constant r > 0 such that

1 L 1 vy
) b T " ) T 02

g1(r,r)

where
7 i T s
bro = max (D67 (Y an(), Yo7 (P a(2) (k=12).
s=1 z=s s=1 z=1

Then (3.1) has a solution (z,y) € C(NT,[0,00)?\{O}) with (z,y) > (0,0) on N and ||(x,y)| < r.
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Proof Choose ¢ > 0, and € < r with

> by, > bog. (33)

o= (1+h2(”> /¢ (92(0,v))

g2(r,r)

1 / du
~1 ha(rr)) Jo ¢ (g1 (u, 0
& (1 " gl(m) ¢~ (91(u,0))

Let no € {1,2,...} be chosen so that nlo < e and let Ng = {ng,no +1,...}. We will show that

the following boundary value problem

Alp(Ax(i — 1)+ q1(0) f1(i, x(i), y(i)) =0, i€ N
Alp(Ay(i = 1))] + q2(i) f2 (i, 2(2), y(i)) = 0, 3.1)"
2(0)=y(0)=1, 2(T+1)=y(T+1)=21, neN

)=
has a solution (zy(i),yn(i)) for n € Ny such that for i € N, (zn(i),yn(i)) > (2,21) and

[ (@, gl <.
To see this, we will deal with the modified boundary value problem

)]+ a@Fi(,2(),5() =0, i€ N
|+ a2(i) F2 (i, (i), y (i) = 0, (3.4)"
2(0)=y0)=21, 2(T+1)=y(T+1)=21, neN

n’

where (Vi € N)

Fy(i,z,y) = f1(i, max{z, %},max{o,y}), Fs(i,z,y) = f2(i, max{x, 0}, max{y, %})

To show that (3.4)™ has a solution for n € Ny, we will apply Theorem 2.2. Consider the

family of problems
—Alp(Ax(i — 1))] = W~ g1 (i) Fa (i, 2 (i), y (7)),
—AWB(AY( — 1)] = ¥ aa(0) Fali, 2(0), y(0)), (35)3
2(0) =y(0) = 5, a(T+1) =y(T+1) =5, neNo
where A € (0,1). Let (x,y) be a solution of (3.5)%. Since
Alp(Az(i —1))] <0, i €N
Alp(Ay(i —1))] <0,
ie.
A%z(i—1)<0, i€ N
A%y(i—1) <0,
then ((i),y(i)) > (%, 1) on NT and there exists io € N with Az (i) > 0on [0,40) = {0,1,...,i
1} and Az(i) <0 on [ig,T + 1) = {io,i0 + 1,...,T}, and x(ig) = ||z||; there exists i, € N Wlth
Ay(i) > 0 on [0,45) = {0,1,...,45 — 1}, Ay( ) < 0on [ig, T +1) = {ig,it +1,...,T}, and
y(i5) = |ly||. Also notice that

F (iv ‘T(l)v (y(l)) = fl (ia ‘T(l)v (y(l)) < g (‘T(l)v (y(l)) +h (‘T(l)v (y(l))v ieN

so for z € N, we have

—Alp(Aa(z — 1)) < g1 (#(2), y(2) (1 +
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Summing the equation (3.6) from s+ 1 (0 < s < i) to ig, we obtain

) Y =),

ZO)ay(iO) 2=s+1

BlAx(s)] < ¢lAx(io)] + (1+
when s+ 1 < z < ip, we have

)
o[Az(s)] < gl<w(s+1),0)(1+ M) Z a(z), s<ig

91(x(i0), y(iy s+l
Az(s) gy haa(io), v 1, .
Foee 0.0 <0 U Gty (X a@) s<io 67

z=s+1
Since g1(x(s +1),0) < g1(u,0) < g1(x(s),0) for (z(s),0) < (u,0) < (z(s+1),0) when s < ig, we
have

z(s+1) du A |
/z<s> (@0 (@0) ~ o Lgi(a(s s < lo. (3.8)

