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1. Preliminaries

Earlier investigations in [1] studied x-bisimple type A w?-semigroups whose equivalence D*
and D coincide, characterizing them as the generalized Bruck-Reilly *-extensions of cancellative
monoids. The results of [1] generalize those of regular bisimple w?-semigroups. In this paper, we
give necessary and sufficient conditions for two *-bisimple type A w?-semigroups with D* = D
to be isomorphic. We complete this section with a summary of notions of type A semigroups,
the details of which can be found in [1], [2] and [3].

For any semigroup S we shall denote by Eg the set of idempotents of S. Let S be a semigroup
whose set Eg is non-empty. We define a partial ordering > on Eg by the rule that e > f if and
only if ef = f = fe. Let N° denote the set of all non-negative integers and N denote the set
of all positive integers. We define a partially order on N° x N in the following manner: if
(m,n), (p,q) € N° x N°,

(m,n) < (p,q) if and only if m > p or, m =p and n > q.

The set N x NO with the above partially order is called an w?-chain, and denoted by C.,>. Any
partially ordered set order isomorphic to C,,2 is also called an w?-chain. We say that a semigroup
S is an w?-semigroup if and only if Eg is order isomorphic to C,,2. Thus, if S is an w?-semigroup,
then we can write

Es ={emn:m,ne N},
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where e, , < e, 4 if and only if (m,n) < (p, ).
Let S be a semigroup. Let a,b € S such that for all z,y € S*, ax = ay if and only if bz = by.
Then a, b are said to be L*-equivalent and written a£*b. Dually, aR*b if for all z,y € S, za = ya

if and only if zb = yb. If S has an idempotent e, then the following characterisation is known.

Lemma 1.1 ([3]) Let S be a semigroup and e an idempotent in S. Then the following statements
are equivalent:

(i) eL*a;

(ii) ae = a and for all z,y € S*, ax = ay implies ex = ey.

By duality, a similar statement holds for R*. A semigroup in which each £*- and each R*-
class contains an idempotent is called an abundant semigroup [2]. The join of the equivalence
relations £* and R* is denoted by D* and their intersection by H*. Thus aH*b if and only
if aL*b and aR*b. In general L* o R* # R* o L* and neither equals D*. Basically, aD*b if
and only if there exist x1,x2,...,22,—1 in S such that al*x1R*x2L* - - - LY 29,1 R*b. Let H*
be an H*-class in a semigroup S with e € H*, where e is an idempotent in S. Then H* is
a cancellative monoid. Denote by R, L the left and right Green’s relations respectively, on
S. Evidently £ C £*;R C R*, and so, D C D*,’H C H*. If S is a regular semigroup, then
L =L, R*=R. An L*-class containing an element a € S will be denoted by L. Similarly R}
is an R*-class with an element a € S. To avoid ambiguity we at times denote a relation K on
S by K(S). Let S be a semigroup with a semilattice E of idempotents. Then S is called a right
adequate semigroup if each L£*-class of S contains an idempotent. Dually, we have the notion of
a left adequate semigroup. If S is a right (left) adequate semigroup, then each £*-(R*-) class
of S contains a unique idempotent. For an element a of such a semigroup, the idempotent in
the £*-(R*-)class containing a will be denoted by a*(a™). A semigroup which is both left and
right adequate will be called an adequate semigroup. A right (left) adequate semigroup S is
called a right (left) type A semigroup if ea = a(ea)*(ae = (ae)Ta) for all elements a in S and
all idempotents e in S. An adequate semigroup S is type A if it is both right and left type A.
Let S be a type A semigroup with a semilattice of idempotents E. Then S is called type A
w?-semigroup if E is an w?-chain. Thus in a type A w?-semigroup Es = {em . : m,n € N} and
em.n > €pq if and only if (m,n) > (p,q). In such a semigroup S, we will denote by L, , (resp.

m,n

Ry, ) the L*-class (resp. R*-class) containing idempotent e,, . That is
Ry, ,={a€S:aR"enn},
Ly, ={a€S:alvpq}.
Let H{m,n),(q,p) denote the R}, ,, N L, . That is

H(*m-,n)y(qyp) ={a€S:aR%mmn, alepq}.

