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The Characterization of Primitive Symmetric Signed
Digraphs with the Second Maximum Base
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Abstract Recently, the primitive symmetric signed digraphs on n vertices with the maxi-
mum base 2n and the primitive symmetric loop-free signed digraphs on n vertices with the
maximum base 2n — 1 are characterized, respectively. In this paper, the primitive symmetric
signed digraphs with loops on n vertices with the base 2n — 1 are characterized, and then the
primitive symmetric signed digraphs on n vertices with the second maximum base 2n — 1 are
characterized.
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1. Introduction

A sign pattern matrix is a matrix each of whose entries is a sign 1, —1 or 0. For a square
sign pattern matrix M, notice that in the computations of the entries of the power M*, an
“ambiguous sign” may arise when we add a positive sign 1 to a negative sign —1. So a new
symbol “#” was introduced in [1] to denote the ambiguous sign. The set I' = {0,1, —1,#} is
defined as the generalized sign set and the addition and multiplication involving the symbol #

are defined as follows:
() +1=1+4(-1)=4# a+#=#+a=# (forallacl)
0-#=#-0=0; b-#=# -b=# (forallbeT\{0})

In [1,2], the matrices with entries in the set " are called generalized sign pattern matrices.
The addition and multiplication of generalized sign pattern matrices are defined in the usual
way, so that the sum and product of the generalized sign pattern matrices are still generalized
sign pattern matrices. In this paper, we assume that all the matrix operations considered are

operations of the matrices over I'.

Definition 1 ([1]) A square generalized sign pattern matrix M is called powerful if each power
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of M contains no # entry.

Definition 2 ([3]) Let M be a square generalized sign pattern matrix of order n. and M, M? M3, . ..
be the sequence of powers of M. Suppose M? is the first power that is repeated in the sequence.

Namely, suppose b is the least positive integer such that there is a positive integer p such that
MY = MbtP, (1)

Then b is called the generalized base (or simply base) of M, and is denoted by b(M). The least
positive integer p such that (1) holds for b = b(M) is called the generalized period (or simply
period) of M, and is denoted by p(M).

We now introduce some concepts of graph theory.

Let D = (V,A) denote a digraph on n vertices. Loops are permitted, but no multiple
arcs. A u — v walk in D is a sequence of vertices u,u1,...,ur = v and a sequence of arcs
e1 = (u,u1),e2 = (u1,u2),...,ex = (up—1,v), where the vertices and the arcs are not necessarily
distinct. A closed walk is a u — v walk where u = v. A path is a walk with distinct vertices. A
cycle is a closed u — v walk with distinct vertices except for u = v. The length of a walk W is
the number of arcs in W, denoted by [(W). A k-cycle is a cycle of length k, denoted by Cj.

A signed digraph S is a digraph where each arc of S is assigned a sign 1 or —1. A generalized
signed digraph S is a digraph where each arc of S is assigned a sign 1, —1 or #.

The sign of the walk W in a (generalized) signed digraph, denoted by sgn W, is defined to
be Hle sgn(e;), where e, ea,. .., e is the sequence of arcs of W.

For a cycle C in a (generalized) signed digraph S, if sgnC = 1 (or —1), then we call C' a
positive (or negative) cycle.

Let M = (m;j) be a square (generalized) sign pattern matrix of order n. The associated
digraph D(M) = (V, A) of M (possibly with loops) is defined to be the digraph with vertex set
V ={1,2,...,n} and arc set A = {(4, j)|m,; # 0}. The associated (generalized) signed digraph
S(M) of M is obtained from D(M) by assigning the sign of m;; to each arc (4, j) in D(M), and
we say D(M) is the underlying digraph of S(M).

Let S be a (generalized) signed digraph on n vertices. Then there is a (generalized) sign
pattern matrix M of order n whose associated (generalized) signed digraph S(M) is S. We say
that S is powerful if M is powerful. Also the base b(S) and period p(S) are defined to be those
of M. Namely, we define b(S) = b(M) and p(S) = p(M).