It follows from (3.7) and (3.8) that

z(s+1) u i g
/<> m SW(”M)W% S a=), s<io

and then, we sum the above from 0 to ig — 1 to obtain

/% o g (w0) = (”gl<x<io),y<ig>)§¢ (3 @)
= (1 timatin) 27 0 (5:9)

Similarly, we sum the equation (3.6) from ig to s (ip < s < T + 1) to obtain
, x(%0),y(% > ,
—o[An(s)] < —élAatio — 1)) + (1+ 7“) 2 o)y a), a2
g1(z (i), y(ip) -
Since Ax(ig — 1) > 0, and (x(2),y(z)) > (x(s),0) when iy < z < s, we have

~ol8a(s)] < g1a(s), 0)(1+ EOLIO]Y 5 g, )5 54

91(x(i0), y(ip) fomrd
€., —Ax(s) . L |
¢~ (g1(2(s),0)) <¢ (1 + o (@lio).y ) szql , 8 >g.
So we have

z(s) du _A(E(S) 4 M . z
/mm T < T a0 <0 U a0 i) (w52

and then we sum the above from ig to T" to obtain

Zl()

T s

w) du —1(q . Melio), y(ip) -1 ;
/;11 mﬁéﬁ (1+.7.,)) Zéb (Z a(2)), s> io. (3.10)

gi(x(io) ylio)) =~ "=
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Now (3.9) and (3.10) imply

(i) du x(io) du 1 ha(z(io), y(i()
/a ¢-1<gl<u,0>>§/1 Ty <0 (U o)

n

Similarly, we also have
y(io) dv ho(z(io), y(i})
< ,1(14_ 2(2{t0), Y (2o )
L o =m0 0+ Sitorst
This togethers with (3.3) implies ||(z,y)| # r. In fact, if ||(z,y)|| = r, without loss of generality,

we assume that ||z| = r, i.e., (i) = r, then

" du _ hi(r,r)
| sty <t (5

If we assume that ||y|| = r, we have also

/; ¢fl<gd;fo,v>> < b (14 ng_,’ 3:)) )

This contradicts (3.3). Then Theorem 2.2 implies that (3.4)™ has a solution (z,,y,) with
|(Zn, yn)|l < 7. In fact (as above)

1 1
— <m,(i)<r, = <yp(i)<r, for ie Nt
n n

ie.,
11 o R,
(Ea ﬁ) < (xn(l)ayn(ZD < (Ta T)a for i€ NT.

Thus, (2, (7),y, (7)) is also a solution of (3.1)™.
Next, we obtain a sharper lower bound on (x,(),y, (7)), namely, we will show that there

exists a constant C' > 0, independent of n, with
T, (i) > Cu(i), yn (i) > Cu(i), for i€ NT (3.11)

where p(4) is as in Lemma 3.1.

To see this, notice (H4) guarantees the existence of functions ) (i) continuous on N and
positive on N with fi(¢,z,y) > wﬁk)(i) for (i,z,y) € N x (0,7]%, k = 1,2. Let (u(i),v(i)) €
C(N*,R?) be a unique solution to the problem

Alp(Au(i = 1)) + @i ()i (@) =0, i€ N
Alg(Av(i —1))] + 2 (0) 7 (i) = 0, (3.12)
u(0) = v(0) =0, u(T +1)=0v(T+1)=0.
Since Afp(Au(i —1))] <0 on N, with u(0) = u(T + 1) = 0, we have A?u(i — 1) < 0 on N, and
so Lemma 3.1 implies
u(@) 2 p(@)|ull,v(i) = p(@)llvll, vie NT. (3.13)

Since fi(i,x,y) > wﬁk)(i) for (i,z,y) € N x (0,7]%, k = 1,2, similarly to the proof in [15], we

have
(@n (1), yn (1)) > (u(i),v(3)), i€ NT. (3.14)
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Now (3.14) togethers with (3.13) implies that (3.11) holds for C' = mingec y+ {||ul, [|v] }-
The Arzela-Ascoli theorem guarantees the existence of a subsequence N1 C Ny and functions
(z,y) € C(NT,R?) with (z,,,yn) — (2,y) in C(NT,R?) as n — oo through Nj.
Also, for z(0) = z(T+1) =0, y(0) = y(T' + 1) =0, ||(x,y)|| < r for i € NT. In particular
2(i) > Cpl(i) > 757 and y(i) > Cu(i) > 755 on N.
Fix ¢ € N, we obtain
Alp(Azn (i = 1))] = ¢(Axn (i) — ¢(Azn(i - 1))
= ¢(en(i+1) = 2n(i) = ¢(an (i) — 2n(i — 1))
— Alp(As(i = 1))}, i€N, ne N, n— oo,