If He o)) # (), evidently H o) () 18 21 H*-class of S. Also, observe that at = e, ,, and

a* = epq If Sis atype A w?-semigroup, then S is x-bisimple if and only if it has a single
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D*-class. Let S be a type A semigroup, and let a,b € S. The relation D is defined on S by
aDb if and only if a*Db* and a™DbT for a*,b*,a™, b € E(S).

D is an equivalence relation and satisfies the inclusion D C D C D*ona type A semigroup S
(see [4]).

Lemma 1.2 ([5]) Let S be an adequate semigroup. The following conditions are equivalent:
(i) D* =D;
(ii) Every nonempty H*-class contains a regular element.
Furthermore, if (i) or (ii) holds, then D* = L* o R* = R* o L*.
In [1], Shang and Wang introduced the generalized Bruck-Reilly *-extension. Consider a
monoid T' with H and H. as the H*- and H-class which contains the identity e of T', respectively.
Let 3, v be two homomorphisms from 7" into H}. Let u be an element in H, and 7, be the inner

automorphism of H} defined by x — uzu~! such that

YTu = 37 (1.1)

We can make S = N9 x N% x T x N° x N© into a semigroup by defining

(m7 n’ a7 q’p)(m/7 n/7 a’/7 q/’p/)

(m,n — g+ max(q,n’), afmax(an’)—qg/ gmax(gn)=n’ o/ _ 4 max(q,n’),p") if p=m'

=4 (m,n, a(unta’"yuq,)”ypmelﬂq, q,p  —m’ +p) if p>m’

(m—p+m/, 0/, (u"ayud)y™ P17 a’ ¢ ) ifp<m
where 3°, 49 are interpreted as the identity map of T and u° is interpreted as the identity e of
T. Then S is a semigroup with identity (0,0, e, 0,0). The semigroup S = N x N? x T'x N? x N°©
constructed above will be called the generalized Bruck-Reilly x-extension of T' determined by £,
v, u and will be denoted by S = GBR*(T; 83,v;u). Let (m,n,a,q,p) € S. Then (m,n,a,q,p) is

an idempotent if and only if m = p, n = ¢ and a is an idempotent.

Lemma 1.3 ([1]) Let S = GBR*(T;(,v;u) be a generalized Bruck-Reilly *x-extension of a
monoid T determined by (3, v, w. Suppose that (m,n,a,q,p) and (m',n’,a’,q’,p’) are elements in
S. Then

(i) (m,n,a,q,p)L*(S)(m',n',a’,q,p") if and only if ¢ = ¢', p = p’ and aL*(T)d’.

(ii)) (m,n,a,q,p)R*(S)(m',n’,d’,q',p’) if and only if m =m’, n =n’ and aR*(T)d’.

Lemma 1.4 ([1]) Let S = GBR*(T;3,v;u). Then an element (m,n,a,q,p) in S has an inverse
(z,y,b,z,w) € S if and only if b is the inverse of a in T, v = p,y = ¢,z = n and w = m.

Lemma 1.5 ([1]) Let M be a cancellative monoid with identity e and S = GBR*(M; 3,~;u)
the generalized Bruck-Reilly x-extension of M determined by 3,7, u, where  : M — H},~v :
M — H} uw e H, and H}, H. are the H*-class and H-class of M containing the identity
e of M, respectively. Then S = GBR*(M;f3,7;u) is a *-bisimple type A w?-semigroup such
that D*(S) = IND(S’) Conversely, every %-bisimple type A w?-semigroup such that D* = D is
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isomorphic to some GBR*(M; 3,7;u).

2. The isomorphism theorem

In this section, we give necessary and sufficient conditions for two *-bisimple type A w?-
semigroups with D* = D to be isomorphic. Let S, and S’ be *-bisimple type A w?-semigroups
satisfying D* = D. Suppose that o : S — S’ is a mapping between them. We prove the following

theorem.

Theorem 2.1 Let S = GBR*(M;3,v;u) and S’ = GBR*(M'; ',+';u’) be x-bisimple type
A w?-semigroups such that D* = D. Then S = §' if and only if there exist isomorphism « of
M onto M’ and two inner automorphisms 7, and 7, of M’ such that
Ba=af' Ty, ya=ay'T, ue=(wyu)n, (2.1)

where v and w are two units of M.
Proof Let o be an isomorphism of S onto S’. Then ¢ must induce a one-to-one order preserving
mapping of Es onto Es:. Thus (m,n,e,n,m)c = (m,n,e’,n,m), for all m and n in N° where
we have denoted the identities of both M and M’ by e and €', respectively.