A digraph D is said to be strongly connected if there exists a path from u to v for all
u,v € V, and D is called primitive if there is a positive integer k such that for each vertex x
and each vertex y (not necessarily distinct) in D, there exists a walk of length k from x to y.
The least such k is called the primitive exponent (or exponent) of D, denoted by exp(D). It
is also well-known that a digraph D is primitive if and only if D is strongly connected and the
greatest common divisor (g.c.d.) of the lengths of all the cycles of D is 1. A (generalized) signed
digraph S is called primitive if the underlying digraph D is primitive, and in this case we define
exp(S) = exp(D).
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A digraph D is symmetric if for every arc (u,v) in D, the arc (v,u) is also in D. A (gen-
eralized) signed digraph S is called combinatorially symmetric (or symmetric) if the underlying
digraph D is symmetric. A digraph D is loop-free if D has no loops. If a digraph D is symmetric
and loop-free, we regard D as a simple graph.

Let S, = {S]S is a primitive symmetric signed digraph on n vertices}, S} = {S]S is a
primitive symmetric loop-free signed digraph on n vertices}. Clearly, S C S,,.

Let &, = {exp(9)|S € S.}, & = {exp(S)|S € Sr}, and B, = {b(9)|S € S,.}, B =
{b(S)|S € S;}. The primitive exponent, exponent sets &, and & were discussed in [4-7]. The

base, the base sets B,, and B} were discussed in [8-11].

Theorem 1 ([5]) Let D be a primitive symmetric digraph on n vertices. Then

(1) exp(D) < 2n — 2 and the equality holds if and only if D is isomorphic to Gy, where
Gi=V,A),V={12...,n}, A={(,i+1),G+ 1,91 <i<n—-1}U{1,1)}.

(2) & ={1,2,...,2n —2}\D where D is the set of odd numbers in {n,n+1,...,2n — 2}.

Theorem 2 ([7]) Let D be a primitive symmetric loop-free digraph on n vertices. Then
(1) exp(D) <2n —4.
(2) & =1{2,3,...,2n—4}\D where D is the set of odd numbers in {n—2,n—1,...,2n—5}.
The primitive symmetric signed digraphs on n vertices with the maximum base 2n and the

base set B,, were characterized in [8,9].

Theorem 3 ([8,9]) Let S be a primitive symmetric signed digraph on n vertices. Then

(1) b(S) < 2n and the equality holds if and only if S has at least one negative 2-cycle and
D is isomorphic to Gy where D is the underlying digraph of S.

(2) B,=1{1,2,...,2n}.

The primitive symmetric loop-free signed digraphs on n vertices with the maximum base
2n — 1 and the base set B} were characterized in [10-12].

Let n > 4,1 (3 <1 <mn)beodd, D, = (V,A) be a digraph on n vertices with vertex set
V={1,2,...,n}and arcset A ={(i,i +1),(i +1,7)|1 <i<n-1}U{(1,1),(,1)}. Clearly, D;
is a primitive symmetric loop-free digraph.

Let n > 4,1 (3 <1 < n) be odd, SD; be a signed digraph on n vertices with D; as its
underlying digraph, where every 2-cycle in SD; is negative. Then SD; is a primitive symmetric

loop-free non-powerful signed digraph on n vertices and b(SD;) = 2n — 1.

Theorem 4 ([10-12]) Let S be a primitive symmetric loop-free signed digraph on n vertices.
Then

(1) b(S) < 2n—1 and the equality holds if and only if S € SDy, = {SD;|3 <1 <n andl is
odd }.

(2) Br={2,...,2n—1}.

A natural question is what primitive symmetric signed digraphs on n vertices are of the

second maximum base 2n — 17 We answer this in Section 3.
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2. Some preliminaries

In this section, we introduce some needed definitions, theorems and lemmas. Other defini-

tions and results not in this article can be found in [13-15].

Definition 3 ([3]) Two walks W1 and W3 in a signed digraph are called a pair of SSSD walks, if
they have the same initial vertex, same terminal vertex and same length, but they have different
signs.

It is easy to see from the above relation between matrices and signed digraphs that a
(generalized) sign pattern matrix M is powerful if and only if the associated (generalized) signed
digraph S(M) has no pairs of SSSD walks. Thus for a (generalized) signed digraph S, S is
powerful if and only if S has no pairs of SSSD walks.

In [3], You, Shao and Shan obtained an important characterization of primitive non-powerful

signed digraphs from the characterization of powerful irreducible sign pattern matrices [1].

Theorem 5 ([3]) If S is a primitive signed digraph, then S is non-powerful if and only if S
has a pair of cycles C' and C" (say, with lengths p; and ps, respectively) satisfying one of the
following conditions:

(A1) p1 is odd, py is even and sgn C" = —1;

(A2) Both p; and py are odd and sgn C' = —sgnC”.