Alp(Ayn(i = 1))] — Alp(Ay(i —1))], i€ N, n€ Ny, n— o0

and
fk(lvxn(l)vyn(l)) - fk(’L,.’,E(Z),ZJ(Z)), t€N, n€ Ny, n— oo, k= 1,2,

ie.,

eN

Alp(Az(i = 1)] + qu(@) f1 (4, 2 (i), y (1))
Alp(Ay(i = 1))] + q2(4) fa i, 2(2), y (i)
2(0) =y(0) =0, 2(T+1)=y(T+1) =

Finally, it is easy to see that ||(z,y)|| < r (note if ||(z, y)|| = r, then following essentially the

same argument from (3.6)—(3.10) will yield a contradiction).

This completes the proof of Theorem 3.1. [J

Example 3.1 Consider the singular boundary value problem

Alp(Ax(i — 1)) +0((v2(i)? +y(0)?)~* + (V2 (i)? +y(i)?)?) =0, i €N,
Alp(Ay(i — 1)) +0((/2(i)? + y(0)?) = + (V)2 + y(1)?)") =0, (3.15)
2(0)=y(0)=0, o(T+1)=y(T+1)=0, a>0, F20, v= ()"
with § > 0 and also
p—l p—1 Ca-l—p—l
<o) e (316)
here . .
blzriré%c(Z(i—s—i—l)P_il, Z(s—z—i—l ) Zw I. (3.17)

Then (3.15) has a solutions (z,y) with (x(¢),y(¢)) > (0,0) for i € N.
To see this, we will apply Theorem 3.1 with

ai(s) =0, gr(z,y) = (V (22 +y2) 7% hi(z,y) =7(V/ (22 +92), k=12

Clearly (H;)—(Hy4) hold. Also notice

> o Z% Ty (i—s+1)7T,
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i

T s
DT ak() =6 Y s~ ),

s=1
and so
1 d 1 1 T 1 1
= p—1 ) — p—1 p—1 — p—1 | = p—1 =
bko max (5 5521(2 s+1)71, 4 sE:i(s i+1) ) 07 1by, k=1,2.

Consequently (Hs) holds since (3.16) implies there exists r > 0 such that

5 < p—1 Pl oty
bi(a+p—1) 1+ roth’

1 " du p—1  _,/ roftrl
= > big.
¢1<1+’“<”§>/o @) - poTra? () >

g1 (r,r

and so

Similarly, we also have

1 " dv p—1  _ s rotpl
bao.
¢1(1+h2(M))/0 T (p0 ) p-1+a’ (1+ra+ﬁ) = b

g2(r,r)

Thus all the conditions of Theorem 3.1 are satisfied, and then, the existence is guaranteed.

Remark 3.1 If 5 < p— 1, then (3.16) is automatically satisfied.
Next we establish the existence of two positive solutions to (3.1). First, we state the fixed

point result we will use to establish multiplicity.

Lemma 3.2 ([5]) Let E = (E,| - ||) be a Banach space, K C E be a cone in E, and || - ||
be increasing with respect to K. Moreover, let r, R be constants with 0 < r < R. Suppose
®:QrNK — K (here Qr = {x € E,||z|| < R}) is a continuous, compact map and assume the
conditions

x # A®(x), for A€ [0,1) and x € 900, N K (3.18)

and also,
|®z|| > ||z, for =€ dNrNK (3.19)

hold. Then ® has a fixed point in K N{zx € F:r < |z|| < R}.