Let s = (m,n,z,q,p) € S and so = (m,n,z,q,p)o = (i,5,y,1,k) = r. Then

S*U:(SU)*:T*, S+O':(SO')+:T+,

which implies that (p,q,e, q,p)o = (k,l,€',1,k), and (m,n,e,n,m)o = (i,j, €, j,i); consequently
p=k,q=I1l,m=1iand n=j.

Now H(*070))(070)(S)a = H(*070))(070)(S’) so that M = M’ where M = H€‘070))(070)(S) and
M = H2‘070))(070)(S’). Denote the isomorphism between M and M’ by «. By definition then

(0,0, 2,0,0)0 = (0,0, za, 0,0).

As (0,0,e,1,0) is a regular element in S, so is its image (0,0,e,1,0)0 in S’. Suppose that
(0,0,e,1,0)0 = (0,0,w, 1,0). Then w is evidently a unit in M’ and (0,1, e, 0,0)o = (0,1,w™1,0,0).
Thus for all z € M,

(0,1,283,1,0)0 = (0,1,¢,1,0)0(0,0,2,0,0)0 = (0,1,¢',1,0)(0,0, zc, 0,0) = (0, 1, za’, 1,0).
Also
(0,1,25,1,0)0 = (0,1,¢e,0,0)0(0,0,203,0,0)0(0,0,¢,1,0)0
= (0,1,w™",0,0)(0,0,z3c,0,0)(0,0,w,1,0)
= (0,1,w '2Ba,0,0)(0,0,w,1,0)
= (0,1,w 'zBaw, 1,0).
Therefore, for all € M, zaff = w™'zBaw and hence

zfBa = wraf wt = zaf Ty,



The isomorphism theorem of x-bisimple type A w?-semigroups 235
where 7, : M’ — M’ is the automorphism defined by y7, = wyw~'. Thus we obtain
Ba = aff .

Similarly, suppose that (0,0,e,0,1)oc = (0,0,v,0,1) for some v € M’. Then v is evidently a
unit in M’ and (1,0,¢,0,0)0 = (1,0,v71,0,0). Thus, for all z in M, we have

(1,0,za7',0,1) = (1,0,¢’,0,1)(0,0, za, 0,0)
1,0,e,0,1)0(0,0,2,0,0)0 = (1,0, 27,0, 1)o
1,0,€,0,0)0(0,0,2v,0,0)0(0,0,¢,0, 1)
1,0,v7%,0,0)(0,0, 2va, 0,0)(0,0,v,0,1)
1,0,v"'2va,0,0)(0,0,v,0,1)

1,0,v tzyav,0,1).

(
(
(
(
(
(

1

Hence, for all elements z of M, we have zay’ = v~ 'zyav; that is vezay'v™! = 2ya. Thus we

obtain

yo = ary'T,.
Now,

(0,0, ua,0,0) = (0,0,u,0,0)0 = (0,0,e,0,1)0(0,0,e,1,0)0(1,0,€e,0,0)0
= (0,0,v,0,1)(0,0,w,1,0)(1,0,0~",0,0)
= (0,0, vwy'/,0,1)(1,0,071,0,0)
= (0,0, vwy'v/v™1,0,0)
and so ua = vwy'u'v™!. Thus ua = (wy'u')7,.
Conversely, suppose that there exists an isomorphism « of M onto M’ such that Ba =

af' 1y, ya = ay't, and ua = (wy'u')7, for some unit w of M’ and some unit v of M’.

For each positive integer m, let w,, = w(wp') - (wp™ 1) and v, = v(vy') - (vy/™1).