A pair of cycles C' and C" satisfying (A1) or (A42) is a “distinguished cycle pair”. It is easy
to check that if C’ and C” is a distinguished cycle pair with lengths p; and po, respectively, then
the closed walks Wy = poC’ (walk around C’ by ps times) and W5 = p;C” have the same length
p1p2 and different signs: (sgn C')P2 = —(sgn C”)P1.

The following result can be used to determine the base.

Theorem 6 ([3]) Let S be a primitive non-powerful signed digraph. Then

(1) There is an integer k such that there exists a pair of SSSD walks of length k from each
vertex x to each vertex y in S.

(2) If there exists a pair of SSSD walks of length k from each vertex x to each vertex v,
then there also exists a pair of SSSD walks of length k + 1 from each vertex x to each vertex y
in S.

(3) The minimal such k (as in (1)) is just b(S)-the base of S.

The following result will be useful.

Theorem 7 ([11,12]) Let D be a symmetric digraph on n vertices. Suppose that there exist
a cycle C and an odd cycle C' with lengths of k > 1 and k¥’ > 1 in D such that C N C’ = (.
Let P be the shortest path from C to C’, d(x,y) be the distance from x to y. Then for any two
vertices x,y € D, there exist ¥’ € C,y' € C' or '’ € C',y’ € C such that

= ®

(e, 2') + 1(P) +dly,y') < 2~k — K+ 1) + max{[2],
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3. Characterization with the second maximum base

It was shown in [1] that if a primitive signed digraph S is powerful, then b(S) = exp(D),
where D is the underlying digraph of S. So for a primitive powerful symmetric (loop-free) signed
digraph, Theorems 1 and 2 give the base. Therefore, if S is a primitive symmetric (loop-free)
signed digraph on n vertices with base 2n — 1, then S must be non-powerful. Furthermore, if
S e Srand b(S) =2n—1, then S € SD;, = {SD;|3 <! < nand ! is odd } by Theorem 4. So
we only need to study the case for S € S, but S € S.

Let D,,; = (V, A) be a digraph on n vertices, where vertex set V = {1,2,...,n}, arc set
A={(,i+1),60+1,0)]1 <i<n-1}yU{(4,5)lj € I}, and {1} C I C {1,2,...,n}. Clearly,
D,, 1 is a primitive symmetric digraph and D,, ; has at least two loops.

Let D = (V, A) be a digraph. For any vertex v € V, if (v,v) € A, we denote the loop on
vertex v by C:EU).

Lemma 8 Let SD,, 1 be a signed digraph with D,, 1 as its underlying digraph, where all 2-cycles
in SD,, 1 are positive, and for any i,j € I\ {1}, sgn C’fi) = sgn C’fj), sgn C{i) = —sgn C’l(l). Then
(1) SD, €S, and SD, | is non-powerful.
(2) b(SDy 1) =2n—1.

Proof (1) is easy to verify by Theorem 5 and the definitions.

(2) It is obvious that b(SD, ;) < 2n —1 by Theorem 3. On the other hand, there are no
SSSD walks of length 2n —2 from n to n, so b(SD,, 1) > 2n — 1. Combining the two inequalities,
we obtain b(SD,, ;) =2n —1. 0O

In the rest of the paper, for an undirected walk W of graph G and two vertices =,y on W,
let Qw (z — y) be the shortest path from x to y on W. Let Q(x — y) be the shortest path from
z to y on G. For a cycle C, if z and y are two (not necessarily distinct) vertices on C' and P is
a path from z to y along C, then C\ P denotes the path or cycle from z to y along C obtained
by deleting the edges of P.

Lemma 9 Letn >3, S = (V,A) be a signed digraph with D,, ; as its underlying digraph. If
there exists a negative 2-cycle in S, then b(S) < 2n — 2.

Proof Let (i,i) € A (2 <i<mn), say C{i), g+ 1) and (j+1,7) (1 <j<n-—1) be two arcs
of a negative 2-cycle, say C3. Then 209) (ZC’F)) and C5 have the same length 2 and different
signs in S.