Remark 3.2 In Lemma 3.2 if (3.18) and (3.19) are replaced by
x # AP(x), for A€ [0,1) and z € ONg N K (3.18)*

and
[|Dx]| > |||, for xe€ I NK. (3.19)*

Then ® has a fixed point in KN{z € F:r < |z| < R}.

In this paper, let ||u]| = max;cn+ |[u(i)|,u(i) € C(NT,R). Then E; = (C(N,R),|-]) is a
Banach space. Let K1 = {u € C(N7T,[0,+00)) : u(i) > p(i)||u||, i € NT}.

Let E = By x F1, K = K1 x Ky, and ||z|| = ||(z,9)|| = max{||z||, ||yl|}, Vz = (z,y) € E.

Then (E, || - ||) is a Banach space and K is a cone in F.
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Theorem 3.2 Assume that (Hy), (Hz), (Hs) and (Hs) hold. In addition, suppose

(He) : Let fu(i,z,y) > gi(w,y) + hi(z,y) on N x ([0,+00)*\{0}),
with g > 0 continuous and nonincreasing on [0,00)?\{O0},

_ 3.20
hi, > 0 continuous on [0, 00)?, (3.20)

g—: nondecreasing on [0,0)?\{0}, k=1,2.

(H7) There exists a constant R > r such that

R R

oy <l —— oy < Il (3:21)
o (gl(R R)(1+ m)) ¢ (QQ(R’R)(I + m))
where v satisfies
Alp(Av(i — 1)) + (i) =0, i€ N 522)
v(0) =v(T +1) =0, '

Then (3.1) has a solution (z(i),y(i)) € C(N*,R?) with (z,y) > (0,0) on N and r <
Iz, )| < R.

Proof To show the existence of the solution described in the statement of Theorem 3.2, we will

apply Lemma 3.2. First, we choose ¢ > 0 (¢ < r) with

1 " dv
> byg > bog. 3.23
o1 (14 bl /¢ muO ¢11+@@)l¢1@mm> - (3:29)

g(M

Let ng € {1,2,. .} be chosen so that ;- < §
First we will show that
Alp(Az(i = 1))] + (D) f1(, 2(i), y (7)) = 0, i €N,
Alp(Ay(i = 1)) + g2(8) fa i, 2(0), y(0)) = (3.24)"
0)=y(0) =3, «(T+1)=y(T+1) =7, nelNo
has a solution (2, ) for each n € No with (2,,(7), Y (7)) > (£,1) on N and r < |[(zn, yn)|| < R.
To show (3.24)™ has such a solution for each n € Ny, we will deal with the modified boundary

T+l *{Tlo,no—l—l,...}.

8

n7

value problem

Alp(Az(i = 1)) + (i) F1 (i, (i), y(1)) =0, i€ N
Alp(Ay(i — 1))] + g2 (i) F2 (4, (i), y(4)) = 0, (3.25)"
2(0) =y(0) =L, 2(T+1)=y(T+1)=2, neN

where Vi € N, and

.. . ) 1 . ) 1
Fi(4,2(i), (y(2)) = f1(¢, max{z, E},max{o,y}) and Fy(i,z,y) = fa(i, max{z, 0}, max{y, E})
Fix n € No. Let ® : K — C(N*,R2) be defined by

N N L i=0o0r T+1
ww”@%4ﬂLm@_({B+ziw1@+21wamwmxiem

{ 1 i=0or T+1

n’

B+ YL 67 (7 + Sisy Balra(r),y(r), i€N), (3.26)
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where 7 and 7' are, respectively, the solutions of the equations

T s
Y e+ D Filra(r),y(r) =0 (3.27)
and
T s
6L + 367+ 3 B ), u(r) = 0. (3.27)
From Section 2, ® : K — C(N*+,R?) is completely continuous. Moreover, we have
Alp(Aw(i = 1))] + qu (§) F1 (4, 2(i),y(i)) =0, i€ N,
Alp(Av(i = 1))] + g2 (1) Fo (4, (i), y (1)) = (3.28)
w(0)=v(0) =21, wT+1)=v(T+1)=21, neN,.