Then w,,! = (w= 1™ 1) (w=iB)w™t and v, = (v 1y ). (v 1)o7t Let wg = vg =
e’. Note that w; = w and v; = v. We claim that

Bla = af" 1, (2.2)

where i € NY. Clearly this is true for i = 0. Suppose that it is true for i = m, and let x € M".
Then

27w B " T, = (wrw™ ) B "7y, = (W™ 2B MW B ) T, = 2B T
and so 7, Tw,, = ™ Tw,.,,- Thus, by virtue of (2.1), we have
B = Baf "1y, = aB TwB " Tw,, = B 1y,
and so (2.2) holds by induction. Similarly, we have that
Y= ay"7, (2.3)

where i € NV.
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We note that

/0T

u"o = (wey'u") Ty (2.4)

where r € NY. Clearly this is true for 7 = 0. Assume that it holds for r = n. Then, by (1.1), we
have v'1,, = '+ and so

/ / m— ! ] m— /' !, / /1,0
uMwy = u" T wp Y Y = PRy = = wp Y U

and

/..In

o =u"oua = (w,y'u'™) 7 (wyY'u) Ty = (wery v wy u')T,

u”
_ (wnv'wﬁmvlu’"u’)ﬂ, _ (wn+1'71u/n+1)7—'u-

Hence the result holds for » = n+1 and so, by induction, it holds for all positive non-negative r.
Write h = (0,0,w,1,0). As w is a unit in M’ then (0,0, w,1,0),(0,1,w™,0,0) must be
mutually inverse regular elements of S’ and so h~! = (0,1,w™1,0,0). Let k = (0,0,v,0,1).
Similarly, (0,0,v,0,1),(1,0,271,0,0) must be mutually inverse regular elements of S’ and so
k=1 = (1,0,071,0,0). Write h® = (0,0,¢’,0,0) and £ = (0,0,¢’,0,0). A straightforward calcu-
lation shows that
h™ = (0,0,w,,n,0), h~"=(0,n,w,",0,0),

k" =(0,0,v,,0,n), k7" = (n,0,v;",0,0)

'y Yn

(2.5)

for all non-negative integers n.

Let o be a mapping from S into S’, defined by
(m,n,z,q,p)oc = k~™h™"(0,0, zca, 0,0)RIEP.
Thus, applying (2.5), we see that
(m,n,z,q,p)o = (m,n, (v, 3w, ra(w,v,5?),q,p)
and so o is a bijection.
Let (m,n,z,q,p),(m',n',2', ¢, p') € S. We shall show that
(m,n,,0,p)0 (' 0,2 ¢ 1) = [(m, o2, @, p) (2! o (2.6)
It is convenient to consider separately the following five cases.
Case I p=m' and ¢ = n’. In this case, we have
(m,n,z,q,p)o(m’,n', 2, ¢, p)o
=k~"h (0,0, za, 0,0)R9kPE™™ h™" (0,0, 2", 0,0) R k¥’
=k~"h7"(0,0, (z2")a, 0, O)hqlkp, = (m,n,zx’, ¢, p')o
= [(m,n,z,q.p)(m’, 0", 2", ', p)]o.
Case IT p=m’ and ¢ > n’. In this case, by (2.2), we have
1g—n’

Wy—pr @' B =287 qwy_ .
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Thus, using (2.5), we obtain

(m,n,z,q,p)o(m’,n',2',¢,p')o
=k~"™h™"(0,0, zcv, 0,0)h9kPk ™™ h =" (0,0, 2'c, 0,0)h? k¥’
= k~"™h7"(0,0, za,0,0)(0,0,w,_n,q —n',0)(0,0, 2, 0,0)h k¥’
=k~"h™"(0,0, zawg—n,q —n',0)(0,0,2'a, 0, 0)he k¥
= k"R (0,0, zowg—nz'aB" g —n',0)h? kY
=k~"h7"(0,0,zaz’ BT awq g —n',0)h? kY
= k™R (0,0, (z2/ 39 ), 0,0)(0, 0, wy—ns, g — ', 0) RS k¥’
— k™0, 0, (z2' 89" Yo, 0, 0)RY 7 Taf¥
= (m,n,z2' 87" ¢’ =’ +q,p)o

= [(m7 n’ I) q7p)(m/7 n/7 xl? q/7p/)]a'

Case IIT p =m' and g < n'. In this case, by (2.2), we have

-1
n’'—q*

w;/l_qazﬁnl*qa = zaf"™ ~lw
Thus, using (2.5), we obtain

(m,n,z,q,p)o(m’,n’,z', ¢, p')o

=k~""h (0,0, za, 0,0)RIkPE™™ h™™ (0,0, 2'a, 0,0) R k¥’
=k~™h7"(0,0,20,0,0)(0,n" — q,w,,",0,0)(0,0,2'c,0,0)h k¥
=k~"h (0,0 — ¢,z —qw;,{q,o 0)(0,0, ', 0,0)h? k'
=k~"h""(0, —q,zaB™ Tlw a,0,0)hq/kp/