Let = and y be any two (not necessarily distinct) vertices in V. We will show there exists
a pair of SSSD walks of length 2n — 2 from z to y. Since vertex 1 (or ¢) is on the loop C{l)
(or C’{i)), we only need to show there exists a pair of SSSD walks, say Wy, Wy, of length
(W) =1(Ws) <2n — 2 from x to y where both W; and Wy meet vertex 1 (or ).

Case 1 ¢ <.

Subcase 1.1 1<z <7and 1<y <n.
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Set W =Q(z — i)+ Q(i — j) + Q(j — y), Wi = W +2C", and Wy = W + Cy. Then for

k=1,2,
. . . 2j—x—y+2<2n-2, ifl1<y<y;
W) =(@—2)+ (G- +1i—yl+2= o
y—x+2<2n—2, ifj+1<y<n.

Subcase 1.2 i<z <jand 1 <y <i.

Set W =Q(z — /) +Q( — i)+ Qi —y), Wi =W +2C", and Wy = W + C5. Then
(W) =IWa)=0U-a)+(J—-i)+(GE—-y)+2=2j—z—y+2<2(n—1)—3-1+2=2n—4.

Subcase 1.3 i<z <jandi<y<j.
Set
lV:{Q@HU+Q@Hﬁ+QUHw,ﬁx§%
Qzx—7)+Q(y —1i)+Q(i —y), otherwise,

Wy, =W + 20, and Wy = W + C,. Then

r—)+ G-+ {G—y)+2<2n—4, ifx<y;
(W) = (W) = | E=DFU=0+0 -y y
(J—z)+(G—-9)+(y—i)+2<2n—4, otherwise.
Subcase 1.4 i<z <jand j+1<y<n.
Set W=0Q(z — i)+ Qi — j)+ QU —y), Wi =W +2C", and Wy = W + C5. Then

(W) =IlWe)=(z—-i)+ (-9 +y—Jj)+2=a4+y—2i+2<n—-1+n—-4+2=2n-3.

Subcase 1.5 j+1<z<nand1<y<n.

Set W=Q(z—7j)+Q(J—1)+Q(l—y), W :W—|—2Cl(i), and Wy = W + Cy. Then for
k=1,2,

. o ) r—y+2<2n-—2, ifl1<y<q;
(Wi)=(@-5j+0G-)+li-yl+2= . .
r4+y—20+2<2n-2, ifi+1<y<n.

Case 2 1 >j+ 1.
Subcase 2.1 j=1and 2 <7 < n.

Subcase 2.1.1 2<z<n,y=nandx=n,2<y <n.
Set W =Q(x > 2)+ Q2 —y), Wy =W +2C\”, and Wy = W + Cy. Then I(W;) =
I(Wa)=(x-2)+@y—2)+2=c+y—2<2n-—2.

Subcase 2.1.2 Otherwise.
Set W =Q(z —» 1)+ Q(1 — y), Wy = W +2C", and Wy = W + Cy. Then I(W;) =
IWo)=(z—D+(y—1)+2=a+y<2n—2.

Subcase 2.2 2<j<n—land3<j+1<i<n.

Subcase 2.2.1 1<z <j,1<y<j.
Set
IV{Q@HU+QOHﬁ+QUHm,ﬁwSM
Qz—7)+Q(U—1)+Q( —vy), otherwise,
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Wy =W + 20", and Wy = W + C,. Then for k = 1,2,

(W) = (z-D+G-1D+{G—-y)+2=2j+x—-y<2j<2n-2, ifzx<y;
g G-2)+(G-D+y—-1)+2=2j+y—2<2j <2n—2, otherwise.
Subcase 2.2.2 1<z <j,j+1<y<n.
Set W=Q(z—j)+Q(J —i)+Q(1 —vy), Wi :W+2C§i), and Wy = W + C5. Then for
k=1,2,
. . ) 2i—x—y+2<2n—-2, ifj+1<y<yq;
IWe) =0 —z)+ (G- +li—yl+2= o
y—x+2<2n-—2, ifi+1<y<n.
Subcase 2.2.3 j+1<x <1, 1<y <.
Set W=Q(z—1)+Q(i —Jj)+Q(U —vy), Wi = W+2C§i), and Wy = W 4+ C5. Then
(W) =lWe)=(i—a2)+(—§)+(U—-y +2=2i—z—y+2<2n-2.