This implies that A[¢(Aw(i —1)) <0, i€ N. Thus A?w(i —1) <0, i € N, and w(i) > +
Consequently, w(i) — £ > p(i)||w — || (from Lemma 3.1), thus w(i) > 2 + p(i)(|jw|| — L) >
> u(d)|v|], i € N*, and so <I> K - K.

wu(@)||w]], i € N*T. Slmllarly, we also have v(7)

First, we show
(,y) # AP(z,y) for A €0,1), (z,y) € Q. NK, (3.29)

where Q, = {(z,y) € E : ||(x,y)]| <}
Suppose this is false, i.e., there exists (z,y) € 09, and A € [0,1) with (z,y) = A®(x,y).
We can assume A # 0. Now since (z,y) = A®(z,y), we have

Alp(Ax(i —1))] = XN~ qu (i) F (i, 2 (i), y (4)),
Alp(Ay(i - ))] = N7 lqa (i) Fo (i, (i), y (i), (3.30)
() y(0) =2, a(T+1)=y(T+1) =3, neNo.
Since ||(z,y)|| = r, without loss of generality, we assume that ||z|] = r. Clearly, there exists

19 € N with Az(i) > 0on [0,70) = {0,1,...,50—1}, Az(i) < 0on [ig,T+1) = {ig,i0+1,...,T}
and z(ip) = ||z|| = r.

Also notice x(i) > p(i)||x()|| = p(i)r > 755 > nio, for i € N, and so

Fy(i,2(2), y(i)) = f1(i,2(0),y(2)) < g1(2(2), y(i)) + ha(a(i),y(i)), i€ N.

Fix z € N, and then, we have

h
~Afo(8e( — V)] £ 0ol D1+ ), (3.31)
By the arguments which were used to obtain (3.9) and (3.10) in Theorem 3.1, we have
z(i0) du . hy (T‘ ’f‘) 0 . 0
é Ty <0 (1 i) 2o o) (3:32)

and

T s
1) 36wl (33

T:i()

@(io) du 1 hi(r,r
A e <0 1 e



Ezistence of positive solutions for singular P-Laplace BVP of the second-order difference systems 201

Now (3.32) and (3.33) imply

T du 1 hi(r,r)
[ o =m0 (4 5iem) .

Similarly, we also have

_ ha(r,r)
<bao ! (14 200, 3.34)
/ ¢~ 1(92(0,0)) 9200 200 ga(r;7) (334
This contradicts (3.23) and consequently (3.29) is true.
Next, we show

[(w, w)[| = 2@, y)| > [[(z, 9)l, Y(z,y) € 0% NK,

where Qp = {(z,y) € E : ||(z,y)| < R}.
To see this, let (x,y) € 0QrNK such that ||(z,y)| = R. Since ||(z,y)|| = max;en+{||z]l, lyl|} =
R, without loss of generality, we assume that ||z|| = R

Also, since (z,y) € K, we have

R 1
2(0) 2 p(i)lal] = ()R> ——— > —, Vie N,

T+ 1 no
Thus
Fu(i,2(i),y(0) = f1(3,2(),y(0) > g1(2(i),y(0)) + ha(2(i),y(9)), Vie N
so we have
—Alp(Aw(i = 1)) = a1 (i, 2(2), y(0) = q1(0) f1(2(0), y (7))
2 g1(e(i),y(@) (14 2 m e Ja)
ho(_R_
> q1(R, R)(l + 91((;}:: 8;)% (i) == C1(R)q1 (@) (3.35)
and B
. _ h2(07 TL.;_l) .
~Alp(Au(i = D) 2 ga2(BB)(1+ — )5 (i) = Ca(R)as (i):
92(05 T—Jrl)

Then, we obtain
w(i—1)

. A
The argument used to get (3.22) yields
W0 ), ie Nt
10 (R) >wv(i), ie NT. (3.37)
Similarly, we have also
u(i) v(z), +
G @) = N

Now (3.21) and (3.37) yield

lwll = o6~ (C1(R) > R, [ull = |[vll¢~" (C2(R)) > R,
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ie.,

[(w,w)|| = [[®(z, y)|| > R = |[(z,y)ll, V(z,y)€drnK.