=k~"™h7"(0, g, wt " 0z’ a,0,0)hd k¥

=k""hT (0,1 — g wpt,0,0)(0,0, (28" 72, 0,0)h7 k¥’

= k~mp~(ntn'=g) (o, 0, (z8" ~9a'), 0,0)hY k¥’
=(m,n+n" —q, B 9 q,p)o

= [(m7 n’ I) q7p)(m/7 n/7 xl? q/7p/)]a'

Case IV p > m/. Utilizing (2.2), (2.3) and (2.4), it is easy to see that (u~" z/yu?)a =

(u™ @) ra'youd a = vu' = (w e’ awy )y u'? vt and so
—-n' 1. q p—m’—1 gIq

(u™™ 2’ yu? )ary I} Twg(vy_ 1 B'7)

1 g’ —11 1p—m’—1 gIiq
2 awy )y u' vy BT (0 (0t 180)

— {,U,y/pfm’flﬁlq[u/fn (w_lx ow /)”/u/q ],_Y/p m’ 16/qv717/p7ml716/q}7-wq(vp,m/,lﬁ’q)

1—n' 1 1,.1q" 1 'p—m'—1 niq
(wn’ IO&’LU )’Yu ]’Y B, Tyyrp=m'=181aTwg (v, s _18'9)

= [vu'™" (w

= [u

/—n'(

~1 —m—1
= [u w,,, T awq/)’y u” ],y/p m ﬁquwq(Upfyn/ﬁ,q)-
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By virtue of (2.2), (2.3) and (2.4) we have

and so

(u™" x’*yuq P Bl awy (vp— e B'7)
w1 yud )Wp_m/_laﬁ'quqwq(vp_m/ﬁ’q)

p—m’—1

= (
= (w2 yu? oy Ty s -1 3 T Wq (Vp—mns B9)
= (

u " ,Yuq YayP=m 715/quq(v B We (Vp—msB'7)
[ul ( n’lzlawq/)”Y u'l ]”Ylp " _161q7'wq (Vp_mB'7) Wq (Up*m’ﬁlq)
_ wq (Up m’ﬁlq)( wnll,ylu/O)/y/p—m/_lﬁlq

xa,y/,y/p m’ lﬁ/q(u wq/'yu ’)V/pfm/,lﬁ/q

Tow, ('Up—m’ﬁ/q) (u/_n/’U}T:,l’}/l)’}//p_m/_1ﬁlq$/04’ylp_m/ﬁlq( /’}//’U//q )Wlp_m/_lﬁlq

= (x(u_n/ xlyuq/ )'VP_m/_l ﬁq)awq (Up—m’ ﬁlq) .

Thus, by (2.5), we obtain

(m5 n? x? q,p)o’(ml, n/’ II? ql7pl)o.
= k~"h7"(0,0, za, 0, 0)RIKP~™ B (0,0, 2", 0, 0) R k¥’
=k~"h™"(0,0,za,0,0)(0,0,w,,q,0)(0,0, vy, 0,p —m')(0,n, w;,l,O, 0)

(0,0,2'c, 0,0)h? k”'

=k™"h7"(0,0,zawy, g,0)(0,0, vp_pm, 0,p — m')(0,n ,w b, 0,0)(0,0,2',0 O)hq K

n’

= k_mh_"(0,0,xawq(vp_m/)ﬁ'q,q,p—m')(O n',w,,0,0)(0,0, ', 0,0)h7 k¥

n’

=k7"h7"(0,0, zawy (vp—m )3 (u'~ w l’Ylu/O)”Y/pfm 18, q,p—m)

(0,0, 7', 0,0)h? k¥’

— k—mh—n(O, O7 xawq (’Up—m’)ﬁlq( wn,l/y/uIO),ylp—m/—lﬁqula,y/,y/p m _lﬁlq, q,p— ml)

0,0, wy,q", 0)k”
q

= B0, 0, (0 e BT) (' wihe Yy P T P

(wgyu'T )P~ 1B g p — m! )k

= k~"h7"(0,0, (x(u”" &/ yud )y ™ _1ﬁq)awq(vp m B9, q,p — m kY

= k~"h7(0,0, (x(u”" @' yud )yP ™ 181 awq, g,0)(0,0,vp—ms, 0,p — m')k?