Subcase 2.24 j+1<x<4,j+1<y <.
Set

wel QE—oN+QU—-)+Ql—y), ife<y
Qx — i)+ Q(i — j) +Q(j — y), otherwise,

Wy =W + 20, and Wy = W + C,. Then for k = 1,2,

(W) = (z—N+GE—J+@E—y)+2=21-2j+rx—y+2<2n-2, ifz<y;

g (i—2)+ G-+ Wy—J)+2=2i—2j+y—x+2<2n—2, otherwise.
Subcase 2.2.5 j+1<zx<i,i+1<y<n.

Set W=Q(z—5H+Q(UJ —i)+Ql —y), Wi = W—|—2C§i), and Wy = W 4+ C5. Then
(W) =lWy)=(x—j)+(@—+y—i)+2=c+y—2j+2<2n-3.

Subcase 2.2.6 i+1<zx<n,1<y<n.
Set W =Q(z — i)+ Q(i — j)+Q(j — y), W1 = W +2C\Y, and Wy = W + C,. Then for
k=12,

. . . T—y+2<2n—2, ifl1<y<y;
(Wi)=(—i))+G@—j)+[i—yl+2= _ o
r4+y—2j+2<2n-2, ifj+1<y<n.

From the above arguments, there exists a pair of SSSD walks of length 2n — 2 from z to y,
so we have b(S) < 2n — 2 by Theorem 6. O

Lemma 10 Let S = (V,A) € S,,. If S has at least one loop and b(S) = 2n — 1, then S has no

negative 2-cycles.

Proof Suppose S has at least a negative 2-cycle, denoted by C5. Since S has at least one loop,
let (v,v) € A, denoted by CY’). Let « and y be any two (not necessarily distinct) vertices in V.

Case 1 Every 2-cycle is negative.

Let P; be the shortest path from = to v, P, the shortest path from y to v.
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Subcase 1.1 There exists x (or y) satisfying [(P1) =n — 1 (or I(P2) = n — 1). Without loss of
generality, let [(P;) =n — 1.

Since b(S) = 2n — 1, D is not isomorphic to G; where D is the underlying digraph of S.
But S € S, I(P1) = n — 1, and the terminal vertex (or the initial vertex) is the loop vertex v,
so there exists a set I where {1} C I C {1,2,...,n} such that D is isomorphic to D,, ;. Thus
b(S) < 2n — 2 by Lemma 9, a contradiction.

Subcase 1.2 For all vertices x,y, [(P;) <n —2and I(P;) <n—2.
Let Wy = Py +2C\") + Py, and Wy = P, + Cy + P5. Then Wy, Wa are a pair of SSSD
walks from x to y with the length (W) = I{(W3) < 2n — 2. Then b(S) < 2n — 2 by Theorem 6,

a contradiction.

Case 2 There exists at least a positive 2-cycle.

Assume that u is contained in a positive 2-cycle C} and a negative 2-cycle Cy. Let P be the
shortest path from v to u. Suppose there are k vertices on P where k > 1. Let P;(P2) be the
shortest path from x(y) to P and P;(P2) intersect P at 2'(y’) where 0 <I(P;)) <n—k (i=1,2).

Subcase 2.1 There exists z (or y) satisfying [(Py) =n — k (or [(Py) =n — k).
Without loss of generality, we suppose [(P;) = n — k. In this case, we have 2’ = u because
there are k vertices on P and u is contained at least two 2-cycles, and thus we obtain a contra-

diction by the same proof of Subcase 1.1.

Subcase 2.2 For any vertices x,y, [(P1) <n —k and I(Py) <n — k.
Set a = (Qp(x’ — v)), and b=1(Qp(y — v)),
W= P+ Qp(d - v)+ P+Qplu—y )+ P, ifa<b;
B P+ Qp(r' - u)+ P+ Qp(v—1y')+ P2, otherwise.
Let Wy =W + Cf, Wy = W + Cy. Then Wi and Wh are a pair of SSSD walks from x to y

with length [(W7) = 1(Ws) < 2(n—k—1)+2(k— 1)+ 2 = 2n — 2. Therefore there exists SSSD
walks of length 2n — 2 from z to y, and thus b(S) < 2n — 2 by Theorem 6, a contradiction. O

Lemma 11 Let S = (V, A) € S,, and S has at least one loop. If b(S) = 2n — 1, then S has no

negative even cycles.