This implies ® has a fixed point (zn,y,) € K N (Qr \ Q) ie, r < |[(xn,yn)|| < R. In fact
[(@n, yn)ll # 7 (note if ||(xn,yn)|| = 7, then following essentially the same argument from
(3.31)—(3.34) will yield a contradiction). Consequently (3.25)" (and also (3.24)™) has a solu-
tion (z,yn) € C(NT,R?), (zn,yn) € K, with

Ty > (i), yn = ru(i), 1 €N, r <|[(Tn,yn)| < R. (3.38)

Essentially the same reason as before guarantees that there exists a subsequence Ny of Ny,
and a function (z,y) € C(N*,R?) with (2,,(7), y, (7)) converging to (x(i), y(i)) as n — oo through
Ni. It is easy to show that (z(i),y(i)) € C(NT,R?) is a solution of (3.1) and r < ||(z,y)|| < R.

Thus, the proof of Theorem 3.2 is completed. [J

Remark 3.3 In (H7), if we have R < r, then (3.1) has a solution (z(i),y(i)) € C(N*,R?)
with (x,y) > (0,0) on N and R < ||(z,y)|| < r. The argument is similar to that in Theorem 3.2

except for that here we use Remark 3.2.

Theorem 3.3 Assume (H; )—(Hz) hold. Then (3.1) has two solutions (zg,yx) € C(NT,R?), k =
1,2 with (zg,yr) > (0,0), k=1,2 on N and 0 < ||(z1,11)]| <7 < ||(z2,y2)|| < R.

Proof The existence of (z1, 1) follows from Theorem 3.1, and the existence of (z2,y2) follows

from Theorem 3.2.

Example 3.2 The singular boundary value problem
Alp(Az(i = 1))] + (v () +y(0)?) = + (1 + (2(i)2 +y(0)?)?)) =0, i€ N,
Alp(Ay(i = 1))+ 0((2(i)* +y()*) " + (1 + (V(i)* +y(i)*)7)) = 0
2(0) = y(0) = 0, a(T +1) = y(T +1) = 0,
has two solutions (z1,v1), (z2,y2) € C(NT,R?) with (z1,91) > (0,0), (z2,%2) > (0,0) on N
and ||(z1,y1)|| <7 < |[(x2,y2)||.- Here a >0, 3> p —1 and

(3.39)

~
[\v]

~—
sy

~—

~
|

) p—l+a p—1 p—1 . T N 4
05— 7 = tp-1. 3.40
14+ (V2r)e + (V2r)oth (bl(p -1+ O‘)) 1 ; .

To see this, we will apply Theorem 3.3 with ¢x (i) = 4,

gk(xay) = gk(xay) = (\/ z? + y2)—oz and hk(fli,y) = Bl(xuy) =1+ ( \% z? + y2)ﬁu k=1,2.
Clearly (H;)—(Hy4), (Hg) hold. Also notice (see Example 3.1)

i T
_1 . _1_ _1 . _1_ _1
bro 211%%((5? I ;(z—s—i-l)r' 1, 071 Z(s—z—i—l)r' 1) =6r1by, k=1,2.
Consequently (Hs) holds, since
1 /T du _ p—1 (
o1+ mler)y Jo 0791 (w,0))  p—1+a N1+ (vV2r)> + (V2r)at+s

g1(r,r)

pr=io i
> by
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and
1

1 /T du  p- 1 ( pp—lta )ﬁ iy
¢—1(1+ hz(r,r)) 0 ¢—1(92(0,U)) o p—1+a 1+(\/§T)a+(\/§r)a+ﬁ 20-

ga(r,r)

Finally notice that (since § > p —1)

g RIE S i -0
Tt (gl(R, R)(1+ ﬁ)) * ((\/iR)*a + (V2(T+ 1))~ *(1+ (T + 1)*ﬁRﬁ))
and
. R : R
A RO A _ - - =0
o (@R R+ 2555) ((V2R)= + (VT +1)=o(1 + (T + 1)PR?))

So there exists R > 1 with (H7) holding. The result now follows from Theorem 3.3.
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