= E7"R™(0,0, (a(u™" 'yud )yP =™ 159, 0,0)(0, 0, wy, ¢, 0)(0,0, vy, 0,p — m kP
= k~"h7"(0,0, (x(u”" 2/ yud )y ™ T 30, 0,0) R kP

= (m,n, z(u" Zyud )W B g p+p —m)o

= [(m7 n’ I) q7p)(m/’ n/’ I/’ q/’p/)]o.'

Case V p < m/. Utilizing (2.2), (2.3) and (2.4), it is easy to see that

(u"ryul)a = (u"a) zyoula = vu' "™ (w;, Lraw, )y u/ v
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and so

(u " zyul)oy™ P13 5 T (v 1B

_ —1 1 1

— fou " (wy Sty G

= {lem/—p—lﬁln/[ = "(w 1$CY’U} )Vlu/qh/m P 16177, _17/7” P 1ﬁln} Tw it (Ut e lﬁ/n)
= [/ (w,, 'zaw, )y u' )y P g vyt =p=18m! T (o)

= [/~ (w;, mawy )y W™ TP T, (o)
By virtue of (2.2), (2.3) and (2.4) we have

,U;L}_pﬁ/n'w;,l (’u,_n(E’Yuq)’Ym/_p_lﬁn/a

’ ’ ’
= v—,l ,,6’" w;ﬂ (u™"zyut)y™ P B T,

—1 '—p—1 !
= 'U (U .I’Y’U,q) ,.)/m b Tvm’—p—l 6/"‘ Twn’
1 ! —p—1 o’
= W, (u " wyut)oy™ TP T,
1 1
= wi ' (wy e, )y 'y ™ TP (OB

= [u’_"(wglxaw )’y'u'q]”y'm _p_lﬁm v;,lﬂﬂ/" w!

n’

and so

{[’U,/in(wgll'awq)’}/’U//q]’}/mlip 1 —1 }6/11 _/1.%'/04 _ Uml pﬁ/n’w;l((ufnx,yuq),ym’,pflﬁn/

Thus, by (2.5), we obtain
(m,n,z,q,p)o(m’,n',2’,¢',p')o
= k~"h7"(0,0, za, 0,0)R%k =™ "P)p=7(0,0, 2’ o, 0, 0)hY kP’
=k~™(0,n, w;l, 0,0)(0,0,zc,0,0)(0,0,w,y, g, 0)(m’ O,vm 0, 0)(0,n’, w;,l,(), 0)
(0,0, 2, 0,0)h k¥’

= k~"™(0,n, w, 'za,0,0)(0,0,w,,q,0)(m" —p,0,v,;_,0,0)(0,n',w,},0,0)
(0,0,2'c,0,0)h" k'

=k~™(0,n,w, 'zaw,, g,0)(m’ — O,U;,l ,0,0)(0 n wn,l,() 0)
(0,0, 2, 0,0)h k¥’

=k (m’ = p, 0, [u' " (w;, L wawy )y u Y™ TP A0 1 0,0)(0,7,w,, ), 0,0)

(0,0, 2", 0,0)h% k¥’
= k7™ (m/ — p,n’ {[W/ " (wy,  wowy )y w Ny ™ P e Y™ w ) 0,0)
(00,2, 0,0)h" k¥’

= k7 = pon! [T (wy  awg )y w )y ™ P e VB w0, 0,00k R

=k (m' =y v pﬁ'"/%/l((u*”muq)vm’ P 16” '), 0,0)h? K
=k = o ol 87wt 0,0)(0,0, ((w M ayu)y™ TP B a ), 0,00h7 kY
B = p,0, L, 0,0)(0, 1w, 0,0)(0,0, ((u ety ™ P15 a7, 0, 0)h
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= - (mAm’=p)p—n’ (0,0, ((u_"xvuq)vm/_p_lﬁ"/x’)a, 0, O)hq/kp/
— (et = o, ("t B )
= [(m,n,z,q,p)(m', 0", 2", ¢, p)]o.

This completes the proof.
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