Proof Suppose S has at least a negative even cycle, denoted by C' with length k. Clearly, all
2-cycles are positive in S by Lemma 10 and k& > 4. Since S has at least one loop, let (v,v) € A,
denoted by C’:E”). Then kCY)) and C have the same length k£ and different signs. Let x and y be

any two (not necessarily distinct) vertices in V.

Case 1l veC.
Let P;(P;) be the shortest path from z(y) to C and let Py (P,) intersect C at z'(y’) where
0<I(P)<n—k(i=1,2).

Subcase 1.1 v € Qc(z' — ¥').
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Set W = Pi+Qc (2" — ¢ )+ Po, Wy = W+kC"”) and Wy = W+C. Then Wi and W are a
pair of SSSD walks from z to y with length (W) = [(W2) < 2(n—k)+ 5 +k =2n—% <2p—2.
Therefore there exists a pair of S55D walks of length 2n — 2 from « to y.

Subcase 1.2 v € C\ Qc(z — ¢').
Set a = 1(Qc(z" = v)), b =1UQc(y" — v)),

W, — { Pi+Qc(@ —v)+Qc(v—2")+Qc(@ —y)+ P, ifa<b
P+Qc(@ —=y)+Qc(y —v)+Qc(v—1vy')+ P, otherwise
and Wy = P1 + C\ Qc(2' — ¢') + Ps.

So I(W7) and [(Ws) have the same parity since [(Qc (2’ — ') and I(Q¢ \ Qo (2’ — ¢'))
have the same parity, and sgn Q¢ (2’ — y') = —sgnC' \ Q¢ (2’ — y'). Thus sgn W; = —sgn W,
by sgn C' = —1 and all 2-cycles in S are positive. Therefore there exists a pair of SSSD walks
from z to y with length < max{l(W1),l(W2)} <2(n—k)+k =2n—k < 2n —2, and thus there
exists a pair of SSSD walks of length 2n — 2 from x to y since both W7 and W5 meet the loop

vertex v.

Case 2 v ¢ C.

Let P be the shortest path from v to C' and P intersect C' at v’. By Theorem 7, there exist
e C{v),y' ceCora e€Cy € Cfv) such that (2) holds. Without loss of generality, suppose
there exist o’ € C’fv),y’ € C such that (2) holds. For convenience, let P; be the shortest path
from z to ' and P, be the shortest path from y to y'.

Set Wi = P+ P+ Qc(v/ = y)+ P, Wo =P +P+C\Qc(v — y')+ P,. Then
sgn Wy = —sgn Wy and [(W7) and [(Ws) have the same parity with [(W;) < [(W2) < 2(n —k —
1+1)+5+k=2n—%<2n—2by (2). So Wa, W3 =Wy + (I(W>) — Z(Wl))Cfv) are a pair of
SSSD walks from z to y and thus there exists a pair of SSSD walks of length 2n — 2 from x to
Y.

From the above arguments, we have b(S) < 2n—2 by Theorem 6, contradicting b(S) = 2n—1.
Il

Lemma 12 Let S = (V,A) € S,,. Suppose that all 2-cycles are positive, S has a loop CY)) and
an odd cycle C' with length k(> 3) such that sgn C’fv) x sgnC' = —1. Then b(S) < 2n — 2.

Proof Let z and y be any two (not necessarily distinct) vertices in V. We consider the following

two cases.
Case 1 sgnC!”) =1 and sgnC = —1.

Subcase 1.1 v ¢ C.

Let P, P, Py,v', 2,y be defined as in Case 2 of Lemma 11.

Set Wi = P1+ [I(C\ Qe(v) — ¢)) — UQc(w' — yNICY + P+ Qo(v) — ) + P,
Ws = Pi+ P+C\ Qo(v' — ¢f) + Po. Then sgnC\ Qe(t/ — ') = —sgnQc(v’ — o) by all
2-cycles are positive in S and sgn C' = —1, and thus sgn W; = —sgn W5 by sgn Cfv) =1.
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So W1y, Wy are a pair of SSSD walks from x to y with length [(W;) = I(W3) < 2(n — k —
1+1)+ 52 + k =2n — 5L < 2n — 2 by (2). Therefore there exists a pair of SSSD walks of
length 2n — 2 from z to y.

Subcase 1.2 v e C.
Let Py(P;) be the shortest path from x(y) to C and P;(Pz) intersect C' at a'(y’) where
0<I(P)<n—k (i=1,2).

Subcase 1.2.1 v € Q¢ (2’ — ¥).
Set a =1(Qc (2" —v)), b=1UQc(y —v)), Wi = Pr+ Qc(z' — y') + P2, and

) Pi+Qe(r" = v)+Qc(v—2')+C\Qc(a —y')+ P, ifa<b
B { P +C\Qc(r' —v)+Qc(y —v)+Qc(v— 1)+ Pa, otherwise.
Tt is easy to see that sgn Q¢ (2’ — y') = —sgn C'\ Q¢ (2’ — ¢') and thus sgn Wy = —sgn Wha.
So Wy, Wy = Wy + (I(W2) — l(Wl))Cﬁv) are a pair of SSSD walks from x to y with length
(W) <2(n—k)+k=2n—k < 2n—2, and thus there exists a pair of SSSD walks of length
2n — 2 from z to y.

Subcase 1.2.2 v e C\ Qc(a' — ).

It is similar to Subcase 1.2.1.
Case 2 sgn Cfv) =—landsgnC = 1.

Subcase 2.1 v & C.

Let P, P, Py, v, 2’,1y’ be defined as in Case 2 of Lemma 11.

Set Wi = P+ P+C\Qec(v —y)+ Py, Wo =P, +[I(C\Qec(v — ")) — U (Qc(v —
YN + P+ QoW — ) + P

Because sgn C' = 1, we have sgn C\ Q¢ (v — ¢')) =sgn Qe (v’ — y'). Because sgn C%U) =-1
and (C\ Qc(v' — ¢)) — UQc(v' — ")) is odd, Wy, Wy are a pair of SSSD walks from z to
y with length [(W;) = [(Ws) < 2(n—k —1+1) + 5L 4k =2n — &L <2p — 2 by (2). Thus
there exists a pair of SSSD walks of length 2n — 2 from z to y.

Subcase 2.2 v e C.
Let Pi(P2) be the shortest path from z(y) to C and Pi(P) intersect C' at 2'(y’) where
0<UP)<n—k(i=12)

Subcase 2.2.1 v € Qc(z' — v').
Set a = (Qc(z' —v)), b=1Qc(y —v)), Wi =Pi+Qc(a’ =y )+ P+ [l(C\ Qc(v —
¥) ~ Qo' — )], and
_ Pi+Qc(d = v)+Qc(v—2)+C\ Qe = y)+ P, ifa<yy
P+ C\Qec(@ = y)+Qc(y —v)+Qc(v—y')+ P, otherwise.

Clearly, I(W7), I(W3) have the same parity. Similar to the Subcase 2.1, we have sgn W =
—sgn Wa. So Wa, Wi = Wy + (I{(W2) — Z(Wl))Cfv) are a pair of SSSD walks from = to y with
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length [(Ws) < 2(n—k)+k+ % =2n— % < 2n —2. Thus there exists a pair of SSSD walks
of length 2n — 2 from z to y.

Subcase 2.2.2 v e C\ Qc(z' — ¢').
It is similar to Subcase 2.2.1.
From the above arguments, we have b(S) < 2n — 2 by Theorem 6. O
Let T, 3,2 be a tree on n vertices, where T" has three pendant vertices, and two loops are on

the two pendant vertices, respectively. Clearly, T}, 32 is a primitive symmetric digraph.

Lemma 13 Let ST, 32 be a signed digraph with T}, 39 as its underlying digraph, where all
2-cycles in ST, 3 2 are positive, and the only two loops satisfy that one is positive and the other
is negative. Then

(1) ST, 32 €Sy and ST, 32 is non-powerful.

(2) b(STp3,2) =2n—1.

Proof (1) is easy to verify by Theorem 5 and the definitions.

(2) It is obvious that b(ST), 32) < 2n — 1 by Theorem 3. On the other hand, there are no
5SS D walks of length 2n — 2 from u to u where u is the pendant vertex which is not loop vertex,
50 b(ST), 3,2) > 2n — 1. Combining the two inequalities, we obtain (ST, 32) =2n —1. 0O

Theorem 14 Suppose S € S,,, and S has at least one loop. Then b(S) = 2n — 1 if and only if
S is one of the following signed digraphs:

(1) SD,, 1, where {1} C I C{1,2,...,n};

(2) ST,

Proof Sufficiency is easy by Lemmas 8 and 13.

Necessity. Since S has at least one loop and b(S) = 2n—1, all even cycles in S are positive by
Lemma 11, and S must be non-powerful. Thus there exists a distinguished cycle pair satisfying
(As) of Theorem 5.

Let C; and Cy be a distinguished cycle pair satisfying (As) of Theorem 5. Then [,k are
odd, and sgn C; = —sgn Cy.

Case 1 [,k >3.

Then C; and C; or C7 and CY is a distinguished cycle pair where C; is any loop in S, and
thus we have b(S) < 2n — 2 by Lemma 12, leading to a contradiction.

Case2 [=1,k>3o0rl >3, k=1.
Then we have b(S) < 2n — 2 by Lemma 12, leading to a contradiction.

Case 3 [=k=1.

Then there exist two loops Cy and Cf such that sgn C; = —sgn C where V(C1) = v; and
V(C}]) = vg. Let P = vyvy - - - vy be the shortest path from C to C7.

Since b(S) = 2n — 1, there exist two vertices x,y such that there are no SSSD walks of
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length 2n — 2 from z to y. Let P;(P2) be the shortest path from z(y) to P and P;(Py) intersect
P at 2/(y') where 0 <I(P;)) <n—k (i=1,2).

Now we prove I(P;) =n — k.

If k = n, I(P1) = n—k holds clearly. If k < n, we suppose I(P1) < n—k — 1, and set
a=1(Qp(z" — 1)), b=UQpr(Y — v)),

) i+ Qp(a’ —v)+ P+ Qp(vk — ) + P2, ifa<
B { P+ Qp(r' - v)+ P+ Qp(v1 — ')+ P2, otherwise
and Wy =W 4+ Cy, Wo =W + (Y.

Then (W) =1(Ws) < (n—k—1)+2(k—1)+(n—k)+1 =2n—2, and sgn W; = —sgn W.
So Wy, Wy are a pair of SSSD walks from = to y and thus there exists a pair of SSSD walks of
length 2n — 2 from x to y. It is a contradiction.

Therefore [(P;) = n — k. Similarly, [(P;) =n —k and z = y.

Now we show 2’ = y/. If 2’ # ¢/, suppose a < b where a, b defined as above, then [(Qp(z' —
v1)) +1(Qp(vy — y')) < k — 1. Let W, Wy, Ws be defined as above. We have [(W7) = I(W3) <
2n — 1, and thus there exists a pair of SSSD walks of length 2n — 2 from x to y. It is a
contradiction. So ' = /.

Notice that S has no more arcs except loops because P is the shortest path from v; to vy

and P is the shortest path from x to P. So we consider the following two cases.

Subcase 3.1 If ' =1y =v; or 2/ =4y = vp.

Without loss of generality, we let 2’ = 3’ = vg. In this case, the length of the longest path
of S'isn—1 and S has at least two loops. One loop is on the vertex vy which is the initial vertex
(or terminal vertex) of the longest path, and the other loop is on the v where 2 < k < n.

If S has at least three loops, let C{w) be a loop on the vertex w. If sgn C] = —sgn wa),
then Cf, C’{w) is a distinguished cycle pair, and thus there exists a pair of SSSD walks of length
2n — 2 from z to y, a contradiction. So sgn C] = sgn C’fw).

Combining the above arguments, we see that there exists set I such that {1} C I C
{1,2,...,n}, S is some signed digraph SD,, ;.

Subcase 3.2 If &' =y # vy and 2’ =y # vy.

In this case, the underlying digraph of .S is isomorphic to the tree T}, 3 5. If S has at least
three loops, let CY") be a loop on the vertex w. Then sgn C; = —sgn wa) or sgn C] = —sgn CYU),
and thus there exists a pair of SSSD walks of length 2n — 2 from x to y, a contradiction. So S
has no more loops and thus S is some signed digraph ST, 3 o.

Combining the two cases, we get the desired conclusion. [

By Theorems 4 and 14, we can characterize the primitive symmetric signed digraphs with

the second maximum base as follows.

Theorem 15 Suppose S € S,,. Then b(S) = 2n — 1 if and only if S is one of the following
signed digraphs:
(1) SD,, 1, where {1} C I C{1,2,...,n};
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(2) ST, 3.2.
(3) SD;, where 3 <1 <n andl is odd.
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